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Abstract. In this article, we study the planar cubic differential systems with a
monodromic non-degenerate critical point and three affine invariant straight lines of
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is of the center type if and only if the first Lyapunov quantity vanishes.
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1 Introduction and statement of main results
We consider the cubic differential systems

&=y +ax® + cxy + fy? + ka® + maly + pry® +ry® = P (z,y),
y = —(z + g2® + doy + by? + sz + qz?y + nzy® + ly3) = Q ( v), (1)
ged(P, Q) =1,

and the vector fields X = P (z, y) +Q (z,y) 2 5, associated to systems (1).

A straight line ax + By +v = O o, B,y € (C is invariant for (1) if there exists
a polynomial K; € C[z,y] such that the identity aP(z,y) + fQ(z,y) = (ax +
By +7)Ki(x,y), (z,y) € R? holds. If m is the greatest natural number such that
(ax+ By+~)™ divides E(X) = P-X(Q) — Q- X(P) then we say that ax+py+v =0
has multiplicity m [2]. Denote by m(ax + By ++) the multiplicity of the straight line
ar + By +v=0.

For (1) the origin (0,0) is either a focus or a center, i.e. the trajectories in
some neighborhood of (0,0) can be spirals or closed. The problem of distinguishing
between a center and a focus (the problem of the center) arises.

It is known that (0,0) is a center for (1) if and only if in a neighborhood of (0, 0)
the system has a nonconstant analytic first integral F'(x,y) (an analytic integrat-
ing factor of the form u(z,y) = 1+ ZMJ (x, y)) [1]. Also it is known that there
exists a formal power series F(z,y) = 2% + 3 + >_j>3 Fj(x,y) such that the rate
of change of F (z,y) along trajectories of (1) is a linear combmation of polynomials
{(z? + 927152, ie. 4F = Y529 Lj—1(2® +y?). The quantities L;, j = 1,00, are
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polynomials with respect to the coefficients of system (1) called to be the Lyapunov
quantities. For example, the first Lyapunov quantity looks as

Ly = (bd—ac+2bf —2ag +dg —cf +3k -3l +p—q)/4

The origin (0,0) is a center for (1) if and only if L; =0, j = 1, cc.

There are a great number of papers dedicates to the investigation of the problem
of the center for cubic differential systems with invariant straight lines (see, for
example, [3-13].

In this work we investigate the problem of center for (1) with three invariant
straight lines of total multiplicity four. Our main result is the following one:

Main Theorem. The cubic system (1) with three invariant straight lines of
total multiplicity four has at origin (0,0) a center if and only if the first Lyapunov
quantity vanishes: Ly = 0.

2 Cubic systems with a monodromic critical point and three real

invariant straight lines Iy, 13,13, m(ly) + m(ls) + m(l3) > 4

Let the system (1) have an affine real invariant straight line ;. By a transforma-
tion of the form

x—v-(xcosp+ysing), y —v-(ycosp —xsing), v #0

we can do l; to be described by the equation x = 1. Then, k = —a,m = —c—1,p =
—f,7=0and (1) is reduced to the system

i =(1-x)(y+az®+ (c+ Day + fy?) = P(x,y),
y = —(z + g2® + dzy + by* + s2® + g2y + nzy? + ly?) = Q(z,y), (2)
max{deg(P), deg(Q)} =3, ged(P, Q) = 1.

Lemma 1. The invariant straight line x — 1 = 0 of the system (2) has multiplicity
at least two if and only if one of the following four series of conditions holds:

a=f=0,c=-2; (3)
a=f=1=0,n=2-b+c,s=—g—1,c+2#0; (4)
a:O,l:f,q:((c—|—2)(b+n—c—2)—df)/f,s:—g—l, (5)

l=f,n=QRa+ac—ab+ f+ fg+ fs)/a,
q=((c+2)(1+g+s)+a%—ad)/a.

Remark 1. The system {(2),(4), ¢+ 1 # 1} has the parallel real invariant straight
linesz —1=0and (c+1)z+1=0.
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2.1 The cases when the straight lines l; and [, are parallel

Let l1,lo € Rlz,y],l1 || l2. Without loss of generality we can consider Iy =
x—1, m(ly) > 2. Then Iy =  — o, when « € R and « # 0; 1. The straight line Iy is
invariant for system (2) if

a=f=0, a=-1/(c+1), ¢c# —2. (7)

Taking into account Lemma 1 and (7) we obtain that the straight lines {; o are
invariant and m(l;) > 2 if and only if the coefficients of cubic system (1) satisfy the
series of conditions (4), i.e. (1) has the form

t=y(l—2z)(1+z+cx), cg{-2;—1},

g =—(z+g2®+dey+by? — (g + 1)z + g2’y + (c — b+ 2)zy?). (8)

The straight line I3 is described by an equation of the form y — Axr — B =0, A, B €
R, B # 0 and is invariant for (8) if and only if at least one of the following four series
of conditions holds: 1) b=1,¢=d(g+1),d#0 (l3=1—x+dy); 2)d=c+3, g=
“b—1,g=-1,0—-1#0(Is3=1-bx+(1-b)y); 3)d=—-c—3,9g=-b—1,¢q=
L,b—1#0(ls=1-bzx+(b—1)y); 4) b= (2+¢)(2+c+dg+¢*)/(24+c—d—q)(2+c+
d+q)), g = —(8+8c+2c2—d*+cdg+q*+cq?) [ ((2+c—d—q)(2+c+d+q)), (d+q)(d+
3q+cq) #0 (I3 = (24+c—d—q)(2+c+d+q) — (2+c)((2+c+dg+q?)x+(d+3q+cq)y)).
Under these series of conditions, the system (7) can be expressed, respectively, as
follows:

t=y(l—2)1+z+cz), dlc+1)(c+2)#0,

§= o+ ga +duy -2 — g+ D +dlg + 0y + e+ Dy O
t=y(l—z)(1+z+czx), (b—1)(c+1)(c+2)#0, (10)
y=—(x— (b+1)z%+ (c+ 3)zy + by? + bz® — 2%y + (b + c + 2)zy?);
t=y(l—z)1+z+cz), (b—1)(c+1)(c+2)#0, (11)
y=—(x— (b+1)z* = (c+ 3)zy + by* + bz® + 2%y + (c — b+ 2)zy?);

i=y(l—z)(1+2z+cx), (c+1)(c+2)(d+q)(d+3q+cq) #0,
J=—(2+c—d=q)2+ct+d+q)z(l+dy+qay) +(c+2)(2+c (12)

+dg+ ¢*)(2® + y*) + ((d + q)(d — ¢ — cq) — 2(c + 2)?)2?
+(c+2)(2+3c+ % —d? —3dg —2¢>)zy?)/((c + 2)% — (d + q)?).

