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Class of Polynomial Differential Systems Via The
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Abstract. In this paper, we study the number of limit cycles of polynomial differ-
ential systems of the form

=y
{ y = —p— E(hl (m) y2a + g1 (ZC) y2a+1 + fl (m) y2a+2)
— &2(h2 () 4" + g2 (2) y** ' + fa () y**F2)

where m,n,k and « are positive integers, h;, g; and f; have degree n,m and k,
respectively for each ¢ = 1,2, and ¢ is a small parameter. We use the averaging theory
of first and second order to provide an accurate upper bound of the number of limit
cycles that bifurcate from the periodic orbits of the linear center & = y,y = —x. We
give an example for which this bound is reached.

Mathematics subject classification: 34C07, 34C23, 37G15.
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1 Introduction and statement of the main results

One of the main problems in the theory of ordinary differential equations is the
study of the existence of limit cycles, their number and stability. A limit cycle of
a differential equation is a periodic orbit in the set of all isolated periodic orbits of
the differential equation. The second part of the 16th Hilbert’s problem (see [8]) is
related to the least upper bound on the number of limit cycles of polynomial vector
fields having a fixed degree.

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles that bifurcate from a single degenerate
singular point (i.e. from a Hopf bifurcation), which are called small amplitude limit
cycles, see Lloyd [14]. There are partial results concerning the maximum number
of small-amplitude limit cycles for Liénard polynomial differential systems. The
number of small-amplitude limit cycles gives a lower bound for the maximum number
of limit cycles that a polynomial differential system can have. There are many
results concerning the existence of small-amplitude limit cycles for the following
generalization of the classical Liénard polynomial differential system

t=y and y=—g(z)— flz)y (1)
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where f(z) and g(z) are polynomials in the variable z of degrees n and m, respec-
tively. We denote by H(m,n) and H(m,n) the maximum number of limit cycles
that system (1) can have and the maximum number of small-amplitude limit cycles
that system(1) can have, respectively. The first number is usually called Hilbert
number for system (1). Since the work of Liénard [10] to the present time several
authors have found particular values of these numbers H and H , to find a survey
about these values see [13]. The authors of [12] computed the maximum number of
limit cycles Hy,(m,n) of system(1) that bifurcate from the periodic orbits of the lin-
ear center & = y,y = —z, using the averaging theory of order k. More specifically it
was found that H;(m,n) = [(n+m—1)/2]. In order to find the maximum number of
limit cycles it is interesting to know what families of system (1) have a center. This
is because we can perturb these centers and control the number of small-amplitude
limit cycles or the number of limit cycles that bifurcate from the periodic orbits of
these centers, (see [5,6]). We recall that a singular point is a center if there is an
open neighborhood consisting, besides the singularity, of periodic orbits. The center
problem consists in determining what families of a given system have a center. For
more information about the Hilbert’s 16th problem and related topics see [9]. Now
we are citing some results about the limit cycles on Liénard differential systems
(see [12]) In 1928, Liénard proved that if m = 1 and F(z) = [ f(s)ds is a continu-
ous odd function, which has a unique root at z = a and is monotone increasing for
x > a, then equations (1.2) have a unique limit cycle. In 1977 Lins, de Melo and
Pugh [11] stated the conjecture that if f(z) has degree n > 1 and g(z) = x then
system (1) has at most [n/2] limit cycles. They prove this conjecture for n = 1,2. In
1998 Gasull and Torregrosa [4] obtained upper bounds for H(7,6), H(6,7), H(7,7)
and H (4,20). In 2010, Llibre et al, computed the maximum number of limit cycles
H;.(m,n) of system (1) that bifurcate from the periodic orbits of the linear centre
T = y,y = —z, using the averaging theory of order k, for k = 1,2,3. In 2014 B.
Garca, J. Llibre, and J. S. Pérez del Rio 1001[3] using the averaging theory of first
and second order, they studied the maximum number of medium amplitude limit
cycles bifurcating from the linear center & = y,y = —x of the more generalized
polynomial Liénard differential systems of the form

T=y
y=—x—¢e(h(z)+p1(2)y+aq (z)y?)
- 52(h2 (z) +p2 () + g2 () y2)

where hi, ha,p1,q1,p2 and g have degree n.

