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On self-adjoint and invertible linear relations
generated by integral equations
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Abstract. We define a minimal operator Lo generated by an integral equation with
an operator measure and prove necessary and sufficient conditions for the operator
Lo to be densely defined. In general, Lg is a linear relation. We give a description
of Lg and establish that there exists a one-to-one correspondence between relations
L with the property Lo C L C Lj and relations 6 entering in boundary conditions. In
this case we denote L = Lg. We establish conditions under which linear relations Lg
and 6 together have the following properties: a linear relation (I.r) is self-adjoint; I.r
is closed; [.r is invertible, i.e., the inverse relation is an operator; l.r has the finite-
dimensional kernel; [.r is well-defined; the range of l.r is closed; the range of l.r is a
closed subspace of the finite codimension; the range of l.r coincides with the space
wholly; .7 is continuously invertible. We describe the spectrum of Ly and prove that
families of linear relations Ly(y) and 6()) are holomorphic together.
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1 Introduction

In the study of linear operators and relations generated by differential or integral
equations with boundary conditions, a problem often arises: to find such boundary
conditions that determine an operator or a relation with preassigned properties. In
this paper, we consider the integral equation

y(t) = 7o — i / dp(s)y(s) — i / £(s)ds, (1)

where y is an unknown function; f € Lo(H;a,b); J is an operator in a separable
Hilbert space H, J = J*, J> = E (E is the identical operator); p is an operator-
valued measure defined on Borel sets A C [a, b] and taking values in the set of linear
bounded operators acting in H; ftl; stands for f[tot) if tg < t, for — f[t,to) if tg > t, and
for 0 if t) = t. We assume that the measure p is self-adjoint and p has a bounded
variation.

Equation (1) was considered in the paper [11] under the condition that the set
Sp of single-point atoms of measure p can be arranged in the form of an increasing
sequence and this sequence converges to the point b. In this case the operator Lg is
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densely defined, where Ly is the minimal operator generated by equation (1) in the
space La(H;a,b). This implies that Lj is an operator.

In this paper, we do not impose any conditions on the set S,. We prove that
the operator Ly is densely defined if and only if u(S,) = 0, where u is the "usual”
Lebesque measure on [a, b] (i.e., u([e, 3)) = f — « for all a, 5 € [a,b], «< ). Hence
L is a linear relation (a multi-valued operator), in general. We give a description
of the relation Lg.

We use different boundary value spaces for L and establish that there exists
a one-to-one correspondence between relations L with the property Lo C LcC L§
and relations 6 entering in boundary conditions. In this case we denote L= Ly.
We establish conditions under which linear relations Ly and 6 (or 6 — &4, where
®; is a bounded operator defined below in the paper) together have the following
properties: 0) a linear relation (I.r) is self-adjoint; 1) l.r is closed; 2) l.r is invertible,
i.e., the inverse relation is an operator; 3) [.r has the finite-dimensional kernel; 4) [.r
is well-defined; 5) the range of l.r is closed; 6) the range of [.r is a closed subspace
of the finite codimension; 7) the range of [.r coincides with the space wholly; 8) [.r
is continuously invertible. The properties 1) — 8) are borrowed from [1,2].

We describe the spectrum of the linear relation Ly and prove that families of
linear relations Lg(y) and 6(\) are holomorphic together.

We note that linear relations were first employed in work [16] (see also [17])
for the description of self-adjoint extensions of differential operators in terms of
boundary conditions.

2 Preliminary assertions

Let H be a separable Hilbert space with scalar product (-,-) and norm ||-||. We
consider a function A — P(A) defined on Borel sets A C [a,b] and taking values
in the set of bounded linear operators acting in H. The function P is called an
operator measure on [a, b] (see, for example, [3, ch.5]) if it is zero on the empty set
and the equality P (>~ ; A,) = Yo7, P(A,) holds for disjoint Borel sets A,,, where
series converges weakly. Further, we extend to a segment [a, bg] D [a,by) D[a,b] any
measure P on [a, b], letting P(A) = 0 for each Borel sets A C (b, bg].

By VA(P) we denote VA(P) = p(A) =sup ), [|[P(Ag)||, where the supremum
is taken over all finite sums of disjoint Borel sets Ay C A. The number VA (P) is
called the variation of the measure P on the Borel set A. Suppose that the measure
P has the bounded variation on [a, b]. Then for p-almost all £ € [a, b] there exists an
operator function £ — ¥p (&) such that Up possesses the values in the set of bounded
linear operators acting in H, ||[¥p(£)|| = 1, and the equality P(A) = [, ¥p(£)dp
holds for each Borel set A C [a,b]. This integral converges with respect to the usual
operator norm [3, ch. 5].

