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On the number of topologies on countable skew fields

V.I. Arnautov, G.N.Ermakova

Abstract. If a countable skew field R admits a non-discrete metrizable topology 7o,
then the lattice of all topologies of this skew fields admits:

— Continuum of non-discrete metrizable topologies of the skew fields stronger than
the topology 7o and such that sup{ri, 72} is the discrete topology for any different
topologies 71 and 7»;

— Continuum of non-discrete metrizable topologies of the skew fields stronger than 7o
and such that any two of these topologies are comparable;

— Two to the power of continuum of topologies of the skew fields stronger than 7o,
each of them is a coatom in the lattice of all topologies of the skew fields.
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1 Introduction

The study of possibility to set a non-discrete Hausdorff topology on infinite
algebraic systems in which existing operations are continuous was begun in [1]. In
this article, for any countable group, a method of constructing such group topologies
was given.

For countable rings the problem of the possibility to set non-discrete Hausdorff
ring topologies was studied in [2, 3].

For infinite fields the problem of the possibility to set non-discrete field topologies
was studied in [2].

For countable skew field the problem of the possibility to set non-discrete Haus-
dorff topologies has not been solved.

The present article is a continuation of research in this direction. The main
result of this paper is Theorem 3.1, in which for any countable skew field R which
admits a nondiscrete, Hausdorff topology we got the numbers of some topologies.

For countable groups, countable rings and countable fields similar results were
obtained in [4-7].

2 Notations and preliminaries

To present the main results we remind the following well-known result:
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Theorem 2.1. A set Q of subsets of a skew field R is a basis of filter of neighborhoods
of zero for some Hausdorff skew field topology T on the skew field R if and only if
the following conditions are satisfied:

1) VQQV = {0}

2) For any subsets Vi and Vo € Q there exists a subset V3 € Q such that V3 C
ViV

3) For any subset V1 € Q there exists a subset Vo € Q such that Vo + Vo C Vi,

4) For any subset Vi € Q there exists a subset Vo € Q such that —V, C Vi;

5) For any subset Vi € Q and any element r € R there exists a subset Vo € Q
such that r- Vo C V7 ;

6) For any subset Vi € Q there exists a subset Vo € Q such that Vy- Vo C V7.

7) For any subset V; € Q there ewists a subset Vo € Q) such that (e+Va) ' —e C
.

Proof. According to ([2], Proposition 1.2.2, Theorems 1.2.5 and 1.2.12) for the proof
of the theorem it suffices to verify that for any subset V7 € Q and any element r # 0
there exists a subset V' €  such that (r + V)~! Cr=t +17.

In fact, as any skew field topology is a ring topology on R then any basis of the
filter of neighborhoods of zero of the skew field topology 7T satisfies the condition 7.

Conversely, let ) satisfy the condition 7. Then for any subset Vj € €0 and
any element 0 # r € R there exist sets Vi,V5,V € Q such that = -V} C Vj,
(e+Vo)"' —eCViand V-7~ C V5. Then

r+WV)t=0C"tr) (r+ V) L=t ((7"1)_1 (r+V)Th) =

R (R B A B LA CE A

rh e+ Vo)t —ete) STt -(Vite) =T 4T VIS T 4 G
From the arbitrariness of the element r and the set 1}, it follows that the operation

of taking the inverse element in (R, 7) is continuous, and hence the theorem is
completely proved. O

Definition 2.2. A subset V' of an Abelian group R(+) is called the symmetric subset
ifvV=-V.