In this work using the averaging theory, we study the maximum number of limit
cycles which can bifurcate from the periodic orbits of a linear center perturbed inside
the class of generalized polynomial Liénard differential equations

T=y
g =—x—e(h (2)y** + g1 (x) y** T+ f1 (x) y** ) (2)
_ 62(h2 (33) y2a + g9 (:17) y2a+1 + f2 (33) y2a+2)

where m,n,k and « are positive integers, h;, g; and f; have degree n,m and k,
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respectively for each ¢ = 1,2, and ¢ is a small parameter.
Let [] denote the integer part function. Our main result is the following one.

Theorem 1. For |e| sufficiently small, the mazimum number of limit cycles of the
polynomial differential systems (2) bifurcating from the periodic orbits of the linear
center & = y,y = —x, using the averaging theory

(a) of first order is
m
=3

(b) of second order is

m m—1 n m—1 k
A-—nwx{[aq,[—if—]+[§}+%L[—ET—}+[§}%—L+a}.
The proof of the above theorem is given in Section 3.

2 The averaging theory of first and second order

In this section we present the basic results from the averaging theory that we
shall need for proving the main results of this paper. The averaging theory up to
second order for studying specifically periodic orbits was developed in [1,2]. It is
summarized as follows.

Consider the differential system

i(t) = eFy(t,z) + 2 Fy(t, z) + 3R(t, z,¢),

where F1,Fp : Rx D — R, R: R x D x (—¢f,6f) — R are continuous functions,
T—periodic in the first variable, and D is an open subset of R™. Assume that the
following hypotheses hold.

(i) Fi(t,r) € C*(D), Fa(t,") € C1(D) for all t € R, Fy, Fy, R are locally Lipschitz with
respect to x, and R is twice differentiable with respect to e.

We define Fg: D — R for £k =1,2 as

T
Fi(z) = l/Fl(s,a:)als,

T
0
1

T
Fy(x) = T/(DmFl(s,x))yl(s,x)—I—Fg(s,x)ds,
0

where
S

m@@z/ﬂ@@w
0

(ii) For an open and bounded set V' C D and for each ¢ € (—ef,ef)\{0}, there
exists a. € V such that Fig(ac) + eFy(a:) = 0 and dp(Fio + Fa, V,ac) # 0.
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Then, for |¢| > 0 sufficiently small there exists a T'—periodic solution z(.,¢) of
the system such that z(0,e) — a. as ¢ — 0.

The expression dp(Fig + £Fa,V,a.) # 0 means that the Brouwer degree of the
function Fig+eFyy : V — R™ at the fixed point a. is not zero. A sufficient condition
of this inequality holding is that the Jacobian of the function Fig+¢eFy at a. is not
Zero.

If Fig is not identically zero, then the zeros of Fig + eFyy are mainly the zeros of
Fyg for e sufficiently small. In this case the previous result provides the averaging
theory of first order.

If Fyg is identically zero and Fbg is not identically zero, then the zeros of Fig+ eFbq
are mainly the zeros of Fyg for ¢ sufficiently small. In this case the previous result
provides the averaging theory of second order.

3 Proof of Theorem 1

For the proof we shall use the first order averaging theory as it was stated in
Section 2. We write system (2) in polar coordinates (r,6) given by x = rcosf and
y = rsinf. In this way, system (2) will become written in the standard form for
applying the averaging theory. If we write

n m k

hi(z) = Zaixi, g1 (z) = Z cxt, fi(x) = Z d;zt,
i=0 i=0 i=0
n m k

ho (x) = Z Azt gy (z) = Z Cixt, fo(z) = Z Dz’
i=0 i=0 i=0

then, system (2) becomes
P =—eFy (r,0) —?Hy (r,0),
2

. g g
0=—-1- ;EZ (7’,9) - ?HQ (7’,9),

where

n k
Ey (’f’, 9) = Z aihi,2a+1 (9) ploti + Z dihi,2a+3 (0) r2a+i+2_|_
=0 i=0

+ " cihigasa ()T,
1=0
Hy (7’, 9) = Z Aihi,2a+1 (9) ploti + Z Dihi,2a+3 (9) 7,2a+z+2+
=0 i=0

m
+ Y Cihigara (0)r?* T,
i=0
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n k
By (r,0) =Y aihis10a (0) 7T+ " dihig1 gate (0) 1?24
i=0 1=0

m
2a+i+1
+ § Cihit1,2a41 (0) r=m T,
=0

k

Hy (r,0) =Y Aihir120 (0)r* T + 12> Dihig pars (0) r** 24
i=0 1=0

m
+> Cihit12a41 (0) P>,
i=0
where h; o (0) = cos’ §sin’ § Taking 6 as the new independent variable, system (2)

becomes J
5 = (1n0) + 212 (1,0) + O (), 3)

where
Fl (7‘,9) = El (7‘,9) s (4)
Fy(r0) = Hy(r0)— %El (r,0) By (r,0).

