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On non-discrete topologization of some countable skew
fields

V.I. Arnautov, G.N.Ermakova

Abstract. If for any finite subset M of a countable skew field R there exists an
infinite subset S C R such that r-m = m - r for any r € S and for any m € M, then
the skew field R admits:

— A non-discrete Hausdorff skew field topology 7o.

— Continuum of non-discrete Hausdorff skew field topologies which are stronger than
the topology 79 and such that sup{ri, 72} is the discrete topology for any different
topologies 71 and 72;

— Continuum of non-discrete Hausdorff skew field topologies which are stronger than
7o and such that any two of these topologies are comparable;

— Two to the power of continuum Hausdorff skew field topologies stronger than 7o,
and each of them is a coatom in the lattice of all skew field topologies of the skew
fields.
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Keywords and phrases: Countable skew fields, center of skew field, topological skew
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1 Introduction

The study of possibility to set a non-discrete Hausdorff topology on infinite
algebraic systems in which existing operations are continuous was begun in [1]. In
this article for any countable group a method of constructing such group topologies
was given. For countable rings the problem of the possibility to set non-discrete
Hausdorff ring topologies was studied in [2, 3]. For infinite fields the problem of the
possibility to set non-discrete field topologies was studied in [2]. For countable skew
fields the problem of the possibility to set non-discrete Hausdorff topologies has not
been yet solved. The present article is a continuation of research in this direction.
The main result of this paper is Theorem 3.2, in which it is proved that if for any
finite subset S of a countable skew field R there exists an infinite subset M C R
such that r - s = s - r for any elements r € M and s € S, then the skew field R
permits non-discrete Hausdorff skew field topology. For countable groups, countable
rings and countable fields similar results were obtained in [4, 5, 6, 8.

2 Notations and preliminaries

To present the main results we remind the following well-known results.
Notation 2.1. If R is a skew field, then we denote its unit by e.
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Theorem 2.2. A set 2 of subsets of a skew field R is a basis of filter of neighborhoods
of zero for some Hausdorff skew field topology T on the skew field R if and only if
the following conditions are satisfied:

1) N V={0}
VeQ
2) For any subsets Vi and Vo € Q there exists a subset V3 € Q such that V3 C

ViV
3) For any subset Vi € Q there exists a subset Vo € Q such that Vo + Vo C Vi;
4) For any subset Vi € Q there exists a subset Vo € Q such that —V, C Vi;
5) For any subset Vi € Q and any element r € R there exists a subset Vo € Q
such that r- Vo C V7 ;
6) For any subset Vy € Q there exists a subset Vo € Q such that V- Vo C V7.
7) For any subset V; € Q there ewists a subset Vo € Q) such that (e+Va) ' —e C
.

Definition 2.3. If a ring R has no divisors of zero and for any non-zero elements
a,b € R there are non-zero elements aq,b; € R such that a-a; = b- by, then we say
that the ring R satisfies the right Ore condition.

Proposition 2.4. ! If a ring R has no divisors of zero and the ring R satisfies the
right Ore condition, then the set R = {a-b~|a,b € R and 0 # b} is a skew field.

Proposition 2.5. 2 Let R be a skew field and let o : R — R be an automorphism.
If z is a variable and we will define a(r) - & = x - r for any r € R, then the following
statements are true:

n .
Statement 1. R, (z) = {>_ r;-2'|r; € R and n is a natural number } is an asso-

1=
ciative ring and the ring R, (z) has no divisors of zero;
Statement 2. The ring R, (x) satisfies the right Ore condition.

Proof. As z-r = a(r) - x for any element r € R then

n m n+m n+m
(w) (byw) = 3 3 weatshya? = 3 (3 o) ot € A
1=0 7=0 k=0 i+j=k k=0 i+j=k

and hence R(x) is a ring.

5 ((Z;)ai.xi) _ (Eobj .xj)> . (goct.xt) -

n+m n+m+s
(Z Z ai'ozl( ) H-] th — Z Z ai'az(bj)-a”](ct)':EH_]—H _
k=0 i+j—Fk p=0 i+j+i=p

!This result is well known to specialists in algebra, and the ring R is called the ring of skew field
quotients of the ring R (see [9]).