Notation 2.3. Let V7, V5,... and 51, 59,... be sequences of non-empty symmet-
ric subsets of a skew field R, and e is the unit of the field R. If S7 C Sy C ...
and e € 57 then for any natural number k£ we define by induction the subset
Fy, (Sl, oSV, Vk) of the skew field R as follows:

Fi(S;;Vi) = (e+WVi\{0)~ - Vi -S1+Vi-Vi+51-Vi-(e+V4)7 L, and

Fry1(S1, 92, Skis Vi, Vay oo, Viepr) = FL (St Vi Fi(Sas -+, Sier1i Vo, -, Vi)

Proposition 2.4. Let Vi,Vs,... and S1,S52,... be some sequences of non-empty
finite and symmetric subsets of a skew field R. Ife € S1 C Sy C ..., and 0 € V; for
any natural numbers i, then the following statements are true:



ON THE NUMBER OF TOPOLOGIES ON COUNTABLE SKEW FIELDS 65

Statement 1. The following inclusions are true:

1. Fpo1(S2, .., Sk Vay oo, Vi) + Fim1(S2, -, Sk Vay oo, Vi) ©
Fi(S1,...,Sk; Vi, ..., Vi) for any natural number k > 1;

2. Fp1(S2,- 5 Sk Vay oo, Vi) - Fiem1(S2, -+ Sk Vay oo, Vigk) ©
Fi(S1,...,Sk; Vi, .., Vi) for any natural number k > 1;

3. Fi_1(S9, ..., Sk; Vo, .o, Vi) - (e + Fr—1(S2, ..., Sk; Vo, . .. ,Vk))_l -
Fk(Sl, e ,Sk; Vl, ey Vk) and
(€ + Fio1(S2, - Sk Voo Vi)™ - Fict (S, Sk Vas . Vi) €
Fy(S1,...,Sk; Vi, ..., Vi) for any natural number k > 1;

4. Sl 'Fk—l(527"'aSk;V27-">Vk) - Fk1(517"'ask;vla-"avk) and
Fr_1(S2,...,Sk; Vo, ..., Vi)-S1 C F1(S1,. .., Sk; Vi, ..., Vi) for any natural number
k> 1.

Statement 2. For any natural number k, the set Fi(S1,...,Sk;Vi,...,Vk) is a
finite and symmetric set;

Statement 3. Fj(Si,...,Sk;{0},...,{0}) = {0} for any natural number k;

Statement 4. If0 € U; CV;, C Rande €T; CS; C R for any natural number
i, then

Fk(Tlv"'>Tk;U17-">Uk) - Fk(SlvaSkthaVk)7

Statement 5. If k and p are natural numbers and Vi; = {0} for any natural
number 1 < j < p, then

Fk(Sl,,Sk7‘/1,,Vk) :Fk)-i—p(Sl)"'aSk‘-i-p;‘/lv"'aVk-i-p);
Statement 6.
Fk—i—l(Sly'-'aSk-i-l;Vla"'aVk-i-l) :Fk(Sla---aSkSVla---avn—lavk"i'Fl(Sk—i-l,Vk—l—l))-

for any natural number n;
Statement 7. If k and p are natural numbers then

Fk(5p+17 I aSk-i-p; V;H-l) ) Vk-i—p) - Fk-i-p(slv SRR Sk-i—p; Vi,... aVk-i-p)'

Proof. As0 € V; and e € S; for any natural number ¢ then Statement 1 follows from
definition of the set Fy(Si,...,Sk; Vi,..., Vi) for any k > 1.

Statements 2-5 are easily proved by induction on the number k£ similar to the
proof of Proposition 5.3.2 in [2].

We prove Statement 6 by induction on the number k.

If £k =2, then FQ(Sl, So; Vi, Vo) = Fy (51; Vi + F1(52; Vg))

Assume that the required inclusion is proved for the number £k = n > 2 and let
k =n+ 1. Then, from the induction assumption it follows

Fk(51775k7‘/177vk) :Fn+1(Sl7---7Sn+1;‘/17---7vn+1) -
FL(S;Vi+ Fo(Sa, .o Sng1i Vo, oo, Vi) =

Fy (51; Vi+ Fo1(S2, o0, Sng1: Vo, oo Va1, Vi + Fi (S, Vn+1))> =
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Fo(S1,. 8 Vis e, Vo1, Vi + Fi(Sng1, Vo))