A function h is integrable with respect to the measure P on a set A if there
exists the Bochner integral [, Up(t)h(t)dp = [,(dP)h(t). Then the function y(t) =
f;(dP)h(s) is continuous from the left.
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By Sp denote a set of single-point atoms of the measure P (i.e., a set t €
[a,b] such that P({t}) # 0). The set Sp is at most countable. The measure P
is continuous if Sp = @; it is self-adjoint if (P(A))* = P(A) for each Borel set
A C [a,b]; it is non-negative if (P(A)x,z) > 0 for all Borel sets A C [a,b] and all
elements z € H.

In following Lemma 1, p1, p2, q are operator measures having bounded variations
on [a, b] and taking values in the set of linear bounded operators acting in H. Suppose
that the measure q is self-adjoint. We assume that these measures are extended on
the segment [a, by] D [a, by) D[a,b] in the manner described above.

Lemma 1. [10] Let f, g be functions integrable on [a, by] with respect to the measure
q; Yo, 20 € H. Then any functions

t t

y(t)=yo —iJ t dpi(s)y(s) —iJ t dq(s)f(s),
z2(t) =29 —1J ttdpg(s)z(s) - iJ/ttdq(s)g(s) (a <tp<bp, to <t<bp)

satisfy the following formula (analogous to the Lagrange one):

/ “(da(t) £ (), (1))~ / " (), da(t)g(t)) = (iTy(c2), 2(c2)) — (iTy(er), 2(en)+

+ / (), dpa(t)=(t)) - / (dp1 (H)y (1), =(t))—

c1 C1

- Yo @ty p2({thz(1) -

tESpl ﬁspz ﬂ[cl 702)

- Y @t (), p2({th)=(t))

1€S5qNSpyN[er,c2)

- Y @We{thyt),ad{thg() —

t€Sp, NSqNlc1,c2)

- > (a{thfM,a({thy®), to<er <e<bo (2)

t€SqN[c1,c2)

Further suppose that p is a self-adjoint measure with the bounded variation. We
consider the equation

u(t) :xo—u/ dp(s)y(s) — i / £(5)du(s), (3)

where p is the "usual” Lebesque measure on [a, b] extended to [a, by] by the equality
pu(A)=0 for each Borel set A C (b,bg]; xo € H; f€La(H;a,b) and f=0 on (b, by].

From the measure p we construct a continuous measure pg in the following way.
We set po({a}) = 0 for a€Sp and we set po(A) = p(A) for all Borel sets such that
AN S, =0. The measure pg is self-adjoint. We replace p by po in (3). Then we
obtain the equation
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y(t) = 2o — i / dpo(s)y(s) — i / F(s)du(s). ()

Equations (3), (4) have unique solutions (see [9],[10]).
By W denote the operator solution of the equation

t t
W(t,\)zo =20 — z'J/ dpo(s)W (s, N)xo — iJ)\/ W (s, Nxzodu(s),

where zg € H, A € C (the set of complex numbers). Using (2), we get
W*(t, N)JW (t,A) = J

by the standard method (see [11]). The functions ¢t — W (¢, \) and t — W ~L(t, \) =
JW*(t,\)J are continuous with respect to the uniform operator topology. Conse-
quently there exist constants €1 > 0, €9 > 0 such that the inequality

e [ll* < Wt Na|® < eo ||| ()

holds for all € H, t € [a,bp], A € C C C (C is a compact set). The function
A— W (t, \)zx is holomorphic for fixed ¢.

Lemma 2. [9,10] A function y is a solution of the equation

t

y(t) = 20— i [ dpo(s)y(s) — iJA / y(s)du(s) — i / £(5)dp(s)

a

if and only if y has the form
t
V() = Wt N)oo = W(EN)IT [ W* (s DF (),
where xg € H, A€ C, a <t < bg.

3 Linear operators and relations generated by the integral equation

In this section, we introduce a minimal operator Ly generated by equation (3)
and give a description of the adjoint relation Lg.

Let By, By be Banach spaces. A linear relation 7" is understood as any linear
manifold 7" C By x By. The terminology on the linear relations can be found, for
example, in [1,2,12,13]. Linear operators are treated as linear relations, this is
why the notation {z1,z2} € T is used also for an operator T'. Since all considered
relations are linear, we shall often omit the word ”linear”. In what follows we make
use of the following notations: {-,-} is an ordered pair; D(T') is the domain of T
R(T) is the range of T; kerT is a set of elements z € By such that {z,0} € T}
KerT is a set of ordered pairs of the form {x,0} € T; T~! is the relation inverse
for T, i.e., the relation formed by the pairs {2/, 2}, where {x,2'} € T. A relation
T is called surjective if R(1) = Ba. A relation T is called invertible or injective if
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ker T' = {0} (i.e., the relation 7~! is an operator); it is called continuously invertible
if it is closed, invertible, and surjective (i.e., 77! is a bounded everywhere defined
operator).