2.2 The cases when the straight lines Il and [l3 are parallel

We consider I; = =z — 1, m(ly) > 2 and the straight line Iy (I3) is described
by equation y — Az — By = 0,B; # 0 (y — Az — By = 0, By # 0, By # Bj).
For each of the systems {(2), (3)}, {(2), (5)} and {(2), (6)} we will determine the
conditions in order that the straight lines lo and I3 be invariant. Note that straight
lines Iy 3 = y — Az — By 3 are invariant for system (1) if the identities o 3(2z) = 0,

where ¢25(r) = (A- P(e.y) + Bas- Q)| - hold.
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System {(2), (3)}. In this case

@o(z) = —Ba(A+bBy + B3l) — (1 + A? — 2ABy + 2AbBs + Bod + 3AB31
+B2n)z + (242 — A%b — ABy — Ad — g — 3A? Byl — 2ABon — Baq)x?
— (A2 + A3l + An + Aq + s)a3.
The identity p2(x) = 0 gives us
A = —By(b+1B2),
d = —(1+2bB2 — b*B3 + 2B31 — 3bB3l — 2B31> + B2n)/Ba,
g=—b+bB% — Byl + B3l — b*B3l — 2bB31> — B3I? + bB3n + B3ln — Bag,
s = BQ(b + BQl)(q — Bg(b + Bgl)(l — bByl — B%F + n))
In these conditions:

3(2) = ((Ba — B3)(B2Bs(b + Bal + Bsl) — (1 — B2Bsn) + B3 (b + Bal)(b
+Bgl + 3331))1' + Bg(q + Bg(b + Bgl)(?)Bgl(b + Bgl) —2n — 1))%2)/32

and @3(x) = 0= {b = —I(Ba+ Bs), n = (1—2B3B31?)/(B2Bs), ¢ = [(—2— By B3+
B2B321?)}. The cubic system takes the form

T = y(‘r - 1)27
) = —(BaBsx + By B3(Ba + B3)x? + ((Bz + B3)(12B3B2 — 1)
+2IB2B2)ry — 1By B3(Bs + B3)y? + BB21%a3 (13)

—1ByB3(2 + BaB3 — I2B2B3)x%y + (1 — 212 B3 B2)zy?
+lB2B3y3)/(B2B3), BQ 75 Bg.

System {(2), (5)}. We have

¢o(r) = —Ba(A+bBy + ABof + B3f) — (1 + A%(1 + 2By f)
+Ba(A(2b+¢) +d + Bo(2Af +n)))x — (fg + A%(A + Bo) f?
+Af(c(A— Bg)+ Ab— By +d) + Ba(2b — df —4) — Bac(4 — b+ ¢)
+Bon(24c+ 2AN2%/f + (f(g+ 1)
+A(df + (c+2)(c+2—b—n)+ Af(1+c—n)))z3/f

and p9(x) =0 =

{b = (—A — ABgf — B%f)/Bg, n — (—1 + A2 — ABQC — BQd)/B%,
g=—((c+2)(Ad — 1) = 2Af + (A + B2)(Adf + (c+ 2)(3A + Ac — d))

—(A+ B (f(d—A) + (c+2)(c+2—Af)) — f(c+2)(A+ By)*)/(fBa),

(A+ By)(—1+ A% — ABy — 2B2 — cABy — cB2 — dBy)(2 + ¢+ Af + Bof) = 0}.

The function ¢3(z) looks as

¢3(z) = (fB2B3(B3 — Ba)(A — BaBs f)
+f(Bs — B2)(2Bs + (1 + Az)(Bg — B3) + ByBs(d+ Ac — 2ABsf))x
+(By — B3)((2f A+ ¢+ 2)(A2% — 1) — B3(c + 2)?
—(c+1)(c+2)ABy + B3f(—3A — 2By — cBy + A2 f)
—2CfAB2(A + Bg) - deQ(2A + Bg) - dBQ(2 + c))x2
+(A+ By)(1 — A% + ABy + 2B + AByc + Bic + Bad)
X(2+c+ Af + Baf)2®)/(fB3).
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Taking into account that ged(P,Q) = 1 and BoBs(Bs — Bs) # 0, the identities
{p2(z) = 0,p3(x) =0} give us {A = f/(c+2), B =—1/f, Bs = —f/(c+2), b=
Ld = (et 2P+ et 2— PN/Fle+ 27,9 = ~(ct2+ )/l +2),n =
((c+2)% = f?)/(c+2)}. In these conditions, together with (5), the system (2) has
the form

t=y(l—z)1+z+cx+ fy),

g=—(flc+22x— flc+2)(c+2+ 22+ (2+c)P+2+)f? - fHay+

((c+2° + fle+2)* + f3c+2)2° + f2(f* = (c +2)(c + 3))2%y
+fle+2)((c+2)* = fHay® + f2(c+2)%%) /(fc +2)?).

System {(2), (6)}. In this case the functions ¢33 have the form:

©2,3 x) = —(CLB273(bBQ73 + A+ AB273f + 32273]6)
+(CL(1 + A2 + Bg73d) + CLABQ73(2b +c—+ 2Af + 23273]")
+B33(2a —ab+ac+ f+ fg+ fs))x
+(ag + aA(a + Ab+ Ac+d+ A%f) + Bag((c+2)(1 + g+ 5) (15)
+a(a — d)) + ABs3(3a — 2ab + ac + 2f + aAf +2fg + 2fs))z?
+(as + A2+ c+ Af)(g+ 1) + aA?(1 — b) + As(c+ 2)
—Aad + A%fs)x3)/a

and {p2(x) = 0, p3(xz) = 0} if and only if at least one of the following set of
conditions holds:

i)a=ByB3fw,b=1—w, c=—1— BoB3f? —w, s = ByB3f?(1 + By B3w),

d = —(By + By — 2B3 B3 fw)/(B2Bs3), g = f(B2 + B3 — B3B3 fw);

ii)a= —(1+ Ba3f)/B23;b= —f(Bs+ Bs + BaBsf),

c=(1- 3233(2 + ngf + Bngfz))/(Bng),

d = —(Bs2+ Bas(1+4 Bsaf)(1 — 2By 3B3,f — B3B3 f?))/(B2Bs),

g = f(Bas+2Bs2+ B2B3f), s = —B3af,

where w = (1 + By f)(1 + Bsf). In these conditions the system {(2),(6)} looks as,
respectively,

i =(1-x)(y+ B2Bsf(1+ Baf)(1 + Bsf)a?

—(1+ Bof + Bsf + 2By B3 f?)zy + fy?),

y = —(ByBsx + (By + B3)x(BaBs fx — y)

—B3B3f(1+ Baof)(1+ By f)x(BaBsfw — 2y) (16)
—ByBsf(By + By + By Bsf)y?

+B2 B3 f(1+ BaB3(1 + Baf)(1 + By f))a*(B2Ba fa — y)

—ByBsfa*y + (1 — BaBsf)(1+ BaBsf)xy® + BaBsfy®)/(BaBs);

& = (z — 1)(—B2Bsy + B32(1 + Basf)z® — BaBs fy?
—(1 — B2B3 — By3B3,f — B3B3 f*)xy)/(B2Bs),
y = —(B2Bsz + ByBsf(Ba 3 + 2Bs s + ByBs f)x?
—(Ba + By + BaBsf — B3B3 f(2 + Baf)(1 + Bsaf))ay (17)
—ByBs3f(Ba + By + B2 B3 f)y* — BagB3 o fa?
—Bngf(l + By B3 + Bg,3B§72f)x2y
+(1 — B3B3 f*)xy* + BaBs fy®)/(B2Bs).