Thus Statement 6 is proved.
We prove Statement 7 by induction on the number p. If p = 1 then from
Statements 3 and 4 and inclusion 1 of Statement 1 it follows

Fru(S2, . Sk Vas oo, Vi) € F1(S1 Vi + Fi(S2, - Skg1s Vo, oo, Vi) =

Frog(S1, -5 Skt Vas ooy Vieyn)-

Assume that the required inclusion is proved for the number p = n and any natural
number k£ and let p =n + 1. Then

Fi(Sn41415 -+ Sktnt1; V1415 -+« 5 Viegnt1) ©
F1(Sn41: Va1 + Fe(Sng141, -5 Skttt Vagi41, - - Vigna1)) C

F1(S5 Vi + Frn(Sas -5 Skgng1; Vas -+, Vieng1)) C

Frn1(S1, o, Sens 13 V1, oo+, Vi 1)

Thus Statement 7 is proved, and hence, Proposition 2.4 is proved. O

Proposition 2.5. Let (R,7) be a Hausdorff topological skew field. If S1,Sa,... is a
sequence of finite sets, then the following statements are true:

Statement 1. For any neighborhood W of zero there exists a neighborhood W1
of zero such that Fy(S1; Wh) C W;

Statement 2. If A is a finite symmetric set such that e ¢ A and 0 € A then
for any neighborhood U of zero there exists a neighborhood W1 of zero such that
F1(S1; A+ Wh) C F1(S1,4) +U.

Statement 3. If 2 < n is a natural number and A1, As,..., A, are finite
symmetric sets such that —e ¢ A; and 0 € A; for any 1 < i < n, then for any
neighborhood U of zero there exists a neighborhood W, of zero such that

F, (51,82, ..., S0 A1, Ao, .o, A1, W) € Fo1(S1, S2, ... Sp—13 A1, Ao, oL Ay q)+U.

Proof. We prove Statement 1. There exist neighborhoods Uy, Us of zero such that
Ui +U;+U; CW and Uy - Uy C U;. As the set S is a finite set then there exits a
neighborhoods Us of zero such that S - Us C Uy and Us - S C U; and since (R, T)
is a topological skew field then there exits a neighborhood U, of zero such that
(e+ Uy \ {0})_1 Uy CUsand Uy - (e + Uy \ {0})_1 C Us.

If W1 = U2 ﬂ U3 ﬂ U4 then

Fi(S;Wy) = (e+Wi\{O})™ - Wy - S+Wy, - Wy +S-Wy-(e+Wp\ {0} C

(e+UN\{0}) " -Uy-S+Uz-Us+S-Uy-(e+Uy) ™' C Us-S+Uy-Us+S-Us C Uy +U +U; € W.

Thus Statement 1 is proved.
We prove Statement 2.
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There exists a neighborhood U; of zero such that U; + U; C U and since sets A
and S are finite sets, then there exists a neighborhood U of zero such that

Uy A-S+S5-A-Uy+Uy-Uy- S+ Uy -Uy CUs.

As 0 # e + a for any element a € A and (R, 7) is a topological skew field and the
topology 7 is a Hausdorff topology then there exists a neighborhood U, of zero such
that —e —a ¢ U, and (e +a+U,)™' C (e +a)~' + Us. Then

e+ A+ (N U) " = (e+ (ULah) + (N Ua) " S e+ A) " +Un.
acA a€A a€A

As sets A and S are finite sets, then there exists a neighborhood W7 of zero such

that W7 C () U,) NUsz and
acA

AW +W - A+ (e+ AW -S+8-Wy-(e+ A L+W, - W, CU
and Wy - Wy - S+ Wy - Wy +S-W; - Wy CU;. Then Fi(S;A+Wh) =
(e+ A+Wy) - (A+ W) -S+(A+W) - (A+W)+S-(A+ W) -(e+ A+ W)L C