First we shall study the limit cycles of the differential equation (3) using the
averaging theory of first order. Therefore, by Section 2 we must study the simple
positive zeros of the function

21

Fm(?") = %/Fl (7",9) del.

™
0

For every one of these zeros we will have a limit cycle of the polynomial differential
system (2). If Fig(r) is identically zero, applying the theory of averaging of second
order (see again Section 2) every simple positive zero of the function

27 0
1 d
Fa (1) = 5= [ | 5250 | [ Fatrs)ds | + Fa () | o,
0 0

will provide a limit cycle of the polynomial differential system (2).

3.1 Proof of statement (a) of Theorem 1

Taking into account the expression of (4), in order to obtain Fg is necessary to
evaluate the integrals of the form

/ cos’ 0 sin’ 0do
0

In the following lemma we compute these integrals.



UPPER BOUNDS FOR THE NUMBER OF LIMIT CYCLES 77

Lemma 1. Let h; ; (0) = cos @sin? 6 and &; ;(0) = [ h;j (s)ds Then

C—=o

5ij(27T) _ { 0 e o zfz 18 odfl or j is odd,

: (j+i)(j+i—2)...(z‘+2)F(g)ﬂ if i and j are even,
7!

(31)°

Proof. Using the integrals 12 and 13 given at the appendix with § = 27 and taking

into account that h; ;(27) = 0 if j # 0 we have that

where (%) =

52’,2]’ (27‘(’) = (2](_2’_]2)_(12)](_?_1:3))(2_}_2) 5@0(27‘(’), 5i,2j+1 (271') =0. (6)

Again, using the integrals 10 and 11 given in the appendix, with § = 27, we have that
521'70(271') = MZTF and 522'4_1,0(271') = 0, Substituting 521'70(271') and 522'4_1,0(271')

P
given as above into (6) we obtain (5). Using this lemma we shall obtain in the next
proposition the function Fyo(r): O

Proposition 1. We have

F20+1 5] '
Flo(’r’) = 5 Co; 521'720{4_2 (271') 7‘22. (7&)
g =0
Proof. The function Fig(r) is given by
1 2 1 2T
Fio(r) = %/Zaihi,%ﬁ-l (0)T2a+id0+%/zdihi,2a+3 (6) 2 2dg
o =0 o =0

1 2w m
+%/Zcihi,2a+2 (9) 7’2a+i+1d0.
0 =0

Using lemma 1, we obtain

21 2
/hi,2a+1 (0)do = /hi72a+3 (9)dd =0, Vi e N.
0 0

27
1 " .
Flo(’r’) = %/Zcihiﬂa—lﬁ (9)7‘2a+l+1d9
0 =0
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m
_ 2 +i+1 2 +i+1
= / § cih; 2a+2 AT 4 § cih; 2a+2 AT de

zodd zeven
1
252 5 =
_ p20H2i42 | 20241
= g C2z+1/h2z+1 2042 ( / 21,2042 ( do.
=0 9
27

Again, using lemma 1, we conclude that [ hoit1,2q42 (6)df = 0, then
0

m
2

Fio(r) = €2i02i 2042 (27) %

[\~}
o

F
—

O

From Proposition 1, the polynomial Fio(r) has at most Ay = {[2]} positive roots,
and we can choose cy; in such a way that Fjo(r) has exactly Ay simple positive roots,
hence the statement (a) of Theorem 1 is proved.

3.2 Proof of statement (b) of Theorem 1

Now using the results stated in Section 2 we shall apply the second order aver-
aging theory to the previous differential equation. For this we put Fio(r) = 0, which
is equivalent to

¢; =0, for all i even. (8)

We must study the simple positive zeros of the function

2m
1 d
Fyg (r) = o / %Fl (7",9) /Fl(r, S)dé’ + Fh (’f’, 9) do.
0

We split the computation of the function Fyy(r) in two pieces, i.e. we define
21 Fy(r) = ®(r) + U(r), where