Suppose By = Bs =B and T is a closed relation, T C B x B. The following
notations are used: p(T') is a resolvent set of T, i.e., a set of points A € C such
that the relation 7" — AE is continuously invertible; o,(T") is a point spectrum of
T, ie. aset of A € C such that ker(T'— AE) # {0}; 0.(T) (0,(T)) is a continuous
spectrum (a residual spectrum) of T, i.e., a set of A € C such that the relation
T — A\E is invertible, R(T' — AE) # B, and R(T — AE) = B (T — AE is invertible,
R(T — A\E) #B, respectively).

Let H be a Hilbert space, T' C H x H a linear relation. A relation 7™ is called
adjoint for T if T* consists of all pairs {y,y'} such that equality (2’,y)=(x,y’) holds
for all pairs {z,2'} € T. A relation T is called symmetric if T C T* and self-adjoint
if T =T

By Lo(H, 115 a,bp) denote the space of u-measurable functions y with values in H
such that f;o ly(£)]|* du(t) < co. This space coincides with the space § = Lo(H; a, b)
since p(A) = 0 for each Borel set A C (b, bo].

Let us introduce the minimal operator Lg in the following way. The domain
D(Lyg) consists of all functions y € $ for each of which there exists a function f € §
such that (3) holds and y satisfies conditions

y(a) = y(bo) = y(a) =0 (6)

for all @ € Sp. Then we set Loy = f. By Lemma 1, it follows that the operator Lg
is symmetric.

Lemma 3. Equalities (3), (4) hold together for any functions y € D(Lg), f = Loy.

Proof. We denote p; = p — pg. Then pi({a}) = p({a}) if a € Sp and p1(A)=0
for any Borel set A such that ANS,=@. By (3), it follows that
t

t t
y(t) = a0~ i | (dpoyy(s) i [ (@pa)u(s) = i7 [ F)du(s).
Now equalities (6) imply the desired assertion. O

It follows from Lemma 3 that any function y € D(Lg) is continuous. Moreover,
using Lemma 3, the equalities p({a}) = u([b,bo]) = 0, and (6), we obtain that the
operator L is independent of whether the measure p has single-point atoms at the
points a, b. Therefore, without loss of generality, it can be assumed that the by = b,
and p({a})=p({b})=0 (i.e., a,b ¢ Sp), and p is the "usual” Lebesque measure on
[a, b]. Further we write ds instead of du(s).

Lemma 4. [10] The operator Ly is closed. The function y belongs to D(Lg — \E)
if and only if the equalities

y(t)=W(t, )\)iJ/ W*(s, ) f(s)ds,
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y(a)=W(a, )\)iJ/aW*(s,X)f(s)ds =0
hold, where a € Sp U {b}, f = (Lo — AE)y.

Corollary 1. The function f € $ belongs to the range R(Ly — \E) if and only if
the function f satisfies condition

/aW*(s,X)f(s)ds =0 (7)

for all a € Sp U {b}.

Remark 1. Condition (7) is equivalent to the following

B
/ W*(s,\)f(s)ds =0, «,B € SpU{a,b}. (8)

Let Sp be a closure of the set Sp. Then a set 7, = (a,b) \ Sp is open and
Tp is a union of at most a countable number of disjoint open intervals Gy, i.e.,
Tp = Uﬂzi:1 Gk, Gy NG; = @ for k # j, where k is a natural number (equal to
the number of intervals if this number is finite) or the symbol oo (if the number of
intervals is infinite). Let G be the set of the intervals Gy,.

Further, by x4 denote the characteristic function of a set A.

Lemma 5. The operator Ly is densely defined if and only if 1(Sp) = 0.

Proof. Suppose z € D(Lg). By (6), it follows that z(«a) = 0 if & € Sp. Since z is
continuous, we have z(a) = 0 if @ € Sp. Assume that there exists a function f € 9
such that the equality (f,z)s =0 holds for all z € D(Ly). By y denote a solution
of equation (4). Suppose that Gy = (o, k) € G and z € D(Ly). By Lemma 4,
it follows that zp = X[a,3,]2 € D(Lo). We apply Lagrange’s formula (2) to the
functions y, f and zg, Lozi for ¢; = ag, co = Bk, P1 = P2 = Po, 4 = i#. Then we
obtain (y, Lozx)s = (f, 21x)s = 0. Hence,

Bk
Lozt = [ (0s) (Loz)(s))ds = ()5 = 0
ag
for each function z € D(Lg). By (5), it follows that a set of functions ¢t — W (t,0)z
is closed in the space Lo(H; [k, Ok]), where x € H. Using Corollary 1 and equality
(8), we obtain that there exists ¢, € H such that y(t) = W(t,0)c; (o <t < Bg).
Lemma 2 implies that

W (t,0)c, = W(t,0)c, — W (t,0)iJ /t W*(s,0)f(s)ds, o <t< P

[e25

Taking into account the invertibility of the operator W (t,0), we obtain f(¢) = 0 for
almost all ¢ € G. Here k is arbitrary (1 < k < k if k is finite and k € N if k = oo,
N is the set of natural numbers). Hence f(t) = 0 for almost all ¢ € UG}
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Suppose that 1(Sp) = 0. Then f(t) = 0 almost everywhere on [a,b]. Thus D(Lg)
is dense in $.