(14)
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2.3 The cases when [;53 have different slopes and m(l;) > 2,
LNl,Nls #0

We consider I} = x—1, ly = y—Asx—Bs, I3 = y—(As+By—Bs)x—Bs, ByBs(Bs—
Bs) # 0. Denote

vi(@) = (4 Pl@.y) + B; - Qa.y) )| j=23, (18)

y:ij—i-Bj ’
where A3 = Ay + By — Bs. In conditions (3) we have

Po3(x) = —Baa(Az3 + bBaz + B 31)
—(ng,d + 1+ A%g + Bign + Ag,ng,g(Qb -2+ 332,31))$
—(g + A273d + ng,q + A%g(b -2+ 332731) + A2733273(1 + 271))%2
—(s 4 Ag3(Agz + A3 3l + Az 3n + q))a.

Then to(z) =0 = {Ay = —(bBy + B3l), d = —(1 + B3(n +2b — b*) — B3I(3b— 2 +
2B5l))/Ba, g = —b — Ba(l + q) + B3(b + Bal)(1 + n) — B3l(b+ Bal)?, s = Ba(b+
Bol)(q+ Ba(b+ Bal)(—1+bBal+ B212—n))} and ¢3(z) =0 = {b = 1— Bsl—Bsl, n =
(1 — BaB3 + B3Bsl + BaB3l — 2B3B31?)/(B2B3), s = (Bal — 1)(Bsl — 1)} =

i =y(x —1)%, BoB3(B3 — By) # 0,
Y= —(Bnga: + Bng(Bgl + B3l — 2)%2
+((Bo + Bs)(BEB3I? — 1) — B3B)ay
—Bng(BQl + Bgl — 1)y2 + BQBg(BQl — 1)(Bgl — 1)%3
+((B2 + B3)(1 - B%Bgﬂ) + B%Bgl(l + B2B3l2) - QBngl)x2y
—l—(l — Bng(l — l(B2 + Bg) + 23233[2))333/2 + Bnglyg)/(BQB3).

If conditions (5) hold, then

Yo 3(x) = —Bo3(Az3 4+ bBo3 + B3 f(A23 + Ba3))

—(1+ A%g + Ag,ng,g(Qb +c)+ 2142,332,3(14273 + Bg,g)f + Bg,g(d + 327371))%
—(fg+ A 3df — A2’3B273f(1 +c—2n)+ A%gf(b +c)+ A%73f2(142,3 + 3273)
+Bas((c+2)(b+n—c—2)—df)x?/f

H(f(g+ 1)+ Aos(df + (c+2)(c+2—b—n))+ A3 3 f(L+c—n))ad/f

and {A3 = Ay + By — B3, 23 =0} = {Ay3 = —By3, b=1,c=—-2,d= —(By +
B3)/(B2B3), g = =2, n = (B2B3 — 1)/(B2B3)} =

T =y(r—1)(r — fy—1), BaB3(B3 — Ba) # 0,
Y= —(Bnga: — 2Bng,x2 — (BQ + Bs)xy + Bngy2 + Bng$3 (20)
+(Bs 4+ B3)z*y + (1 — BaBs)zy? + BaBs fy3)/(B2Bs).

2,3
are given in (15). It is not difficult to show that the system {is(z) = 0, Y3(x) =
0, A3 = Ay + By — B3, BaB3(Bs — By) # 0} is not consistent.

Let now the conditions (6) hold. Then 1;(x) = 23 - (x), where g 3(z)
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2.4 The cases when l; 5 3 are of generic position and m(l,) > 2

Let the straight lines /123 be of generic position, i.e. no pair of the lines is
parallel and no more than two lines pass through the same point. We consider
i, = 2 —1,lp3 = y — Assx — By3. Then the straight lines /123 are of generic
position if A3 — Ay + By — B3 # 0.

In conditions (3) we have ¥9(x) =0 and ¢3(z) =0 if {4y = —bBy, d = —(B2 +
Bg)/(Bng), g = —b(2 + (b — 1)23233), s = b2(1 + (b — 1)23233), Ag = —ng, =
O, n = (1 — 2ngBg + 523233)/(3233), q = b(BQ + Bg)(l + Bng — 2bBQB3 +
b2BgB3)/(Bng)} =

T = ($ - 1)2y7
y = —(Bngx(bx — 1)(5(1 + (b — 1)23233)1' — 1)
—l—(Bg + Bg)ib(b(l + (b — 1)2BQB3)$ — 1)y
+(@ + bB2B3(1 + (b — 2)2))y?)/(B2B3).

In conditions (5) we have 15(z) = 0 and ¥3(x) = 0 if:

){b=1c=g=-2d=(-By— Bs)/(B:B3), n = (1 — ByB3)/(B2Bs), Az =
—Bs, A3 = —Bs};

2{b = 1,¢ = —(2Bas + f)/Baz, g = —1+ Bazf,d = —(1 + B35 +
B3 3f)/Bas, n= (B33 —1)f/Ba3s, Ay = A3 = —Ba3, B3o = —1/f};

3 (b= 1, c=g=—2 d=(1+ A3+ Ayf — A3f)/Ag, n = (1— A3)f/Ay, A3 =
—By=1/(A3+ f — A3f), By = —1/f}.

From these four conditions the following four systems result, respectively:

&= (1-2)yl—z+ fy), f#0,
y = —(BaBsz — 23233$2 + Bngxg

22
—(Ba + B3)zy + (Ba + B)z?y (22)
+B;Bsy* + (1 — ByBs)zy* + BaBsfy*)/(B2Bs).
= (1—x2)y(B2z — B2z — fr+ Ba3fy)/Bas, f #0,
Y= (—Bg73$ + 3273(1 — Bg,gf)x2 + B§’3f1‘3 +(1+ B§,3 (23)
+B3 3f)xy — Ba3(Bags — f + B3 3 f)x%y — Bay®
+f(1— B3 3)zy* — Basfy®)/Bags.
i=(1-z)y(l—=z+ fy), f#0,
y=—(As(x — 1)z + (-1 — A3 (24)

+A3(A3 — 1) f)(x — Dy + (A3 + fa
—Adfz)y® + Asfy?)/As.

In conditions (6) we have 15(z) = 0 and ¥3(x) = 0 if:

1) {a = Ba(A3+ B3)*f(1+ B3 f)/(Bs + BaBs f), b= —A3/Bs — (A3 + B) f, ¢ =
(—A3Bof + B3(—2 — f(A3 + 3By + B3 + 2Bs(As + B3)f)))/(Bs + BaBsf), d =
(=Bs + Ba(—1 — Bsf + Bof(—1+ 2(As + B3)*(1 + Bsf))))/(B2Bs(1 + Baf)), g =
(A3(2B3—|-B2(A3 —|—Bg)2)—I—Bg(AgBQ(?)—l-A%—A3B2)—|—(A3—B2)(1—|—2A332)B3—|—(1+
(As — BQ)BQ)Bg)f + Bng(—Ang — 4A§Bng + A3(B2 + B — 5BQB§) + Bg(Bg —
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By(1 + 2B7)))f* — B3B3(As + B3)*f°)/(Bs + B2Bsf)?, s = (As(As + B3(A3 —
By + B3)f)(Bs + B2((A3 + B3)* + B3(1 + (A3 + B3)*))))/(B3(1 + Baf)?), Ag =
(Ba(As+ B3(As — Ba+ Bs)f))/(Bs+ BaBsf), (14 Baf)af(A3By + By + AsBy B3 +
ByByf + A3B2Bs f + A3 Ba B f) # 0};