2Perhaps, this result was previously obtained by other authors, but since we do not know where
there exists proof of this result, then we present its proof below. However, we do not claim the
authorship.
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m+s

(Zai-xi) . (Z bj o (¢)2? ™) = Zal < Zb -al) (th-xt)>,
1=0 q=0 t=0
and hence the ring R(z) is an associative ring.
As ap - 2™ by 2™ = ay - Q" (by,) - X" £ 0 for any elements a,, b, € R\ {0}
and any natural numbers n and m, then (Z a; - x') - (Z bj-al) =

1=

n+m n+m— 1
E E a; - ' - by - 2l =y - (by,) -2 4 E E a; - -k # 0,
k=0 i+j=k = i+j=k

and hence the ring R(z) has no divisors of zero.
Thus Statement 1 is proved.

Let 0 # f(x) = ZaZ:EGR()andO#go() Zb 7' € R(x) and let n < k.

Further we prove > Statement 2 by induction on the number k + n.
If Kk +n =k then n =0, and hence 0 # f(z) = ap € R. Then

px)-e=ap-(ag" - p(2)) = f(2) (ag" - p(2)),

i.e. the right Ore condition is true in this case.
Assume that Statement 2 is proved for the number n +k = m and let n + k =
m + 1. Then

k

$(@) = pl@)— F(z)-a " (ap be)-oF " = S beat— (3 ageat) 0 (ap by)- st =
=0

=0

§ :b x_zaz —n+z . kn—l—z § :Cz

Asn—14k = m, then from the induction assumption it folows that there exist

fi(x) # 0 and ¢ (z) # 0 such that f(z) - fi(x) = ¢(z) - 1 (2). Then
F(@)- fi@) = (@) (@) = (p(@) = f@)-a (0" by -2"") - gn(2) =
o(x) - P1(x) — f(x) - a™(a; ' - by - 2™ 4y (2), and hence
F@) - (file) + f(2) - a7 (ag " by 2"77) i () = W(x) - du ().
Thus proposition is proved. O

From Proposition 2.4 and Proposition 2.5 follows
Corollary 2.6. Let R be a skew field and let o : R — R be an automorphism. If
x is a variable and we assume that a(r) - = z - r for any r € R, then the set

Ra(z) = {f(z) - ¢(2) 7' f(2), p(z) € Ra(z) and 0 # ¢()}
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is a skew field.
Definition 2.7.
— The ring R, (z) will be called a ring of polynomials in the variable x and with
the automorphism o : R — R;
— an element a € R will be called a root of a polynomial fo(x) € Ry (x) if
foe(a) = 0; R N
— any element f(x) € Rq(x) will be called a rational function in the variable x;
— an element a € R will be called a root of a rational function f(x) € Ra(z)(x)
if f(a) =0.
Proposition 2.8. Let R be a skew field and let o : R — R be an automorphism
k .
of the skew field R. If f(z) = > a; - 2" € Ro(x) and if f(0) # 0, then the set
i=0
{r € R|f(r) =0} is a finite set.

Proof. We will prove this proposition by induction on the number k. If £ = 1 then
f(x) =ap+ay-x. As f(0) # 0, then ap # 0. Then {r € R|f(r) =0} =0ifa; =0
and {r € R|f(r) =0} = {a;" - ao} if a; # 0.

Assume that Proposition 2.8 is proved for the number £ = m and let f(x) =
m+1 .
> ai-x' € Ry(x).
i=0

If {r € R|f(r) =0} = (), then the statement of Proposition 2.8 is correct.

Let now {r € R|f(r) = 0} # () and let an element a € R be such that f(a) = 0.

Then if p(x) = > b; - o' is a polynomial of R,(z) such that b,, = a1 and
i=0

bk = @ Ham_pi1 + @ bypy1), for 1 < k < m, and bg = —a~! - ag, then
amt1 = by and a1 = a(by—k) —a - by_gy1, for 1 < k < m, and ag = —a - by.
Then
m m m
(x —a) - ¢(x) :(x—a)'(Zbi':Ei) :Zx-bi'xi—Za-bi':Ei:
i=0 i=0 i=0
m m m m
a(b;) - - Za by -2t = At UL Zofl(b,-) cptt - Za beat =
i=0 i=0 i=0 i=0
m m—+1
Amy1 - 2™ 4 Z(a‘l(bi) —a-b) -2t —a-by= Z a; - 2" = fo(x).
i=0 i=0

As {r € R|f(r) = 0} = {r € Rlp(r) = 0} |J{a} and according to the inductive
assumption the set {r € R|p(r) = 0} is a finite set, then the set {r € R|f(r) =0} is
a finite set.