Now assume that u(Sp) > 0. It is established above that z(s) = 0 for any
z € D(Ly) if s € Sp. Then (2,v)5 = 0 for any 2z € D(Lg) if v € $ and v(t) = 0
for t € [a,b] \ Sp. We take v such that v(t) # 0 for t € Sp. Then obtain that the
operator L is not densely defined. The lemma is proved. O

Lemma 6. Suppose y € D(Ly), Loy = f. Then f(t) =0 for almost all t € Sp.

Proof. The statement of the lemma is obvious if 4(Sp) = 0. Suppose u(Sp) > 0.
By Jp denote a set of isolated points of the set Sp. Clearly, u(Sp\Jp) > 0. Let
y € D(Lg). Then y(a) = 0 for all @ € Sp (see the proof of Lemma 5). Using
Lemma 4 and the invertibility of W (¢,0), we get

/QW*(S,O)f(s)ds =0, a€cSp. 9)

Let to € Sp\Jp. Then there exists a sequence {t,} such that t,, € Sp, t, # to and
{t,} converges to to. By (9), it follows that

(b —to) [ W (5,0 f(5)ds = 0.

to

Using the invertibility of W*(¢,0), we obtain f(to) = 0 for almost all ¢y € Sp\Jp.
The lemma is proved. O

Let $o C $ be a subspace consisting of functions vanishing on [a,b] \ Sp and let
1 C H be a subspace consisting of functions vanishing on Ep, Then $H = H9 D H1.
We note that 9y = {0} if and only if u(Sp) = 0. By Ljp denote restriction of
Ly to 1. It follows from the proof of Lemma 5 that the operator Lig is densely
defined in $);. Lemma 6 implies that R(Lip) C $1. Therefore, L}, is an operator,
L}y C $1 % 9H1. Moreover, D(Lg) N $Hp = {0}.

By Lemmas 5, 6, it follows that if u(Sp) > 0, then Lf is a relation and
Li = (50 x $Ho) & Lo, (10)

i.e., L consists of all pairs {y, f} of the form

{y7 f}:{u7v} + {Z7LTOZ}:{U +2,0+ LTOZL

where u,v € 9, z € D(L]).

We denote wy(t, A) = X[ay;5,) ()W (£, )W (ag, A), where (o, Bi) =Gk, Gr€G.
Let kerg(\) be a linear space of functions ¢t — wy(t, \)&, & € H. By (5), it follows
that the space kery()) is closed in §). The spaces kery(\) and ker;(X) are orthogonal
for k # j. Denote K, (A) = keri(\) @ ... & kerp (), where n = 1,...,k if k is finite
and n € N if k = co. Clearly, KC,,(\) C K, (A) for n < m. Let K be a closure of the
set Up/Cp(N).
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Lemma 7. The equality ker(L{ — AE) = $9 & K holds.

Proof. Tt follows from Corollary 1 and (8) that the range R(L1g — AE) consists of
all functions f € $ orthogonal to functions of the form wg(-, \)&, where & € H.
The equality ker(Li, — AE) ® R(L1o — AE) = $; implies that ker(L}, — AE) = K.
Now the desired statement follows from (10). The lemma is proved. O

Let Wn(t, A) = (wi(t,A),...,wy(t,\)) be the operator one-row matrix, where
n =1,..,k if k is finite and n € N if k = co. For fixed ¢, )\, the operator Wn(t, A)
maps H" onto H continuously, where H" is the Cartesian product of n copies of H; it
is convenient to treat elements from H™ as one-column matrices and to assume that
Wit \)én = S0 wi(t, \)&, where we denote &, = col(y,...,&,) € H", &, € H.
By Wi ()\) denote the operator &, —W, (-, A)&n. The operator Wy, (A) maps H™ onto
K (X) C $ continuously and one-to-one.