(e+A+W) ™ A-S+(e+A+W) LW - S+A-A+Wi-A+A- Wi+ Wy - Wi+
S-A-(e+ A+W) L4 S - Wi (e+ A+W) L+ S-(A+Wy)-(e+ A+ W)L C
((e+A) '+ Us)-A-S+ ((e+ A +Us) Wy - S+
A A+ AW+ WA+ W - Wi+8-A-((e+A) " +Us) +8- Wi+ ((e+A) 1 +U,) C
(e+A) ™ HA-S+Uy-A-S+(e+A) ™ Wy -S+Us- W1 -S+A- A+ A-Wy + Wy - A+ W1 - Wy +
S A (e+A)T+S A Uy+S - Wy-(e+A)1+8-W,-Us C
(e+A) ™ A-S+S A (e+A) '+ A A+ (A Wi+Wi-A+(e+ AWy S+
S Wi-(e+A) '+ Wi - W)+ (Us-A-S+S-A-Up+Us-Us-S+8-Us-Us) C
Fi(S1;A)+ Ui +U C Fi(S1;4)+U.

Thus Statement 2 is proved.

We prove Statement 3 by induction on the number n.

If n = 2 then (see Statement 2) there exists a neighborhood V' of zero such that
Fi(S1; A1+ V) C F1(S1; A1) + U and (see Statement 1) there exists a neighborhood
W; of zero such that Fy(Se; Ws) C U. Then Fy(Sy, Sa; A1, Wa) =

Fy (S1; A1+ Fi1(S2, W) C Fi(S1; Ai+Fi(S2, Wa)) C F1(S1; A14+V) C Fi(Sh; 41)+U.

Assume that the required inclusion is proved for the number n = k and let
A1, Ay, ..., Ak11 be finite symmetric sets such that —e ¢ A; and 0 € A; for any
1<i<k+1
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Then from the induction assumption it follows that there exists a neighborhood
V' of zero such that

Fk(Sl,...,Sk;Ag,...,Ak—I-V) gFk(sl,...Sk;Al,Ag,...Ak)—I-U,

and (see Statement 1) there exists a neighborhood Wjy; of zero such that
F1(Sk+13 Wi1) C V.
Then (see Statement 6 of Proposition 2.4)

Frv1(S1,82, ..., k413 A1, Aoy oo A, W) =

Fy(S1,52, ...,k A1, Ao, oo, A + Fi(Skq1; Wigt) =
F(S1,52,...,Sk A1, ..., Ap—1, A + V) C Fk(Sl,...Sk;Al,Ag,...Ak) + U.

Thus Statement 3 is proved, and hence Proposition 2.5 is proved.
O

Notation 2.6. If R = {0,+1,£r,+r9,...} is a countable skew field, then for any
natural number k£ we put Sy = {xe, £ry,£ry,..., L1}

3 Basic results

Theorem 3.1. If R = {0, +r,£r0,.. } 18 a countable skew field and gy is a non-
discrete, Hausdorff, skew field topology such that the topological skew field (R, Ty) has
a countable basis of the filter of neighborhoods of zero, then the following statements
are true:

Statement 1. For any infinite set A of natural numbers there exists a skew
field topology T(A) such that 7o < 7(A) and the topological skew field (R,7(A)) has
a countable basis of the filter of neighborhoods of zero;

Statement 2. sup{7(A),7(B)} is the discrete topology for any infinite sets A
and B of natural numbers such that AN B is a finite set;

Statement 3. There are continuum of skew field topologies stronger than T
and such that any two of them are comparable to each other;

Statement 4. There are two to the power of continuum of field topologies such
that sup{, 2} is the discrete topology for any two different topologies 1 and To;

Statement 5. There are two to the power of continuum of coatoms in the lattice
of all skew field topologies of the skew field R.

Proof. Proof of Statement 1. Since (R,7p) is a topological skew field and it
is a Hausdorff space, then there exists a countable basis {V7, Va,...} of the filter of
neighborhoods of zero such that —V;, = Vi, Vi,N Sk = 0 and Fy(Sky1; Virr + Vis1) C
V. for any natural number & (see Statement 1 of Proposition 2.5).