Thus proposition is proved. O

Proposition 2.9. Let RA be a skew field and let o : R —>AR be an automoTphz’sm
of the skew field R. If f(x) is a rational function from R, (x) such that f(z) =

f(x)- (p(x))~! and f(0) # 0 and p(0) # O then the set {r € R|f(r) = 0} is a finite
set.
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Proof. Since according to Proposition 2.8 the sets {r € R|f(r) = 0} and {r €
R|p(r) = 0} are finite sets and f(a) = f(a)- (¢(a))™" # 0 for any a ¢ {r € R|f(r) =
0}U{r € R|p(r) = 0} then {r € R|f(r) = 0} is a finite set.

Thus proposition is proved. O

Notation 2.10. Let V4, V5, ... and S, 53, ... be sequences of non-empty symmetric
subsets of a skew field R, and let e be the unit of the skew field R. If S1 C S, C ...
and e € 57, then for any natural number k£ we define by induction the subset
Fy, (Sl, e SV, Vk) of the skew field R by taking

Fi(S;Vi) = ((e+ V) \{O}) ™ Vi - S1+Vi-Vi+51-Vi-(e+ V1) \{0})~!, and

Frr1(S1,52, - Sk1s Vi, Vay oo, Vien) = FL(S1 ViHER(S2, -, Sier1: Vo, -, Vi)

Proposition 2.11. (see Proposition 2.4 in [8]) Let V1, V5, ... and S1,Ss, ... be some
sequences of non-empty finite symmetric subsets of a skew field R. If e € S C Sy C
.., and 0 € V; for any natural number i, then the following Statements are true:

Statement 1. The following inclusions are true:

1. Fk_l(SQ,...,Sk;VQ,...,Vk) —I-Fk_l(Sg,...,Sk;VQ,...,Vk) -
F(S1,S2,..., Sk Vi, Va..., Vi) for any natural number k > 1;

2. Fr_1(S2, ..., Sk Vo, oo s Vie) - Fe—1(S2y ..., Sk; Vay ..., Vi) C
F(S1,S2,..., Sk Vi, Va..., Vi) for any natural number k > 1;

3. Fk_l(SQ, e S Vo, Vk) . (e + Fk_l(SQ, ey Sy Vo, ,Vk))_l -
Fk(Sl, ce ,Sk; Vl, ceey Vk) and
(e + Fk_l(SQ, ey S Vo, Vk))_l . Fk_l(SQ, ey S Vo, Vk) -
Fy(S1,..., Sk V1, ..., Vi) for any natural number k > 1;

4. Sl -Fk_l(SQ,...,Sk;Vg,...,Vk) - Fk(Sl,...,Sk;Vl,...,Vk) and
Fr_1(S9, ..., Sk; Vay ..o, Vi) -S1 C F(S1,...,Sk; Vi, ..., Vi) for any natural number
k>1.

Statement 2. For any natural number k the set Fi(S1,...,S;Vi,..., Vi) is a
finite and symmetric set;

Statement 3. Fj(Si,...,Sk;{0},...,{0}) = {0} for any natural number k;

Statement 4. I[f0 € U; CV;, C Rande €T; CS; C R for any natural number
i, then

Fk(Tl,...,Tk;Ul,...,Uk) - Fk(Sl,...,Sk;Vl,...,Vk);

Statement 5. If k and p are natural numbers and Vi; = {0} for any natural
number 1 < j < p, then

Fk(slw"ask;‘/la-"avk):Fk+p(517"'aSk-i-p;‘/lv"'aVk-‘rp);
Statement 6.
Frp1(S1, - Seats Vis oo, Vign) = Fe(S1, -+, Sk Vis oo Va1, Ve b Fi Skt Vi)

for any natural number n;
Statement 7. If k and p are natural numbers then

Fk(5p+17 I aSk-i-p; V;H-l) ) Vk-i—p) - Fk-i-p(slv SRR Sk-i—p; Vi,... aVk-i-p)'
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3 Basic results

Theorem 3.1. If R = {0,%+e,+r,£ry,...} is a countable skew field and Sy =
{xe,£r1,...,£ri} for any natural number k, then the skew field R permits non-
discrete Hausdorff skew field topology if and only if there exists a sequence hy,hso, . ..
of elements of the skew field R such that h; # hj for any natural numbers i # j and

St ) Fret(Skt1s - -+ s Sms {=hot1, 0, g b oy { =T, 0, P }) = 0
for any natural numbers 0 < k < m.