2) {b= (1 —aByg)f/(a+ f), c = —(a® + 2aBa3 + 2af + 2Ba3f + aB33f +
f2)/(Bas(a+ f)), d = alala + Bag) + a(2+ B3s)f + f2)/(a+ f)> = (1 + B35 +
B33f)/Bas, g = f(—=1+ 2aBys + Basf)/(a + f),s = —Baaf, Ay = Az =
—Basf/(a+f), Bsga=—1/(a+ f)};

8) {b=1, ¢ = (1—af - A3f%)/(Asf —1),d = 2a+ f), g = (1 - a® +ady
af —aA3f — A3f%)/(Aaf — 1), s = As(a+ f)(1 — af — Aof))/(1 = Aof), A3 =
(1 —af = Aaf)/(f(1 = A2f)), Bo = B3 = —1/f};

4){b=(1—aB3)f/(a+f), c = —(a®+2aBs+2af+2Bsf +aB2f + f%)/(Bs(a+
f), d = —(a*—2a3Bs+2af—5a>Bsf+aB3 f+ f?—4aBs f*+aB3 f?— B3 f3)/(Bs(a+
H?), 9 =—(a®+3df + aBsf + 3af? + 2Bsf* — aB3f? + f3)/(Bsf(a + f)), s =
(a® +2af + Bsf —aB3f + f2)/(Bs(a+ f)), As = —Bsf/(a+ ), A2 = (a+ f)(a®* +
2af +Bsf—aB3f+f?)/(Bsf(a®*—aBs+2af —aB3f+f?)), Bo = —(a+f)?*/(f(a®—
aBs +2af — aB3if + f?))}.

From these five conditions the following five systems result, respectively:

T = (1 — x)[Bg(Ag + Bg)2f(1 + Bgf)$2 + Bg(l + Bgf)y — (Angf
+B3(1+ 2B f)(1 + (A3 + Bs)f))xy + Bs f(1 + Baf)y?]/(Bs(1 + Baf)),
(14 Baf)af(A3By + B3+ A3BoBs + BoBsf + A3ByBsf + AsBy B3 f) # 0,
y = [—Bng(l + Bgf)zl' + BQBg(—Ag(QBg + B2(A3 + 33)2)

—B3(A3Ba(3 + A3 — A3Ba) + (A3 — B)(1 +243B2) B3 + (1 + (A3

—B3)B2)B3) f 4+ BaBs(A3(—1+ A3)Bs + (By + As(—1+ 4A3B5))Bs

—l—(—l + 5A332)B§ + 2323%’)]02 + B%Bg(A:g + B3)3f3)$2 — Ang(Ag

+Bg(A3 — By + Bg)f)(Bg + Bg((Ag + 33)2 + Bg(l + (Ag + Bg)z)f))xg

B3+ Baf)(~ By & Ba( 1 = Baf + Baf (—1+2(As + By) (1

+Bsf))))xy + (A3Ba(1 + Bsf) (B2 + B3 + 2By Bs f) — By B3 f(By — Bs

—ByBsf + B3(f + B3(1 + Bsf)?)) — A3B2B3(1 + B3 f)(—2B3 + Ba(—2

+f(By — 4B3 + BaBsf))) + A3Bs(Bs + Ba(1 + B3 + B3(3+ B2)f

—2B3f(Ba + BaBsf)* + Ba(1 +2B3f)(Bs + f + B3f))))zy

+ByB3(1 + Baf)*(As + B3(As + B3) f)y* — Ba(1 + Baf)(Bs + Ba(A3(43

+2Bs) + B3(1 + A% —2ByBs + As(—By + B3)) f — 2B2B§(A3

+B3)f?))xy® — B2B3 f(1 4 Baf )*y°]/(B2B3(1 + Baf)?); (

25)

i = (1—xz)(aBas(a+ f)z? + Bagla+ f)y
—(a® + aBy3+2af + Basf +aB3sf + f*)xy
+Baaf(a+ fy?)/(Basla+ f)),

g = (=Bosla+ f)’c— Bosf(a+ f)(—1+2aBas + Basf)a’ (26)
+B33f(a+ f)*2® — (—a® + a®By3z — 2af + 20°Ba 3 f — 2aB3 3 f
—f? 4+ aBa3f? — B3 3f* — 2aB3 5 f* — B 5 f*)xy
+Bosf(a+ f)(a— Bas+ f — B3 sf)z?y
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+Bys(aBas — 1) f(a+ f)y> + (a+ f)((a+ f)* — B3 3f%)zy?
—Basf(a+ f)*y?)/(Bas(a+ f)?);

i=—(z—1)(a(l — Ay f)2? + (1 — Asf)y + f(a — Ay
+A3 )y + f(1— Ao f)y?)/(1 — Aaf), af #0,
7= ((Aof — Do+ (1 —a® — A3f% — a(f + Aa(Azf — 1)))a?
+As(a+ f)(=1+ (a+ Ag) f)a® + 2(a+ f)(Aof — Day (27)
+f(1—a® — A3f? — a(f + Ax(Aaf — 1)))z%y
+(Aof = 1)y? + f(As — f+ Ao f(f — Ad)
+a(Asf —2))zy® + f(Aof — 1)y?) /(1 — Ao f);

i = (z—1)(aBs(a+ f)x® 4+ Bs(a + f)y — (a®> + aBs + 2af + Bsf
+aB3f + fHay + Bsf(a+ f)y*)/(Bs(a+ f)), Bs # =1/,

v =—(B3f(a+ f)?x — Bs(a+ f)(a® + 3a%f + aB3f + 3af? + 2B; f?
—aB3f? + f3)2? + Bsf(a+ f)(a® + 2af + Bsf —aB3f + f)a?
—i—Bg,f(—a2 +2a3Bs — 2af + 5a’Bsf — aBgf — f? 4+ 4aBs f?

—aB§’f2+Bgf3)xy+ (a* +4a3f + a®Bsf + 6a>f? (28)
+2aB3f* — a’B3f* 4+ aB3f* + 4af? + B3 f* — 2aB3 f*
+aB; [*+ f* = By f)a%y — B3(—1 +aBy) f*(a+ f)y’
—Bsf(a+ f)(2a® + 4af + Bsf + 2f%)zy?
+B3 2 (a+ 1) /(B3 f(a+ 1)?).
3 Integrability of the systems (9)—(17), (19)—(28)
System (9) has first integral of the form
Fx,y) = 7 152 57 11, (29)

where

xT

a1 =—(c+1)((c+2?+d*(1+ B+ ¢)(1+9)), ag = d*(c—g),
as=(c+1)(c+2)? ay=d(c+1)(c+2).

= — — _ d(g+2)+(c+2)
f1_$_17 f2_1+$+6$a f3_1_$+dy7 f4_eXp gflcy]v

For system (10) (respectively, (11), (12)) the first Lyapunov quantity L; = —(c +
2)/4 (respectively, L1 = (¢ + 2)/4, L1 = —(d + ¢)/4) is not equal to zero and
therefore (10) (respectively, (11), (12)) has a focus at (0,0).