0

o (r) = / Fy (r,0) /Fl(r,s)ds e,
0
2m

U(r) = /Fg(rﬁ :/<H1r@)——El(TH)Eg(r9)>d9

0 0

2T
First we compute the integrals [ 6; ;(6)hy 4(8)dd, in the following lemma.
0
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Lemma 2. Let 771577]?1 (2m) = f 8i4( (0)df. Then the following equalities hold:
a) The integral 775;3_170 (2m) is zero if p is odd or q is even, and is equal to
i—1 1:y- .
1 25(7—-1)....(j—1+1)
; _o. 2
2+ 1 <lz_g Bi— D) @ —3).. @i =2 = 1)z (27)

L1
2i + 1

52i+p;q+1 (2m)

if p is even and q is odd.

b) The integral n§§11,2j+1 (2m) is zero if p is odd or q is odd, and is equal
to

1 .
= (=1 .. (-1 + 1)) 024 pt2:2j—214q(27)

2j+2z+2 2j+2z )(2j +2i —2)... (2] +2i — 20 +2)

1

S 2j+ 242

=1

02i4p+2,2j+¢(27)

if p is even and q is even.

¢) The integral 77:517'?2j+1 (2m) is zero if p is even or q is odd, and is equal to

| <j_1 (G 1) lf =L D) daiipriay-aiva (27) )
(

2 +2i+1 24+ 2 —1) (27 +2i —3) ... (27 +2i — 20+ 1)
1
N, g2
% +2i+1 2i+p+1,2j+¢(27)

if p is odd and q is even.

(d) The integral 7712211,% (2m) is zero if p is odd or q is even, and is equal to

1 ‘
]E: (2) = 1) (25 = 3) ... (27 — 2L + 1)) S2i4p2.2j—2114-1(27)
2j+2z+1 2T (2j+ 2~ 1) (2] +2i ). (2] +2i 20+ 1)
1
—m52i+p+2;2j+q+1(277)
925 —1)(2j — 3) .1
35 —1)(% ~3) Bl (2m)

(25 +2i+1)(2) +2i —1)... (20 +3) 2

if p is even and q is odd.
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Proof. Using the integral 12 of the appendix and taking into account
hij (0) hpg (8) = Rivpjrq(0), we have

i—1 Iy 27
1 2j(j-1)...(G-1+1) /
4 _ .
Moo (27) = % + 1 lzg (2i —1)(2i —3) ... (2 — 21 — 1) haitpt21-2;q+1(0)d0

= 0

2
1
+2i 1 /h2i+p;q+1(9)d9-

0

By using lemma 2, statement (a) follows. Using the integral 14 of the appendix and
taking into account h; ; (0) hpq (0) = hiyp j+q (0), we have

2

1
Ugéil,zjﬂ (2m) = _72]._'_22._'_2/h2i+p+2,2j+q(9)d9
0
Jf 21Dl
1 = (25421)(25+2i—2)...(2j+2i—21+2)
2+ 2i+2 27
J * [ hoitpt2:2j—21+4(0)d0
0
and
2
1
Thigj1 (2T) = BT /h2i+p+172j+qw)d0
0
]f 2(j—1)....(G~1+1)
1 £~ (27+2i—1)(25+2i—3)...(27+2i—2{+1)
2+ 241 27

% [ hoitpy1:2j—o1+q(6)d0.
0

Using again lemma 2, statement (b), (c) follows. Using the integral 12 and 13 of the
appendix and taking into account h; ; (8) hy g (6) = hitp j+q (#) and using lemma 2,
we obtain
2j—1)(2j—3)...

(9 = (

ei',25 (27) (27 +2i+ 1) (2j + 2i — 1) (2z+3
1
2 +2i41
i1 .. . )
. jz: (27 =1)(2) = 3) ... (2] — 20+ 1)) doitpr2,2j—20+¢-1(2T)
(27 +2i—1)(2) + 20 —3) ... (2] + 21 — 21+ 1)

) 772z+1 0 (277)

=1
1

Tyt (02i4pt2;2j+q+1(2m)) .