Proof. If a countable skew field R permits a non-discrete Hausdorff topology 79, then
the construction of the sequence hq, hs, . .. is carried out similarly to the construction
of correspondent sequence in the proof of Statement 1 of Theorem 3.1 in [8].

If A1, he, ... is a sequence of nonzero elements of the skew field R such that

Se[ ) Frmt(Skt1s - - Smi {=hoes1, 0, e b -y {—Pm, 0, B }) = 0

for any natural numbers 0 < k£ < m, then the construction of the topology
is carried out similarly to the construction of the topology 7(A) in the proof of
Statement 1 of Theorem 3.1 in [8].

Thus Theorem is proved. O

Theorem 3.2. If for any finite subset S of a countable skew field
R ={0,+te, £r1,%r9,...} there exists infinite subset M C R such that r-s = s-r for
any elementsr € M and s € S, then the skew field R permits non-discrete Hausdorff
skew field topology.

Proof. 1f Sy = () and S, = {+e,+rq,...,£r} for any natulal number k then by
induction we construct a sequence hq, ho, ... of elements of the skew field R such
that h; # h; for any natural numbers ¢ # j and

Se[ ) Frmt(Skt1s - - Smi {=hoes1, 0, b b5 {— P, 0, B ) = 0

for any natural numbers 0 < k < m.

We will take h; = 0. Then F;(S1;{0}) = {0}, and hence, F1(S1;{h1})(So =
Fi(S1;{0})N0=0.

Assume that we already defined elements hq,...,h,, of the skew field R such
that h; # h; for any natural numbers ¢ # j and and such that

Sk () Pk (Skt1s -+ s Sms {=hoes 1,0, ey b s { =T, 0, ) = 0

for any natural numbers 0 < k < m.
If M, is the set all elements from R each of which is in the record of at least
one element from the set
m—1

U (Sk U Fm—k(sk+17 e 7Sma {_hk—l—h 07 hk-i—l}a ey {_hM7 07 hm}))7
k=0
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then {r € Rlr-a=a-r, a € My} is an infinite set.
If e : R — R is the identical automorphism of the skew field R, then for any
natural numbers 0 < k < n we defined the set
Fm—k—i—l(sk-i-b cee aSma {_hk+17 07 hk+l}7 B {_hm7 07 hm}7 {—33‘, 07 :E}) - Sk
of rational functions from ﬁe(az) 3
As (see Statement 5 of Proposition 2.11)

Fm—k+1(sk+17 o asma {_hk+17 07 hk+l}7 sy {_hm7 07 hm}7 {0}) =
Fm—k(Sk—l—la ey S7n7 {_hk-i-la 07 hk—l—l}a ey {_hma 07 hm})7

and
Sk () Fonk(Skats - s S { T2, 0, Bcga by ooy {=Pn, 0, }) = 0

for any k < m, then f (0) # 0 for any rational functions from the set

U Fm—k+1(sk+17 e 7Sm+1; {_hk—l—h 07 hk-i—l}a ey {_hM7 07 hm}7 {—.Z', 07 ‘T}) - Sk7
k=1

and hence, the set {r € R|f(r) = 0} is a finite set. Then there exists an element
0+# hpt1 € R such that h; # hpmt for any ¢ < m + 1 and f(hpy41) # 0 for any
rational functions f(z) from the set

U (Fm—k+1(sk+17 o 7Sm+l; {_hk-i-la 07 hk—l—l}a ey {_hma 07 hm}u {_‘Ta 07 .’I'}) - Sk)a
k=1
and hence ¢(hp,41) ¢ Sy for any rational functions @(z) from the set