System (13) has invariant straight lines f; = x — 1, fo3 = y — IBaBsx — Ba 3
and exponential factor f; = exp[l/(x — 1)]. Their cofactors are: Ky, (z,y) = y(z —
1), Kf,5(2,y) = (Bsz2 + (B2Bsx — y)(x + (B2 Bsy) /(B2 Bs), Ky, (z,y) = —y. The
system (13) has an integrating factor of the Darboux form

w(z,y) = i f32 f3° 1 (30)
if and only if in z and y the identity M (z,y) = 0 holds, where
oP 0
M(az,y):alel+a2Kf2+a3Kf3+a4Kf4+—+—Q. (31)

dx Oz
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For (13) the first Lyapunov quantity is Ly = —I(1 — BaBs + B3B21?)/4. If we
take a1 = —(1 + 23233 + B%Bglz)/(Bng), Qo = —(232 — Bg + ZB%B§(2 + Bgl +
Bgl))/(BQ —Bg), a3 = —3—qo, aq = (1+Z2B§B§(1+232B3)+lBQBg(BQ+B3)(1+
I12B2B3))/(B2Bs) then M(z,y) = 4L12%. Therefore, the system {(13), L; = 0} has
an integrating factor of the form (30) and for it the singular point (0,0) is of center
type.

System (14). The invariant straight lines f; = z — 1, fo = f(c +2)y — f2x +
c+2, f3=(c+2)y— fr+ [ and exponential factor fy = exp|[((c + 2)(1 + fy) —
f*)/(x — 1)] have the cofactors, respectively, Kp, = —y(1 + 2 + cx + fy), Ky, =
(- o4 2y ey Qo et fy)f(c+2), Ky, = Gotcot fy)(—2—ct a2y
cfy)/(f(e+2)), Ky, = 2+c— fPa+2fy+cfy)2fz+cfz—2y—cy+ f2y)/(c+2).
Ifa; = =3 — f2(f2—(c+2)(c+3)/(c+2)3 a0 = (f2—c—2)/(c+2)? a3 =
—1+f2=f4)(c+2)%, ag = 1—f?/(c+2)?, then (see, (31)) M(z,y) = 4f(c+2)*y%L,
where Ly = —f(6 +5¢c+c® — f2)(2+3c+ 2 + f2)/(4(c +2)3) is the first Lyapunov
quantity for singular point (0,0) of (14).

System (16) has first integral of the form (29), where

fi=z—1, fag=y— BaBsfr— Bags, fa=exp [“’(BQ—BS)(HBzBSfy) 7

z—1
a1 = o.)(Bg — Bg)(l + B%Bg 2), Qo = —wB%Bg(l + Bgf),
a3 = o.)BgB%(l + Bgf), oy = 1,

where w = (1 + Baf)(1 + Bsf).
Systems (17). Let the function u(z,y) have the form (30), where

fi=z—1, fo=y— BeB3fr — Baj3, f3=y— B2B3fx — B3,
J1=exp[(1+4 Ba3f)(B23 + B2Bsf —y)/(Baz(x —1))],
oy = —2+2B3of + BaBsf? + 1/(B2Bs),
ay = —(1+4 B3, +2By3B3,f + B3B3 [?)/(Bs2(Bas — Bs2)),
a3 = (—1 + B%g - 23233 — 2322733372(1 + Bng — B%g)f
—B2273(3BQ73 — 43372)332]02 - 32,3(23273 + BSB — 3372)332]02
—B33B3,f3(Ba3 — B3 2)(2Ba + 2B3 + By Bsf))/(B23(Bs2 — Ba)),
g = Basf(1+ Bsaf)(1+ 23273332!}0 + B3B3 f%)/(1+ Basf).

Then div(u(xz,y)X) = 4Lyp(z,y)a?, where Ly = (1 + B33Bsof + B3B3 f?)(1 +
ByB3 + 2By 3B3,f + B3B3 f?)/(4B3 3Bs) is a first Lyapunov quantity and X is
the vector field associated to system (17). Therefore, if Ly = 0, then u(z,y) is an
integrating factor for (17).

System (19). If the first Lyapunov quantity L1 = —I(1 + B3B31?)/4 vanishes,
ie. 1 =0, then {(19), | = 0} has the first integral of the form (29), where f; =
r — 1, f273 =y+ B27333‘ - Bg,g, f4 = exp[l/m - 1)], o] = (Bg - Bg)(l - Bng), Qg =
B%Bg, a3 = —Bng, oy = Bg — Bg.

System (20) has the first integral of the form (29), where fi = z — 1, fo3 =
y + Basx — Bag, fa=exp[(1+ B2Bsfy)/z —1)], aox = (B2 — Bs)(B2Bs(1 + Baf +
Bgf) — 1), Qo = —B%Bg(l + Bgf), a3 = Bng(l + Bgf), ay = BQ — Bg.
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Systems (21), (22), (24), (25), (27), (28) are integrable, because they have the
following integrating factor, respectively:

p(z,y) = 1/((x — 1)2(~ By + bBax + y)(—Bs + bBsx +y));

p(x,y) = 1/((x = 1)*(= Bz + Box +y)(—Bs + Bz +y));

pla,y) = 1/((x = 1)*(=Az + Azz — y) (=1 + = — Asy — fy + A3fy));

p(x,y) = 1/((z — 1)*(Bs + Asz — y)(—B2Bs — B3B3 f — A3Byx — A3ByBsfu +
B3Bsfx — BoB3 fx + Bsy + BaBsfy));

w(x,y) =1/((x = 1)*(1 = Ao fo+ fy)(1 — Aof —x +afz+ Asfr+ fy— Aaf?y));

p(e,y) = 1/((x = 1D)*(Bs(a+ f — fx) — (a+ Hy)(=Bs(a + f)* + (a + f)(a® +
2af + Bsf —aB2f + f?)x — Bsf(a? — aBs + 2af — aB2f + f?)y)).

Systems (23). If the first Lyapunov quantity L, = —2(32,3—f+B§73f)(Bg,3+f+
Bigf)/Bg’g vanishes, then the function pu(x,y) = (B2s(x —1) —I—y)_1+B§’3+B§»3f(1 +
Bosfax+ fy)P2sBeat /N Eap[By 3(1 4 Basf)(1+ Bagf + fy)/(f(1 —2))]/(z — 1)
is an integrating factor for (23).

Systems (26). For these systems we have Ly = 2(a®? — aBa3 + 2af — Basf —
2aB33f + f* — B3 3f*)(0® + 2af + Basf + >+ B33f%)/(Bags(a+ f)?). If L1 =0
the expression (30) is an integrating factor for (26), where

Ji=aBa3+Basf—Basfr—ay—fy, fo=1+Basfrtay+fy, fs=x—1, fa=
Exp[(1+ Basf)z + (a+ fy)/(z — 1);

ay = (—a®+a*(Bas—3f)+ f(B3 3+ Bas(—1+3B3 3) f+ (—1— B3 3+3B3 5) f* +
B3 3f2)+af(=3f+B33(—f+B23(14+B23f)?)))/(Bas f(a+f)(1+Bas(a+f))), az =
(a®+ f?—a(Bas+(—2+B33)f))/(Basf(1+Bas(a+f))), as = =3, as = —Basf(1+
Basf)/(a+ f).