Lemma 8. [11] There exist €1,e2 > 0 such that the inequalities

n n
e 3 AP < IWaFE <22 3 Aclll?, Fu=(r1m) €HY, (1)
k=1

n n
— 2 ~ 12 — 2
612 AL lerlP< IWaNTallg <ez) - ALl
k=1

hold, where n < sz is finite and n € N if k = oo,

Bk
Bu=fi - i [ wils Nun(s, Nmds. (ar5) = G < 6.
ag
Suppose k = co. In this case, let H_, Hy, Ho be linear spaces of sequences
respectively, 7 = {rx}, & = {¢r}, € = {&} such that the series S0 Apllmel?,
Yo A 1H<,0;g|| Zk:1||£k|| converge, where 7k, ok, {k € H. These spaces become
Hilbert spaces if we introduce scalar products by the formulas

k k
(;777)—:Z(Ak7_k777k)7 5:77767_(—7 (&7¢)+ZZ(Alzlwka¢k)y ¢7w6H+7
k=1 k=1
k ~
(€00 = (&) => (&) &C € Ho. (12)
k=1
By I, [[-llss [Illo = I|-[| denote the norms in H_, H, Ho, respectively.

The spaces Hy, H_ can be treated as spaces with positive and negative norms
with respect to Hg (see [3, ch.1], [13, ch.2]). So H4 C Ho C H— and e3|¢|_ <
I2llg < eall@ll, where ¢ € Hy, e3,e4 > 0, ie., the space Hop is equipped with
the spaces H., H—. The ”scalar product” (¢,7) = ($,7)o is defined for ¢ € H,
T € H_. If T € Hy, then (¢, 7)o coincides with the scalar product in Hy.

Suppose k is finite. To consider both cases together, we define the scalar products
in space H* by formulas (12). By H_, H., Ho = H* denote spaces equipped with
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the scalar products (+,-)—, (+,*)+, (+,)o, respectively. We note that if k is finite, then
the norms [|-||_, |||, |||, are equivalent.

Suppose k = co. Let M C H_ be a set of sequences vanishing starting from
a certain number (its own for each sequence). The set M is dense in the space
H_. The operator W, () is a restriction of W, 11(\) to H". By W'(\) denote
an operator defined on M such that W/ (A\)T = W, (\)7, for all n € N, where
7 = (T, 0,...). It follows from (11) that the operator YW (X) admits an extension by
continuity to the space H_. By W(\) denote the extended operator. Moreover, we
denote W (t,\)7 = (W(A)7)(t), where 7 = {r,} € H_. For almost all fixed ¢, the
operator W(t, A) maps H_ into H.

Suppose k is finite. In this case, we put W(A) = Wi (A).

We find the form of the adjoint operator W*(\). This operator maps continu-
ously 9 onto Hy and W*(\) is zero on §y. Suppose f € 9, ge M, §~= {gn,O, o}
Then

(EW NH=WNE Ny =
= [ WeNEfoe=[ @ N s),
U Uk:1 Gk

A
w=1 Gk

where G €G. Since W*(\)f € H and the set M is dense in H_, we get

bN
W) f = /u R CPVOTE / W™ (£, \) £ (t)dt. (13)

Thus we obtain the following statement.

Lemma 9. The operator W(X) maps H_ onto ker(Lj, — AE) continuously and one-
to-one. A function z belongs to ker(Li, — AE) if and only if there exists an element
T = {m} € H_ such that z(t) = WA)T)(t) = W(t,/\)?. The adjoint operator
WH*(X) maps ) onto Hy4 continuously and acts by formula (13). Moreover, W*(\)
maps ker(L}, — AE) onto H, one-to-one and ker W*(\) = 9o ® R(L1g — \E).

Theorem 1. An ordered pair {y, f} € $Hx 9 belongs to L§— AE if and only if there
exist functions ui,us € Ho, h € H1, an element T € H_ such that the equalities

~

y=uy +v, f=u2+ h, v(t) :W(t, AT —Z wi(t, )\)z’J/tw};(s, Ah(s)ds  (14)
k=1 @

hold. The series in (14) converges in $ and h = (L}, — AE)v.

Proof. The first two equalities in (14) follow from (10). The operator Lo is densely
defined in ;. Besides, wy(t,A) = 0 for almost all t €Sp,. The equality (L}, —AE)v =
h and the third equality in (14) are proved in the same way as the analogous equality
in [11]. O
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By standard transformations, the third equality in (14) is reduced to the form

o(t) = W(t,NE— 27 W (¢, \)id / tW*(s,X)h(s)ds+

—~ ~ bN
+2_1W(t,)\)z‘J/ W*(s, \)h(s)ds, (15)

~ Br _ ~
where { = {{ € Ho, & = T — 2_12'J/ wi(s,A\)h(s)ds, J is an operator in H_
ag

acting by the formula J{&,}={J&,}.

4  Self-adjoint extensions of the minimal operator

In this section, we construct a boundary triplet for which ”the Green formula”
is valid and describe self-adjoint extensions of L.