As (see Statement 6 of Proposition 2.4)

Froy1(S1, - Seats Vi oo Vigr) = Fio(S1, - Sis Vi, - Vet Ve Fu (Skgens Vies1))
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then by induction on n it is easy to prove that Fy,(Si+1,. .., Sitn; Vie1 .-+, Vitn) CV;
for any natural numbers i and n.
Further the proof of Statement 1 will be realized in several steps.

Step I. By induction we construct a sequence k1, ko, . .. of natural numbers such
that k; > ¢, for any positive integer number ¢ and we construct a sequence hy, ho, ...
of nonzero elements of the skew field R such that {—h;, h;} C Vj, and

Fu(S1,-- 586 Uas - Uam) () Fn (St ki Up, - - Upp) = {0}

for all subsets A and B of the set of natural numbers such that AN B = (), where
UC,i = {h;,0,—h;} if i € C and UC,i = {0} if i ¢ C, for any set C of natural
numbers.

We take k1 = 2, and as h; we take an arbitrary element of the set V2\{0}.

If A and B are some sets of natural numbers such that A( B = 0, then k; ¢ A
and hence Uy = {0} or k1 = 2 ¢ B, and hence Up; = {0}. Then Fi(S1;Ua,1) N
F1(S1;Up,1) = {0}.

Suppose that we defined natural numbers k1 < kg < ... < k;,, such that k; > i and
we defined nonzero elements hy, ho, ..., h, of the skew field R such that {—h;, h;} C
Vi, and

Fo(S1,.., 80U, - Uap) NFy(S1,. .., 805 Uga, - .., Upy) = {0}

for any sets A and B of natural numbers such that AN B = (.
If Q@ = {Ay,...,Aon} is the set all subsets of the set {1,...,2"} and B; =
{1,...,2"}\ A; for 1 <i < 2" then from the induction assumption

Fn(51,- . 7STL;UA7;,17' . '7UAi,n) an(Sla .- '7STL;UB7;,17 .- '7UBZ',1) = {0}

for any 1 <i < 27,

As (R, 1) is a Hausdorff skew field and sets F, (Sl, S U, UAi,n) and
Fn(Sl, oS U,y - UBZ-,I) are finite sets then for any 1 <7 < 2" there exists a
neighborhood W; of zero such that

((Fn(Sl, e SniUny - Unn) \ {0}) + Wi)ﬂ

((Fn(Sl,...,Sn;UBi,l, - Ug,1) \ {0}) +W> 0,

and hence

((Fu(Sts s S0 Unis o Ungn)) + Wi )

((Fn(Sl,...,Sn;UBi,l, .. .,UBi7n)) + WZ) = {O}

Then (see Statement 3 of Proposition 2.4) for any 1 < ¢ < 2" there exists a
neighborhood W/ of zero such that

Fn+l (Sla cee 7Sn7 Sn—i—l; UAi717 sy UAZ‘JL? WZ/) g
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Fn(Sla ce. aSna UAi,la .. '7UAZ',TL) + WZ

and
Fn+l (517 e 7Sn7 Sn—i—l; UB@,17 sty UBZ‘JM Wz,)) g

Fn(Sl, . ,Sn; UBi71, ey UBi,n) + W;.

27L

C N W/ and hyiq
j=1

is some element of Vi, \ {0} then we take as hjy1 an arbitrary element of the set

Vieni \{0}-
We prove that

If kyy1 is a natural number such that k,1 > k, and V|

Foii(S1, - 8n1:U0a, - Usng1) N Fg1(S1, -+, Snt1:UB 1, - -, UB ) = {0}

for any subsets A and B of natural numbers such that AN B = () (definition of sets
Uc, see above).

Let A and B be some subsets of natural numbers such that AN B = (. Then
An{l,...n} = A; € Q and BN{l,...n} C B, (definition of sets 2 and Bj see
above) for 1 < s < 2™,

It is easy to see that Uy ; = Ua,; and Up; C Up, ; for any 1 <14 < n, and hence

Fo(S1,. 08 Uany - Uan) N (St Sns U, - U ) C

Fn(Sl, - ,Sn; UAS,17 e UAS,n) N Fn(Sl, RN Sn; UBS,17 e UBS,n).