4 Cubic systems with a monodromic critical point and three invari-
ant straight lines Iy, 13, I3, m(l3) > 2, m(ly) + m(lz) + m(l3) > 4,
where l,, l; are complex lines and [l3 is a real one

4.1 The cases when l; and [l are parallel complex lines

Without loss of generality we consider I3 =z —1, m(l3) > 2 and ;2 =y — Az —
aTFpi, Ao, € R, 3 #0,i% = —1. To get the class of cubic systems for which
these straight lines are invariant it is sufficient to put By3 = a + §i in (13), (16)
and (17). Denote A = [BsBs in the case of system (13) and A = fByBs in the cases
of systems (16), (17).

Via a transformation (2) we can consider that invariant straight line [; is de-
scribed by the equation [ = 2 — a — i — 0 and system (1) has the form

& =yl(z —a)? +1)/(a® +1),

y = —(z + g2 + doy + by? + sz3 + g2y + nwy? + 1y3),
ie.a=f=k=p=r=0,c=-2a/(c®>+1), m=1/(a®+1).
We will determinate conditions under which the system (32) has the real invariant

straight line I3 = y— Axr— B =0, A, B € R, B # 0 and then conditions under which
this straight line has the multiplicity two.

(32)
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Note p(e) = (A- Pla,y) + B-Q(a.y))| . o(e,y) = E1(X)/(y — Az~ B)
y=Az+B
and Hy(z) = o(x,y)|y=A2+B-

The system (32) has the invariant straight line I3 =y — Az — B =0, A,B €
R, B # 0 if the polynomial ¢(x) = —(B(A+ B(b+ Bl))(1+a?)+[A%(14+a?)+ (1 +
B(d+ Bn))(1 +a?) + AB(—2a + 2b(1 + a?) + 3BI(1 + o?)]z + [(g + Bq)(1 + o?) +
A%(b+ 3Bl — 2a+ (b+ 3Bl)a?) + A(B + d + 2Bn + (d 4+ 2Bn)a?)]z? + [A(A(1 +
Al +n) +q) + s+ (A(A(AL +n) + q) + 5)a?]23) /(1 + a?) is equivalent to zero, i. e.
{A=-B(b+Bl),q=(—g+ (b+ Bl)(—2+ B(—=d + B(1 + (b + Bl)?))) — 2B%(b +
Bl)?a+ (—g+(b+ Bl)(—2+ B(—d+ B(b+ Bl)?)))a?)/(B(1+a?)), s = —(b+ Bl)(b+
g+ Bl),n=(-1+ B(—d+ B(b+ Bl)(b+ 2Bl)))/B* — 2(b + Bl)a/(1 + a?)}.

In these conditions Ha(z) = (1 — (b+ Bl)z)Ha (z)/(B(1+a?)?) where Hoy (x) =
B2(14+a?)(2+2a% + Bd(1+a?) +4B*%(1 +a?) + B3l(—2a+3b(1+a?))) +2B%(1 +
a?) (=202 B2a+b*B3(1+a?)+g(1+a?)— Bl(4—2B?+2B3la+4a? + 3Bd(1+a?) +
4B4%(1 4 a?)) —b(2 — B2+ 4B3la+2a? + 2Bd(1 + a?) +5B4%(1 + a?)))x + (4(1 +
a®)24+4Bd(1+a?)? +4B31*(14+-02)? + B3 (1+a?)(14a+3b(1+a?)) — BSI1%(8 + 402+
9% (14 a?)? = 32b(a+a?)) + B2l(—20 — 1163 (1 + a2)? + 9dI(1 + a?)? — b(11 + 302) +
22b% (a+03)) + B3 (1+a2) (d(—1+4ba+3b*(1+02)) +1(4a+8b(1+a?) —5g(1+a?))) +
B2(1+a?)(=2—2ga+d*(1+a?) +b(4a — 3g(1 + a?))) + BY(b? (=3 + a?) — 3b* (1 +
a?)? +4b3 (a+ ) + 411+ a?)(da +21(1 + a?)) + 2b(—a + 6dl(1 + a?)?)))2x? + 2(2 +
2bB?a+ 202 + Bd(1 + a?) + 2BY%(1 + a?) + 2B31(b+ a+ ba?)) (g + B(b+ Bl)(—d +
B(1+b*+bBl))—2B?(b+ Bl)?a+ (g+ B(b+ Bl)(—d+bB(b+ Bl)))a?)z® + (g+ B(b+
Bl)(—d+bB(b+Bl))—2B%(b+ Bl)*a+ (g+ B(b+ Bl)(—d+bB(b+Bl)))a?)(g+ B(b+
Bl)(—d+ B(1+b%*+bBl)) —2B%(b+ Bl)*a+ (g+ B(b+ Bl)(—d+bB(b+ Bl)))a?)x*.
The identity Ha(z) = 0, which is equivalent with Ha(z) = 0, gives as the following
sets of conditions:

{d = (—4+b2B? - 2bB%a — 4a® + b’ B%a?) /(2B(1 +a?)), g = —b, | = —b/(2B)}
or

{d=—-2/B, g=—b(2+ B2+ b°B? - 2bB%a + 20 + b’ B%a?) /(1 + a?), | = 0}.

Therefore, the systems (1) with three invariant straight lines, two of them are
parallel complex lines, and the third one is an invariant straight line of multiplicity
two, look like that:

& =y(l+ (z—a)?)/(1+a?),

v = (=8zy*(1 + a?) — 2B?(bx — 2)(x(bx — 2) — 2by?)(1 + a?)
+4By(4x — 2022 + by?) (1 + o?) + bB3xy(—4z + 8a
+b(bx — 4)(1 4+ a2)))/(8B*(1 + a?));

i=y(l+ (z—a)?)/(1+a?),
= (2Bz(bx — 1)y(1 + a)?) + 2¢*(1 + «)?) + bB12?(bx
—1)(1 4 b(b — 2a) + ba)?)) + 268322y (1 + b(b 2a) + ba)?)) (34)
+B2(=2bz%(1 + a)?) + 223 (1 + a)?) + by?(1 + )?)
+2(1 — 2by%a) + a)? + v? 2(1—i—a)2)))))/(B2(l—i—az)).
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4.2 The cases when l; 5 are homogeneous nonparallel complex lines

In these cases the straight lines [y o are invariant for (1) if they are described by
the equations y F ix = 0 and if the conditions

f=a+d, g=b+tc,g=l—-k+p s=m+n—r (35)

hold.

We can consider the real straight line I3 = x — 1. The line /3 is an invariant one
for the system {(1),(35)} if P(1,y) =a+k+ (1 +c+m)y+ (a+d+p)y>+ry> =0,
e {r=0k=—-am=-1—c¢,p=—a—d}.

In these conditions we have o(x,y)|z=1 = (b + n + ly)(y), where ¢ (y) = a® —
al+(2+¢)(b+n)+2(a(2+c)+d(b+n))y+ (2a* + 2a(d — 1)+ dl + (2+¢)(2— b+ c—
n))y? +2(2+c)(a+d—1)y> + (a+d)(a+d—1)y*. Taking into account ged(P, Q) = 1,
the identity o(z,y)|=1 = 0 holds if ¢(y) = 0, i.e. {¢ = —=2,d = 0,1 = a} or
{a =0, c= -2, d = 0}. Then the cubic system (1) looks like one of these two forms:

i=(1—x)(aa® +y — 2y + ay?),

y=—z+(2-0)2?— (1+n)2— ar’y — by? — nzy* — ay?; (36)

y=—x+(2—b)x? - (1+n)a® — lzy — by* — nay? — ly>.
4.3 The cases when [, ; are nonhomogeneous nonparallel complex
lines

The case when ls =x — A, A# 0.