We denote H_ = 9o x H_, Hy = o x Hy. It follows from Theorem 1 and (15)
that any pair {y, f} € L{ has the form

Yy =u1 +v, f:u2+h7 thTO”) (16)

where v has form (15) for A = 0. With each pair {y, f} € L{ represented by (16),
(15) for A\ = 0, we associate a pair of boundary values {Y,Y'} € H_ x H,, where

Y ={uy,EyeH_= HoxH_, Y ={uy, W (0)h} eH, = HoxH,. (17)

By v denote the operator taking each pair {y, f} € L{j to the pair {Y,Y'}, ie.,

Wy, f} ={Y,Y'}. We put vi{y, f} = Pivdy, £}, 7ely, f} = Poyly, f}. (Here and
next, P; indicates the natural projection onto a set € in the Cartesian product

C:C1 XCQ,j:1,2).

Theorem 2. The range R(v) of the operator v coincides with H_ x Hy and ”the
Green formula”

(f,2)9 = (.9)n = (Y, 2) = (Y, Z) (18)
holds, where {y, f},{z,9} € Lj, H{y. f} ={Y,Y'}, v{z,9} = {2, 2'}.
Proof. The equality R(vy) = H_ x Hy follows from Lemma 9 and equality (10). Let
us prove (18). Suppose that the pair {y, f} has form (16) and the pair {z, g} has
the form 2z = 21 + 7, g = x3 + q, ¢ = Liyr, where z1, 73 € 99, the function r = r(t)
is obtained if we replace v(t) by r(t), £ by ¢, h(s) by ¢(s) in (15) for A = 0. Then
(f, Z)Y) - (y7g)5’J = (u27w1)~‘7)0 - (u17x2)5’)0 + (LTOMT)S’M - (U, LTOT)YM’ (19)

The operator Lqg is densely defined in $);. The following equality

(Liov,m)s — (v, Ligr)s, = W (0)h,{) — (£, W*(0)q) (20)

is proved in the same way as the analogous equality in [11]. Now equality (18)
follows from (19), (20), (17). The Theorem is proved. O
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We introduce operators T_ : H_ — Hy, T, : Hy — Hp by the formulas T_7 =
{A,lf/27'k}, ARES {A;lﬂcpk}, where 7={7;} € H_, ¢ ={¢r} € H4+. The operator
Y_ (Y4) maps H_ onto Hy (H4 onto Hp, respectively) continuously and one-to-
one. Suppose that {y, f} € L§ has the form (16) and equalities (17) hold. We put
YV="1{y, f}={w, Y-} €HoxHo; YV =Ty, [} ={u2, TLIW*(0)h} € Ho x Ho and
Ty, [} ={T1{y, f},To{y, f}}. Then R(T) = ($0 x Ho) x (HHo x Ho). Using (18),
we get

(f> Z)ﬁ - (y7g)5§ = (y/’Z) - (yv Z/)’ (21)

where {y, f},{z g} € Li, T{y, f} = (¥, 3}, T{z.g} = {2, 2'}.

It follows from (21) that the ordered triple (£ x Ho, Y1, T2) is a space of
boundary values (a boundary triplet in another terminology) for the operator Lg
in the sense of papers [4, 5, 15] (see also [13, Ch. 3]). Let 6 be a linear relation,
6 C ($o0 x Ho) x (90 x Ho). By Lg denote a linear relation such that Ly C L and
YLy = 6. By (21), it follows that the linear relations Ly and € are self-adjoint or
not together. From here, taking into account the description of self-adjoint relations
(see [16]), we obtain the following statement.

Corollary 2. If U is a unitary operator on $y X Ho, then the restriction of the
relation L§ to the set of pairs {y, f} € L satisfying the condition

(U = E)Tofy, f} +i(U + E)Ti{y, f} = 0 (22)

is a self-adjoint extension of Ly. Conversely, for any self-adjoint extension L of Lo
(E C L) there exists a unitary operator U such that this extension is the restriction
of L to the set of pairs {y, f} € L§ satisfying (22). A unitary operator U is uniquely
determined by an extension.

Note that dissipative and accumulative extensions of the operator Ly are de-
scribed in a similar way.

5 States of restrictions of Lj

In this section, we consider restrictions of the relation Lj and study their proper-
ties connected with the invertibility. It is convenient to use a special space boundary
values (SBV) from [8] (also see references therein).

Let By, Bo, By, B2 be Banach spaces, T C By x Bg be a closed linear relation,
0:T — By x By be a linear operator, 6; =P;0, j=1,2. A quadruple (B, Ba,01,02)
is called SBV for the relation T if § maps T onto By X Bs continuously and the
restriction of §; to KerT is a one-to-one mapping of Kerl onto By. We define
an operator ®s5 : B — Bo and a relation Ty by the equalities ®5 = 62(61 |Kerr) ™,
Ty = ker §. We note that operator @4 is bounded. We shall say that the relation
Ty is the minimal relation generated SBV. It follows from the definition of SBV
that there exists a one-to-one correspondence between relations T with the property
Ty C TcT and relations # C By x By and this correspondence is determined by
the equality 07 = 6. In this case we denote T' = Tpy.
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Let S be a linear relation S C B x B, where B}, Bj are Banach spaces. The
following conditions are borrowed from [1,2]: 1) S is closed; 2) ker S = {0}; 3)
dimker S < oo; 4) the relation S is well-defined (i.e., S is invertible and the range
R(S) is closed); 5) R(S) = R(S); 6) R(S) is a closed subspace in B of the finite
codimension; 7) R(S) = Bb; 8) S is continuously invertible. Following [1,2], we
shall say that the relation S is in the state k if it satisfies condition k).