Since AN B = () then Up 41 = {0} or Ua n+1 = {0}.
Assume, for definiteness, that Ug 41 = {0}. Then from Statement 5 of Propo-
sition 2.4 and definition of sets W; (see above) it follows that

{0} € Fogi(S1, .., SnsUaps - - .,UA,n+1)ﬂFn+1(51, oy Snt13UB, -, U jg) C

Fr1(S1,- -, Sns1:Uau s - Uaun, {01
Foi1(S1, -3 St Ut -+ Uy { =Tt 1,0, hngr })
Fu(St, . SniUnsts - Ungn) () Far1 (St Sng1:Usots - Uboms Viys) €
Fp(S1,. o Sns Uty Uagn) () Ful(S1s - S Uity -, Upm) + We = {0},
and hence
Fos1(S1, -S040, - Ud 1) N Fpg1 (St -+, Sn1; UL, - -, U nt1) = {0}

So, we defined the sequence ki, ks, ... of natural numbers such that k; > i for
any number ¢ and we defined the sequence hq, hs, . .. of nonzero elements of the skew
field R such that {—h;, h;} C Vj, for any natural number ¢ and

Fn(517”-7Sk;UA717”’7UA7n)an (517"'7Sk;UB717""Uan) = {O}



ON THE NUMBER OF TOPOLOGIES ON COUNTABLE SKEW FIELDS 71

for any natural number n and any sets A and B of natural numbers such that
ANB=0.

Step II. For any pair (i,j) of natural numbers we consider the set
Ua,ij) = Fi(Siv1, -+ S5 Unint, -+, Uning),

where (as before) Uy = {0} if k ¢ A and Ua; = {0, hy, —hy} if k € A.

For the sets U; ;) 4 we prove the following inclusions:

1. From Statement 3 of Proposition 2.4 it follows that 0 € Uy (; ;) for any natural
numbers %, j and

Ua,(ij) = Fn(Sit1, -5 Sitns Unsir1, -+, Udjin) C
Fn(si—i-h ooy Sitn; Vi1, -y sz+n) cV
for any natural numbers i, n and any set A of natural numbers.

2. From Statements 4 and 5 of Proposition 2.4 it follows that Uy (. jy € Uy (kn)
for any natural numbers n and j < n.

3. From Statement 7 of Proposition 2.4 it follows that U; j) 4 € Ua (x,j4i—k) for
any natural numbers k£ < ¢ and any j > i.

4. From Statement 2 of Proposition 2.4 it follows that Uy (; ;) is a symmetric
set, i.e. —Uy (i) = Ua, ) for any natural numbers i, j.

5. From inclusion 2 of Statement 1 of Proposition 2.4 it follows that

U (it1,n41) " Ua i41,n41) = Fna1(Siv2, - Sitn2;
Unit2s s Unjigns2) - Fog1(Sigo, - -3 Signa2: Unjivas - s Udjigny2) C
Frov1(Siv1 -, Sivna2;Unjitts - Unjivna2) = Un (ing1);

6. From inclusion 1 of Statement 1 of Proposition 2.4 it follows that

Ua,i+1,541) + Ua i41,541) =

Fip1(Siqo, - SipjroiUnjiza, - - Unjipjra)+
Fij1(Siqa, .-, SipjoiUnjiza, - - Unjivjrz) C
Fi1(Siv1, -5 SivjraiUnjivt, -+ Unjivjr2) = Ua g1y

7. From inclusion 3 of Statement 1 of Proposition 2.4 it follows that
[14Aﬂ+Lj+1)'(e‘Flfoi+1J+4J)_1::

(Fjs1(Sit2, - Sivjra; Unjiga, - - Unjivjg2)) - (e+
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—1
Fi1(Siza, - Sivjra; Unjiga, - - Univjr2))  C