Let l1 2 € Clz,y]\R[z,], la = l; and [ }f ls. Via a transformation of the form (2)
we can do that the line I; (l2) be described by equation y — (a+ Bi)x—1 =0, 3 #0
(y— (= pPi)zr —1 =0, # 0), i.e. we can do that the straight lines /; and Iy
pass through the point (0,1). The lines [/; » are invariant for (1) if and only if the
following conditions

k=¢g—2a+2aa, l=-b, m=2—a+d+2ca—3a®+ 32,
n=-1-d—-2a®— fa?—-2p%* - 3% p=b—c+4a+2fa,

q=—g—ca®+2a3—cf:+2ap% r=-1-f, (38)
5= —(-1+a)(a? + ),
hold, i.e. if (1) has the form

T =y+ax®+cey+ fy’ + (2 —a+d+ 2ca — 3a? + 3?)x3y
+(g — 20+ 2a0)2” + (b — e+ da + 2fa)ay® — (f +1)y?,

= —x — gx® — dxy — by? + (g + (c — 2a)(a? + 3?))2%y (39)
+(a—1)(a® + B2)23 + (1 +d + (f +2)(a® + 3?))xy?
+by?, B #0.

Let I3 =x — A, A # 0. The straight line I3 = z — A, A # 0 is an invariant one
for the system (39) if P(A,y) = A%(a+ Ag — 2Aa + 2aAa) + (1 +2A4% —aA? + Ac+
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A%d +2A%a — 3A%02 + A%23%)y + (Ab — Ac+ f 4+ 4Aa + 2Afa)y? — (14 fly® =0,
ie {f=-1,9g=—(a—24Aa+ 2aAa)/A, ¢c = —(1 — Ab — 2Aa)/A, d = —(2A —
aA + b+ 2Aba + Aa® + AB?)/A}.

In these conditions we have o(z,y)|z—a = (—A+aA+by)(y) /A%, where ¥(y) =
A%(a®A%(1 + 24a) — (1 + A(b + 20))((1 + Aa)? + A%8%) + a(1 + A(4a + A(—2 +
502 + 3%+ 2Aa(—1+a? + 3?))))) — 2(A?)(a®A? — (1 + Aa)? — A%23% +a(2 — A(b —
4a) + A%(—1 — 2ba + a® + B2))y + (=1 — A(b + 4a — A(—1 + 3a + b — 4a?) +
A2b(—1 4 4a — 2ba — 3a% + 52)))y? — 2(—1 + Ab)(1 + Ab + 2Aa)y> + (—1 + Ab)y™.
If (—A+ aA+ by) =0, then the polynomials P(x,y) and Q(z,y) have a common
factor different from one. If ¥(y) = 0, then {A = 1/b, a = —b*> — 2ba — a? — (5%}.
So, the cubic system (1) looks like that :

&= (bx — 1)(((b+ a)?z® + 5%) —y — (b+ 2a0)zy + y?),

g =—x —22(b® + 5ba? + 203 + (b + 2a)3?) + 2zy(1
+(b+ ) + 42) + 2%y(2a + (b + 22)((b + @)? + 3?)) (40)
—by? — (1 + 2b% + 4ba + o2 + 32)xy? + by?
—23(a® + B2)(1 + (b + @) + 5°).

The case when l3 =y — Az — B, A,B € R, B # 0.

Letls3=y—Ax— B =0, A,B € R, B # 0. This straight line is an invariant one
for the system (39) if p(z) = (B — 1)B(A+ AB +bB + ABf)(—1 — Bd + A?(—1 —
2Bf +3B*(1+ f))+ AB((=1+4 B)(2b+c¢) —2B(2+ f)a) + B>(1 +d + (2 + f)a? +
24 £)B*)z + (@A(—1+ B) + A3(—f+3B(1+ f)) —g + A2(b(—1 + B) + (-1 +
2B)c—4B(2+ f)a) + A((—1+ B)d + Ba(—2c+Ta+2fa) + B(3+2f)3%) + B(g +
(c—2a)(a?+82)))2? + (—1+a+ A2+ Ac+ A% f —240) (A% —2Aa+a? + 3223 = 0
or:

D{a=1,f=-2 A=c—2a, B=1};

2) {a=1-A(A+c+Af—2a),b=—-A(1+B+Bf)/B,d= (1-A?(1+B*(1+
1)+ AB(c - Be+2B(2+ f)a) — BX(1+ 2+ f)o® + (2+ 1)) /(B — 1)B), g =
(—A3B(1+ f)+ A2B(—c+2(1 + B+ Bf)a) — B*(c — 2a)(a? + %) + A(-1+ B +
B*(a(2c— (5+ f)a) — (1+ £)5?)))/((B —1)B)}.

In the conditions 1) the cubic system (39) has Ho(x) = —Hop(z)Haz(z), where
Hyi () = b+ (2+2bc+d — 4ba + o + )z + (¢ + bc® + cd + g — 2a0 — dbca — 2dov +
4ba? + ca® — 202 + % — 2a3)x2, and Hoo(x) = 2b+ (2 + 5bc — ¢ +d — 10ba + 6ea —
8a?)r —2(c—2a)(—2—2bc+c? —d+4ba—6ea+8a?)x? — (c—2a)(—c—bc? + ¢ —cd —
g+ 2a + 4bca — 8c?a + 2da — 4ba? + 20ca? — 16a3)x3. If Hop(x) = 0 then the cubic
system is degenerate. Let Hoi(z) #£ 0, and Ho(z) =0 = {b=0,d = -2, ¢ = 2a}
or {b=0,d= -2+ g? —2ga, c = g+ 2a}.

In this way we got the systems:

=224 gz +y — 2% + 3 + 2zya — 2xya + (o + B2 — 1)2?y,

j=a(l+gz—y)(y—1); (41)
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t=224+g2® +y+ (g+20)2y + (6> —1+a?
+6%)x%y — 2y% — (g + 20)xy? + 1P,
g=x(—1—gz+(2—g°+290)y + gzy + (9> — 1 — 2ga)y”
+9(a® + 5)zy).

(42)