Theorem 3. [8,9] Let R(T)=Bs. The relation Ty is in state k (1 <k <8) if and
only if the same is true for the relation 0 — ®s.

We put B, :f), BQZ.?), T:LS, By =H_ =9y X H_, B2:H+:f)0 X H+.
Suppose that equalities (16) hold for a pair {y, f} € L, but the function v has form
(14) for A = 0. Define the boundary values {Y, Y’} = §{y, f} by the formulas

Y=6{y, fy={u1,7}eH_, Y =0{y, f} = {ug, W (0)h} €H_. (23)

Note that ¥ = {uy,v(a)}, Y’ = {ug, iJW1(b,0)(v(b) — v(a))} if Sp=@. It follows

from Lemma 9 that the quadruple (H_,Hy,d1,02) is SBV for Lj, @5z = 0, and

ker§ = Ly. Let 6 be a linear relation, ¢ C H_ x Hy. By Ly denote a restriction
of L§ to a set of pairs {y, f} € L§ such that 6{y, f} € 6. Theorem 3 implies the
following statement.

Corollary 3. The relation Ly is in state k (1<k<8) if and only if the same is true
for the relation 6.

A pair {y, f} € L§ if and only if the pair {y, f — Ay} € L§ — AE. To each
pair {y, f — Ay} € L§ — AE assign a pair of bounded values by formula §(A\){y, f —
Ay} =0{y, f}. Then the quadruple (H_,H,,5;()\),02(\)) is SBV for L§ — AE and

AE 0 .
CIDg()\) —< 0 )\W*(O)W()\)>' Theorem 3 implies

Corollary 4. Suppose that the relation 0 is closed. A point A € C belongs to the
point spectrum o,(Lg) of the relation Ly if and only if ker(§ — CIDS()\)) #{0}. A
point \ belongs to the continuous spectrum o.(Lg) (to the residual spectrum o,(Lg) )
if and only if the relation (0 — <I>5~(/\))_1 is a densely defined and unbounded (non-
densely defined) operator. A point A\ belongs to the resolvent set p(Lg) if and only if
(0 — <I>5~()\))_1 s a bounded everywhere defined operator.

We note that properties 1) — 8) were considered in [9] for linear relations gene-
rated in space Lo(H,dm;a,b) (m is a nonnegative operator measure) by an integral
equation in which the measure p is not assumed to be self-adjoint. However, in [9]
the relation Ly satisfies the condition Ly C Ly C L, where L is a closure of a set
pairs {y, f} € Lo(H,dm;a,b) satisfying the integral equation. Then L C L if the
measure p is self-adjoint, but L # L{, in general.
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6 Holomorphic restrictions of L

In this section, we describe holomorphic restrictions of the relation L.

Let B be a Banach space. A family of linear manifolds in B is understood as
a function A — L()\), where £(\) is a linear manifold, L(\) C B, A e D C C. A
family of (closed) subspaces £(\) is called holomorphic at the point Ay € C if there
exist a Banach space By and a family of bounded linear operators F(\): By — B
such that the operator F(\) bijectively maps By onto L£(\) for any fixed A and
the function A — F(A) is holomorphic in some neighborhood of A\g. A family of
subspaces is called holomorphic on the domain D if it is holomorphic at all points
belonging to D. Since the closed relation T'(A) is the subspace in B; x Bj, the
definition of holomorphic families is applied to families of linear relations. This
definition generalizes the corresponding definition of holomorphic families of closed
operators [14, Ch. 7].

Lemma 10. [6,7] Let A\— L(\) be a family of subspaces in a Banach space B such
that the subspace L(\g) admits a direct complement in B at some point Xg, i.e.,
there exists subspace (closed) M C B such that the decomposition into the direct sum
B = L(X\o)+MN holds. The family X — L(\) is holomorphic at Xo if and only if the
space B is decomposed into the direct sum B = L(N\)+N for all X belonging to some
neighborhood of \g and the function A— P(\) is holomorphic at Ao, where P(\) is
the projection of the space B onto L(\) in parallel to M.

Lemma 11. Suppose By, By are Banach spaces, X\ — L(\) is a family of closed
linear relations L(A\) C By x Bg. If this family is holomorphic at the point Ao and
L(Xo) is an everywhere defined operator, then there exists a neighborhood of Ay such
that L(X) are everywhere defined operators for all X belonging to this neighborhood.