Hence statement (d) of lemma 2 is proved. O
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Proposition 2. The integral ® (r) can be expressed by
@ (r) =r*tp (r?).
where P; (7*2)2'5 a polynomial in the variable r? of degree
el [ )
2 2 2 2

Proof. First, we have

n k
2o+ Qa4it2
Fi(r,0) = § ailiza+1 (0) 77T + Z dihi2a+3 (0) 20T
=0 =0
i odd 3 odd
m n
2a-+i+1 2a-+i
+ E ciligat2 (0) 1= + E a;hi a1 (0) 70"
=0 i=0
7 odd 1 even
k m
2a-Hit2 2a4itl
+ g dihi pa+3 (0) r?oT 2 + g cihigay2 (8) 2T
=0 =0
7 even 1 even

2 3]
2 2
= Z agiy1hoi1 2041 (0) P22 + Z asihaizas (0) r2t%
=0 i=0
5] G |
+ Z d2it1h2i41,20+3 (0) P22 4 Z daihg; 2ers (6) r2oT2i+2
=0 i=0
(5]
2
+ Z Coit1h2i+1,2a-+2 (0) T2 T2,
i=0

Next we calculate the terms of this integral. First we have that

[%57]
d . a+21
%F1 (r,0) = ;:o (20 + 2 + 1) agir1h2i 11,2041 (0) 72T

5

+ Z (2a + 2i + 3) doir1h2it1.20+3 (0) P22
(5]

+ (20 4 2i + 2) cair1hoit1 2042 (0) P22

Il
o

3
L

gl

@
Il
=)

—
0|3
-

+ (2a + 2i) agih2i72a+1 (9) 7‘2a+2i_1

@
Il
o
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5]
+) (20 + 20 + 2) daihg 9013 (0) P2
=0

[N

Then

/ [=5]
/Fl (rys)ds = Z 2i+102i+1,2a-+1 () F20+2i+1
0 i=0
(53]
Z d2i4+102i+1,20+3 (0) p20t2i+3
=0
m |
+ Z €2i+102i+1,20+2 (0) pot2i+2
i=0
] .
+ Z 2i52i,2a+1 (9) 7’2""'21
1=0
] .
) dyiboigays (0) 222,
i=0

(SR

[k

By using lemma 2, from the 25 main products of ® (r) only the following 4 are not
zero when we integrate them between 0 and 27. So the terms of @ (r) which will
contribute to Fy(r) are :

Olew

i,2a+1 ;
® (T) = Z Z 200 + ZZ) a2262p+1772p+1§a+2 (271') 7,4a+22+2p+1
i—0 p=0
[5] [=5] |
+Y D (204 20+ 2) daicopraniyy oy (2m) FOTHERES
i=0 p=0

+ 3N (2004 2+ 2) coipragpTny ety (2m) pletREPEL

+ (20 + 2i + 2) coiy1dapTiny ers - (2m) riot2irapts

where P; is polynomial in the variable 72 of degree g,

e[ B2 B )



UPPER BOUNDS FOR THE NUMBER OF LIMIT CYCLES 83

Finally, we obtain ® (7) is a polynomial in the variable r? of the form
@ (r) =r'tp (r?).
This completes the proof of the Proposition 2. O

In order to complete the computation of Fyy(r) we must determine the function
U(r).

Proposition 3. The integral ¥(r) can be expressed by
\If(r) — ,r,2a+1 (P2 (’f’2) + 7"2“P3 (7,2))

where Py (7"2) is a polynomial in the variable % of degree

n=[2)

P (r2) is a polynomial in the variable r* of degree

e[ B2 )

Proof. Firstly we calculate,

2w 2 k 2w

/ Hy(r,0)do = > Apx?* / higat1 (0)dO+ Y Dir?etit? / hi2a+3 (0) dO

0 =0 0

hi 2042 (6) db.

+
()=
Q2
3
[\~
Q
T
A
O\g;

2w 2w
Using lemma 2, we conclude that [ h;oa+1(0)d0 = [ hjoa+ys(0)df = 0, and we
0 0

have

2 m 21 [%] 2

/ Hy(r,0)do = Y Ciretit! / higa+a (0)do =) Ciretit / Risata (0) df.
=0 0

=0
0 i even 0

Then
27 [%] |
/Hl (r,0)do = = Ci62i 202 (27) 20241
0 =0

7"2a+1P2 (,r,2)

where P, is a polynomial in the variable 72 of degree ;.



84 S. BENADOUANE, A. BERBACHE, A. BENDJEDDOU

2
Finally, we shall study the contribution of the second part [ LEj (r,0) Es (r,0) d6
0

of Fy (r,0) to Fyo(r). Using the expressions of Ey (r,0) and Fs (r,0) and taking into
account that ¢; = 0 for all ¢ even, we have :

(2] R |
Bi(r,0) = Y azit1hoizipast (0) 770 4 30 doiyihoig 2a4s (0) r20 23
(7 ik
2 . 2 )
+ > eoit1hoit12at2 (0) 1222 4+ N agiho; 0a41 () r2ot2
=0 i=0

(5] |
+ Z d2ih2i,2a+3 (9) 7‘2a+27,+2

i=0
and
2] N
By (r,0) = > agpr1hopiaa (0) r2oT2PH 4 S doy 1 hopio 2ate (0) r2at23

p=0 p=0

["5] PR .