In the case of conditions 2) the cubic system (39) has Ho(x) = —Has(z)Has(z)/
((B—1)2B?), where Ha3(z) = B(1+ B+ Bf)+ (A+2AB+ Bc+2ABf—2B)x, and
Hyy(x) = (—1+B)(B?)(A2(14B(=1+B(5+B(—1+f))) (14 f))+ AB(—(—1+B)?c—
2B(2+f)(2+Bf)a)+(1+B+Bf)(1+B(=2+B(1+(2+f)a? +(2+f)5?)))) +2(-1+
B)B(A3(1+B*(7+2B(—1+f))(1+ f)) + A2B(Bc(3+ B(—1+f)) —2(1+ B(8+5f +
B(=1+f(34+2f)))a)+B%*(1+B+Bf)(c—2a)(a?+3?)+ A(14+ B(—2+4 B(1—2c¢(2+
Bf)a+ 34+ f)+2B(1+ f(4+f)a®+ (4+3f+2B(1+ f)?)5?)z+(-1+ 3B+
AY =14 B(1+B(—12+B(1943B(=3+ f) —4f))(1 + f))) + A* B((—1 + B)Be(5 +
B(=2+4f))+2a+2B2(7+5f)+ B(—234+4(—2+ f)f —2B(—6+(—24+f)f)))a) +
B?(=3+2ca— (T+2f)a? — (3+2f)8%) + B3(1+3(4+ f)a® + (4 +3f) 3% +2ca(—2+
a®+ %) = (?+ %) = BH P (5+ f+ (14 )2+ f)a®) + (1+ f) (1 +2(2+ f)a?) 57 +
(1+ )2+ )8 +2ca(—1+a?+ %) - c(a?+?)) + A%(—2+ B(4+ B3(—5+c*—5f —
8cfa—(23+ f(5+2f))a? =762+ f(=5+2f)3%) — B(9+6f —8ca+25a2 +8fa?+(9+
81)3%)+B2(—c2+8c(—1+ f)a+12(1+3a2 +32)+ f(11— (5+4f)a2+(T—4f)5%)))) +
AB(2a+B(=2(=1+B)Ba+(—1+4B)c(2+3a2 4332+ B(—2+4(1+ f)a? +4f3%)) +
20(54+4f +3a%+36% 4+ B(—11—7f —4a? +3fa®+ (—4+3f)3* + B(5(1 + % + 5?) +
F3H+(B34+21)a®+(3+21)8%))))))x? —2B(2A+c+2Af —2a)(A? —2Aa+a +32)(1+
A2 —2B —2A?B + B? + 3A%2B? + A’2B?f — 4AB%a — 2AB?fa +2B%0® + B%fa? +
2B%232+ B2f32)23 — B2(2A+c+2Af —2a)(3A+c+2Af —2a)(A? —2Aa+a?+3°) 222,

If Hys(x) = 0 then the polynomials P(z,y) and Q(z,y) have a common factor
different from one. Let Ho3(z) # 0, and Hoy(z) =0 = {c = 2(A+ A3 —2AB+ AB? -
2A2Ba+ A2B%a— AB%a? + B%a®+ AB?3% + B%a?) /(B%(A? —2Aa+a? + (2)), f =
(-1— A2+ 2B — B? - A2B? + 2ABa +2AB%a — 2B%a? — 2B%3%) /(B%(A? — 2Aa +
a? + 3?))} and the cubic system (1) looks like that:

i =[A%?*((1 - B)(1 +y) +2(1 + B)za) — A32((B — 1)y(y + By — 2)
—2(B—1)a(B+ (2+ B)y)a+2%(1 + B((5+ B)a? + (1 + B)g% - 1)))
+A%((1 = B)(B* —y)(y — 1)y +2(B — L)ay(~y + B(B + 2y — 2))
—(B—-1)z%(1 +y + B((B + 8y)a? + BB? — 2) + 2z3a(1 + B(2B(a?
+4%) = 1)) = A2(1 — B)B(B — y)(y — Vya + Ba*(a® + 5°)
x(2+ B(B(1+ a2+ 3%) —3)) — 2(B — 1)z%a(2y — 2By
+B2(y(1+ a2+ 3% — 1))+ (B — Day(y + B(4 + y(—2 — 3a% + ?)
+B(y + 207 +ya? + (y — 2)3% — 2) — 2))) + (B — 1)(B*2*(a” + §?)
+y°(1+ B(B(1 +a® + 3%) - 2)) + By(a® + 5*)(B(1
220+ z(1 + o? + 4?))) — 222) — (1 + 2z
+B(B(1 +23 + 2a(a + z(1 + o + 3?))) — 2 — 4za)))

—A%23]/((B — 1)B%(A% — 2Aa + o? + 3?)),
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y=[(1-B)x(B—y)?(?®+ % + A*x(2(1 — B)y* + 2y(B + 2Bra — 1)
+z(a(za — B4+ za)) — (B — 1)24?)) + A(Bx(a(2za + B(B(2 + z(a + o))
—2 — 3za)) + x(2 + B(B + 2Ba? — 3))3? + B?x3*) + xy(a(B(4 + 4za
+B(za(B + (B —2)a? — 3) — 4)) — 2za) + 2(B(4 + B(B + 2(B — 2)a? — 3))
~2)3% + (B - 2)B%28%) + (B - 1)*?(B(1 +a® + 3?) - 1)
+(B — 1)y?(B(1 +27a)(2 + a? 4+ 32 — B(1 + o + 3?)) — 1))
+A3((1 = B)*(y — 1)y?> +4(B — 1)Bz(y — 1)ya + 2(B — 1)Bz*a(a? + (?)
+22(1 —y —2y(a® + %) — B*(y — 1)(5a® + %) + B(a” + % — 1 + y(1
Fa? 4 ) — Aa(—a2(a? + 52) — y(—2 + y(2 + a2 + B2)) + B(1
+y?(1+a® + 5%) = 2y(1 + za)(1 4+ o® + §%) + 2(1 + o® + §°)
x(a(2 + za) + 28%)) + B(dza + 32%(a? + 32) + y*(4 + o + 3?) — 4y(1
+ra(l +a? + 2))) + B%(—1 — 6za — y%(3 + o + B%) — 2(a? + %) (—2a
+2(3 4+ a? + %) + 2y(2 + a? + 2 + za(3 + a? + 3?))))
—A%a2(y — 1)]/((B — 1)BX(A? — 24a + o? + 2)).

5 Integrability of the systems (33), (34), (36), (37), (40)—(43).

System (33). For this system the first Lyapunov quantity L; looks like Ly =
b(4(1 + a?) + B%(—4 + V*(1 + a?)))/(4B(1 + a?)). If L1 = 0 then the system is
integrable and has an integrating factor of the form (30) where

fi=@—a—1i), fo=(x—a+1i),

fs=—2B+bBx + 2y, f1 = Exp[l/(—2B + bBx + 2y)];

ar; = —i(—4(a — 1) (i + a)? + b?B*(b — 2a + ba?) — B%(8i + b(1 + o?)(—4
+b(i+a)))))/(8B?),

g = i(—4(a —)2(i + a) + B*B*(b — 2a + ba?) + B%(8i — b(1 4+ o?)(—4
+b(a — 1))/ (8B?),

a3 = —3, ay = 2B +bB3(b — (2a)/(1 + a?)).

The Systems (34), (36), (40), (41), (43) are integrable and they have the following
integrating factors, respectively:

w(z,y) = 1/((—=B +bBz + y)*(1 + 2° — 2za. + o?));

wz,y) =1/((=1+2)*(2? + y°));

wlz,y) =1/((=1 +bx)?(1 — 2y + y* + 2z — 2zya + 220 + 22 3?));

pla,y) =1/((y = 1)*(1 = 2y + y* + 2za — 2zya + 2’0’ + 2°4%));

w(z,y) =1/((—=B — Az + y)*(1 — 2y + y* + 2za — 2zya + 220? + 223%)).

Therefore, all of these systems have a center at origin of coordinates (0, 0).

System (37) (System (42)). For this system the first Lyapunov quantity L; = —8I
(L1 = 29(g®> — 2ga + o® 4 ($?)) vanishes for I = 0 (g = 0). Then the system (37)
((42)) is integrable and has the integrating factor u(z,y) = 1/((—1 + x)?(2? + y?))
(u(z,y) = 1/((y = 1)°(1 = 2y + v + 200 — 2zya + 2”a® + 2°§%))).

The above results prove the Main Theorem.
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