Fipo(Siv1 -, Sivjr2;Unjivts - Univjr2) = Ua i j1o)

8. From inclusion 4 of Statement 1 of Proposition 2.4 it follows that
Tn UA,(i+n,j) C Sitn- Fn-i—i—i—j(sn—i-i-‘rl: oo Sntinis Uanvivts - Uapyivg) C

Frvivj+1(Sntis- - Snvivgs Uantis -+, Udnyivg) =
Uai+n-1) & Ua,ij+1)-
Step III. For every infinite set A of natural numbers and any natural number

i we take Uj(A) = Ua,i,j) and we show that the set {Ui(A)|i € N} satisfies the
=1

conditions of Theorem 2.1, and hence this set is a basis of the filter of neighborhoods
of zero for a field topology 7(A) on the skew field R.
In fact, since

{0} CUA int1) = Frur1(Siv1, -+ -5 Sivnt1:Unsin 1, -+, Unjigny1) C
Foi1(Sig1-- -, Signs1:Vigt, -, Vigny1) € Vi

for any natural numbers i and n, then U;(A) = U Ua,ij) € Vi- Then
]_

{0} € N Ui(A) € N V; = {0}, and hence the condition 1 of Theorem 2.1 is satisfied.
i=1 =1

From inclusions 2 and 3 (see Step II), it follows

7i(A) (N U:(A) = (| (Uaiy) VU Uaseny) =
Jj=1 =1
U U Ua iy (VU k) = | Uae) = Ui(A),

where t = max{i, k}, and hence the condition 2 of Theorem 2.1 is satisfied.
From inclusions 2 and 5 (see Step II) it follows

[71(“4)"’_0/?(‘4): (U A(Z,] UUA zl
j=1
UU(UA(U +Ua i) UUA (i—1,) ~1(A)

and

Ui(A) - Uk(A) = (|J Uaiy) - (U Uaieny) =
j=1 =1
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o
for any natural number i > 1, and hence conditions 3 and 6 of Theorem 2.1 are

satisfied.
From inclusion 4 (see Step II) it follows

(U Uai) = U U(Vapy) = J Uay = Ti(4)
j=1 j=11=1 j=1

for any natural number i, and hence, the condition 4 of Theorem 2.1 is satisfied.

Now, let r € R.

If r = 0, then r - U;(A) = {0} C Ui(A) and U;(A) -+ = {0} C U;(A) for any
natural number ¢ and any set A of natural numbers.

If r # 0, then r = r,, or r = —r, for some natural number n. Then, from the
inclusion 8 (see Step II) it follows 7y, - Uiyn(A) C U;(A) for any natural number i,
and hence the condition 5 oofO Theorem 2.1 is satisfied.

”C8

UA @) - Uain) S U Ua -1, = Ui—1(A)
t=1

If now a € Up1(A) = U Ua,@i+1,5) then there exists a natural number n such
j=1
that a € Uy (j41,7)- Then from inclusion 7 (see Step II) it follows

NER:

(e+a) '~ = (e—e—a)-(e+a) " = (—a)-(e+a) ! € Un ey € \J U i) = Ui(A).

1

J

~ From the arbitrariness of the element aU;i41(A) it follows that (Ui (A))—1—e C
Ui(A) for any natural number ¢, and hence the condition 7 of Theorem 2.1 is satisfied.
Thus, we have shown that the set {U;(A)|i € N} satisfies conditions 1 — 7 of
Theorem 2.1, and hence this set is a basis of the filter of neighborhoods of zero for
a skew field topology 7(A) on the skew field R.
“ [e.e]
Since U;(A) = | Ua,,) € Vi for any natural number 4, then o < 7(A).
j=1
Thus Statement 1 of this theorem is proved.
Proof of Statements 2 — 5 can be obtained if we repeat word for word the proof
of the corresponding statements 3.1.2 — 3.1.5 in [6].
The theorem is proved. O
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