+ > coprihaprazata (0) rPTPTE 4 37 agphop i 0 () 12T
p=0 p=0

[5]
+ Y dophopi1 2042 (0) r20T2P+2,
p=0

2w
Using Lemma 2, from the 25 main products of [ %El (r,0) E5 (r,0) df, only the

0
following 4 are not zero when we integrate them between 0 and 2w, So the terms
which will contribute to Fy (r) are

2r (3] [2£] |
J 3B (r0) By (r,0)d0 = 30 X asicaps102i2p2,4a+2 (2m) TR
0 ZZO p:O
5] [5] o
+ 2 2 daicypr1ipopragase (2m) et
i=0 p=0
RS -
+ Y Y car1ap02itap2ate (2m) rietHERT
i=0 p=0
[5]

i ME
I Mg

dot-2i42p+3
2z+1d2p522+2p+2 da+2 (2m) plot2rtapt

_ 471+1 Py ( )
where P; is a polynomial in the variable 2 of degree

el [ B2 )

Then, we obtain ¥(r) is a polynomial in the variable 2

U(r) =r* T (P (r?) + r** P (r?))
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of degree
/\\1;(7,) = max {1, \3 + a}.

Finally, we obtain Fbo(r) is a polynomial in the variable 72 of the form

7,2a+1

2

FQQ(T) = (T2aP1 (7’2) + P2 (7’2) + 7’2aP3 (7‘2)) .

To find the real positive roots of Fpy we must find the zeros of a polynomial in
r? of degree A = max{A1, A2 + a, A3 + a}. This yields that Fby has at most \ real
positive roots. Hence, Theorem 1 is proved. Moreover, we can choose the coefficients
a;,¢,d;,A;,C;,D; in such a way that Fyy has exactly A real positive roots. This
completes the proof of Theorem 1. O

4 Example

We consider the differential system 2 with k =n=1,m=3,a=1

An easy computation shows that Fig(r) is identically zero, so to look for the
limit cycles, we must solve the equation Fy(r) = 0 which is equivalent to

1
1280

P (r® = 6rt +117* = 6) =0

This equation has exactly three positive roots 1 = 1,79 = v/2,r3 = /3. According
with Theorem 1, that system (9) has exactly three limit cycles bifurcating from the
periodic orbits of the linear center # = y,y = —x.

5 Appendix

In this appendix, we recall some formulas used during this article; for more
details see [7]. For i > 0 and j > 0, we have

0
- » cos'1hsinft g i1 , :
/cosZ ssin? sds = — + - /COSZ_2 ssin’ sds (10)
1+ 1+«
0

cost 1hsinite a—1

1+ 1+«

cos® ssin’ 2 sds,

I
S — <
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0 -

; sinf = (20 —1) (2 —3) ... (2i — 21 + 1 ol
/C082 sds = 5 Z( 51 ()z(— 0 (z)— 2)(‘(2,_1)—1_ )0052 A=1g  (11)

(20— 1)(2i—3)...1
244!

i—1 o
1 2i \ sin2(@i—10)60 1 [ 2
) 2;< ! ) 2 1) *2%( i )9’

n sin 6
21

cos® 1o + 0

0 i—1
201 gy sin 6 2 (1 —1) . (i 1) 222 (19
/COS o 2z‘+1l§_;(21'—1)(22‘—3)....(21—21—1)COS (12)
J Z
sin 0 2%
o
+2i—|—1 cos
B Lli 2 +1 \ sin(2i —20+1)0
o 2% o l (20 —20+1)
2 ;
where < » ) = p!(%ip)!
0
/cosissin2j sds (13)
0
L cosTeIN (2 - 12 - 3)(2 — 2+ 1) EPTIYE
2j+1 = (2 +i—2)(2j +i—4)..(2 +i—20)
6
(2j —1)(2§ — 3)...1 / :
% d,
@+ )@ +i-2)-+2) J cos oas
6
/cosissin2j+1 sds (14)
0
_ _C'OS—i._G Z _ 2](‘7.—1? ..... (]_l.+1.) nZi-2 g
2j+itle— (2 4+i—1)2j4+i—3)...(27+i—20+1)
50 gy

—= S
2j+1+1
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