U Fm—k-i—l(sk—l—la ey Sm—l—l; {_hk-i-la 07 hk—l—l}a ey {_hma 07 hm}u {_‘Ta 07 .’I'})
k=1

As hpa1-a=a- hyaq for any a € M, then
Sk ﬂ Fm—k(Sk—l—la L 7Sm+1; {_hk—l—la 07 hk—|—1}7 ceey {_hm+l7 07 hm—i—l}) =

Sk m{f(hm—i-l)‘f(x) € Fm—k(Sk—l—la o 7Sm+1; {_hk-i-la 07 hk+1}7 ey {_hma 07 hm}u

{—2,0,2})} =0 for any 0 < k <m+ 1.
So, we defined the sequence hq, hs,... of nonzero elements of the skew field R
such that

Sk [V Fnek(Skats > Sni {—Tig1,0, hega by oo {=Pny 0, B }) = 0

for any natural numbers n and k < n.

Then from Theorem 3.1 it follows that there exists a non-discrete Hausdorff skew
field topology on the skew field R.

Thus Theorem is proved. O

S3Asr-xz =g -r for any r € R, then Fr—kt1(Skt1, -+ s Smi {—hi+1,0, hit1}ty ooy {=hm, 0, A },
{-z,0,z}) — Sk C R(z).
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Corollary 3.3. If the center of a countable skew field R is an infinite set (in
particular, if the characteristic of the skew field R is zero), then there exists a non-
discrete Hausdorff skew field topology on the skew field R.

From Theorem 3.2 and ([8], Theorem 3.1) follows
Corollary 3.4. If for any finite subset S of a countable skew field R there exists
infinite subset M C R such that r-s = s-r for any elements r € M and s € S, then
the following statements are true:

Statement 1. There are continuum of skew field topologies such that any two
of them are comparable to each other;

Statement 2. There are two to the power of continuum coatoms in the lattice
of all skew field topologies of the skew field R.

Remark 3.4. There exists a countable skew field R with the finite center and such

that for any finite subset M C R the set {r € R|r-a = a-r for any a € M} is infinite.

Such a skew field will be constructed in the following example. It is possible that

the method that is used to build such a skew field has already been published by

other authors, but since we do not know where it is published, then we present a

detailed construction of such a skew field, and we not pretend on the authorship of

this result.

Example 3.5. Let F' be the algebraic closure of the finite simple field Z/(p - Z)
o

of characteristic p and let e be the unit of the field F. Then F = |J F,, where
n=1

F, = {a € F|a*" = a} is a finite subfield of the field F' and F,, C F,,; for any

natural number n.

If « : F — F is a mapping such that a(a) = aP, then « is an automorphism and
F\a(:n) is the skew field of rational functions in variable x over field F' (see Corollary
2.6) and since a-x = o~ !(a) # z-a for any a € F\ (Z/(p-Z)), then the center of
the skew field F,,(z) is finite.

Let M = {fi(x) = fi(z) - p1(@)7"..., fulz) = ful2) - u(2) 7'} C Falz) be a
k /
finite set. If fi(z) = E aij -2/ and p;(z) = Z 27 for 1 < i < n, then there

exists a natural number m such that

(U{am,...,ai,k} U U{bl Tyenn zk’ )CFm
i=1

m-S m:-S

Then "% - a = a™* - 2™* = a - 2™* for any natural number s and any

S (U{ai71,...,ai,k} U U{bll"" k! )CFm,
i=1

and hence

ki

™ a ! = a2 ) =) aiy-al 2™ = file) 2™
§=0 3=0

J=0
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!
i
™ pi(x) = E ™ byl g b j-a™ bij-al-x

for any natural number s and any 1 < i < n. As @;(x) - 2™° - (i)~ =
= 2™ (@) - (@) = e = e 2™ = @) - (pu(e)) 2™ for any
1 <i<nand Fy(z) is the skew field then 2™ - (p;(x)) ! = (¢;(x))~!-2™* for any
1< <n.

Then 2™ - i(x) - (i(2) ™ = fi(w) - (@)~ 2™ for any 1 < i < n, and
hence the set {r € Ey(z)|r- fi(z) - (gi(x))™! = fi(x) - (pi(x)) "L -rfor 1 <i<nl}is
infinite.

——
—
5
—~
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