Proof. Any pair {z1,22} € B = Bj X By is uniquely represented in the form
{z1,22} = {z1,L(No)x1} + {0,229 — L(N\g)z1}. Hence the decomposition into
the direct sum B = L()\g)+({0} x Bg) holds. Using Lemma 10, we obtain
B = £()\)+({0} x By) for all X belonging to some neighborhood of A\g. Let P(\)
be the projection of the space B onto £(A) in parallel {0} x Bg. It follows from
Lemma 10 that the function A — PyP(A) is holomorphic at A9, where P; is the
natural projection onto B; in By x Bg. The operator P maps L£(\g) onto By con-
tinuously and one-to-one. Hence there exists a neighborhood of Ay such that the
operator P; maps L£(\) onto B; continuously and one-to-one for all A belonging to
this neighborhood of Ag. Therefore £(\) are everywhere defined operators for A from
this neighborhood. The lemma is proved. U

Note that under the conditions of Lemma 11 the operator function A — £L(\)
is holomorphic at Ag (see [14, ch.7]). In the case where B1, Bo are Hilbert spaces,
Lemma 11 is proved in [6].

Lemma 12. Suppose G, D are Banach spaces, § :D — G is a linear, continuous,
and surjective operator such that ker § admits a direct complement in D, i.e., D =
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ker 0 + Mg, where subspace Ny C D. Let A—6O(N\), A\— L(N\) be families of subspaces
0(\) € G, L(N) C D such that kero C L(X) and 6L(N) = 0(N\). Assume that the
subspace L(Ag) admits a direct complement

D = L(Xo) + M (24)
for some point \g € C or the subspace 8(\g) admits a direct complement
G =0(\) + My, (25)

where My C D, My C G. Then the family \— L(N) is holomorphic at the point \g
if and only if the family \— 0(X) is holomorphic at Ag.

Proof. By g denote the restriction of § to 91y. The operator §y maps Dy onto G
continuously and one-to-one. Suppose equality (24) holds. Then for any y € D there
exist unique elements zg € L(A\g), m1 € My such that y = zp + my. This implies
oy = 0z9 + Omy. If §z9 + dmy = 0, then zg + m; € kerd. Therefore, m; = 0 and
0z9 = 0. So, equality (25) holds, where My = 6M;.

Now suppose equality (25) is valid. We claim that (24) holds. Indeed, D =
55 10(No) + ker & + 0, 190 = L(N\o) + My, where My = §; ' Mo

Let A — L(\) be the holomorphic family at Ag. It follows from Lemma 10 that
D = L£(\)+9M for all X belonging to some neighborhood of \¢ and the function
A — P(A) is holomorphic at A9, where P()) is the projection of the space D onto
L(\) in parallel to 9. Then Q(\) = dP(\)d; " is the projection of the space G
onto f(\) in parallel to 9y = §9M; and the function A— Q(\) is holomorphic at Ag.
By Lemma 10, it follows that A—6(\) is the holomorphic family at Ag.

Conversely, suppose A — #(\) is the holomorphic family at Ay and Q(\) is the
projection of the space G onto () in parallel to 9. We put P(\)g = g if g € ker §
and put P(\)h = 65 Q(\)6h if h € MNy. We extend P(N) to D letting P(\)(g+h) =
P(N)g+P(A)h. Then P()) is the projection of the space D onto £(A) in parallel to
My =0y Io,. Arguing as above, we obtain that the family A— L(\) is holomorphic
at A\g. The Lemma is proved. O

In Lemma 12, we take G = H_x Hy; D = L§; A — 6()) is family of linear
relations #(\) C H_ x Hy; § = § is a linear operator taking each pair {y,f} € L§
to a pair of boundary values {Y,Y'} e H_ x H; £(\) = Lg(y) is the restriction of
L§ to a set of pairs {y, f} such that g{y, f} € 6()). Then kerd = Lo and G, D are
Hilbert spaces. Lemma 12 implies the following assertion.

Corollary 5. The family of relations Lg(y) ts holomorphic at a point Ao if and only
if the family of relations O(\) is holomorphic at \g.

The following statement follows directly from Lemma 11, Corollaries 4, 5.
Theorem 4. Suppose that the relation 6(\g) — (I)S(Ao) (or the relation Loy — AoE)
is continuously invertible and the family X — 0(\) (or the family Lg(y)) is holo-

morphic at the point A\g. Then there exists a neighborhood of Aoy such that the rela-
tions O(\) — <I>5(A), Lgny — AE are continuously invertible for all X belonging to this
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neighborhood and the operator functions A — (6(\) — <I>5~(/\))_1, A= (Lon) — AE)~!
are holomorphic at \g.
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