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Abstract. The basic objective of this work is to define statistical A-convergence in
intuitionistic fuzzy normed spaces. We have given some examples which show this
method of convergence is more generalized. Further, we have defined the statistical
A-Cauchy sequences in these spaces and given the Cauchy convergence criterion for
this new notion of convergence.
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1 Introduction

The theory of fuzzy sets has shown its utility in various fields of mathematics
and engineering where exact solutions of problems are not necessary. It is useful
in those cases where complex physical system does not provide the precise mathe-
matical structure or fast or initial estimate solution is needed. Zadeh [26] in 1965,
introduced this new theory and later on vast number of research papers appeared
in literature based on the concept of fuzzy sets/numbers (see [7,13,18]). Further,
fuzzification of many classical theories has produced many interesting and useful
applications in different areas such as population dynamics [3], computer program-
ming [13], chaos control [26], fuzzy physics [15] etc. Park [23] presented the idea of
intuitionistic fuzzy metric space and later on Saadati and Park [24] worked on the
concept of intuitionistic fuzzy normed space (IFNS) using t-norm and continuous
t-norm. In [11], the authors studied topological properties of intuitionistic 2-fuzzy
n-normed linear spaces. The concept of intuitionistic fuzzy norm is applicable in
those spaces where the exact norm of a particular vector is impossible to determine.
IFNS is a highly motivated area of research due to its analytic properties and their
generalizations for providing a tool for mathematical modelling of real life situations
where fuzzy theory alone can’t work.

In 1951, Fast [6] has introduced a new concept of convergence named as statisti-
cal convergence more generalized than the usual convergence. It has interesting
applications in the various mathematical fields like Fourier Analysis [2], Measure
Theory [17], Approximation Theory [12], Topology [5] etc. It has been studied by
many researchers for various types of sequences in different setups like locally con-
vex space [14], probabilistic normed space [9], etc. Karakus [10] and Mursaleen [19],
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studied the notion of statistical convergence and lacunary statistical convergence in
intuitionistic fuzzy normed space respectively. For more work related to statistical
convergence, one may refer to [1,4,16,21,22].

Before introducing statistical A-convergence in intuitionistic fuzzy normed space, we
first review some basic terms as follows:

Definition 1. [25] A continuous ¢-norm is a binary operation ® : [0, 1] x [0,1] —
[0, 1] with the following axioms

1. ® is continuous, commutative and associative,
2.a®l=aVacl01]
3. Ifa<cand b<dthen a®b<c®d, for each a,b,c,d € [0,1].

Definition 2. [25] A continuous ¢-conorm is a binary operation ® : [0, 1] x [0, 1] —
[0, 1] with the following axioms

1. ® is continuous, commutative and associative,
2.a00=aVacl01],
3. Ifa<cand b<dthen a ®b<c®d, for each a,b,c,d € [0,1].

Definition 3. [24] The 5-tuple (Y, ¢, ¥, ®,®) with vector space Y, continuous t-
norm ®, continuous t-conorm ©® and fuzzy sets ¢, on Y x (0,00) is said to be
intuitionistic fuzzy normed space (IFNS) if for every y,z € Y and s,t > 0

L ooy, t) +9(y,t) <1,
) >

y,t) = 1 if and only if y = 0,

2.

S
~

Y,

b
S

(
(
(
4. p(ay,t) = o(y, B ‘) for each a # 0,

5. 0(y,t) ® p(2,8) < p(y + 2, + 3),

6. »(y,0) :(0,00) — [0,1] is continuous,

7. limy oo o(y,t) = 1 and lim¢_o p(y,t) =0,

8. I(y,t) <

9. ¥(y,t) =0 if and only if y = 0,
10. 9(
U

<

ay,t) = Iy, \al) for each a # 0,

11. I(y,t) @ I(z,8) >y + z,t + s),
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12. 9(y,0) : (0,00) — [0, 1] is continuous,
13. limy—00 Y¥(y,t) = 0 and limy_,o I(y,t) = 1.
Then (p, 1) is known as intuitionistic fuzzy norm.

Example 1. [24] Let (Y,|| o ||) be a normed space with a ® b = ab and a ©® b =
min{a + b, 1} for all a,b € [0,1].

For y € Y and t > 0, take o(y,t) = t+ﬁy|l , Wy, t) = loll_.

Then (Y, ¢, 9, ®,®) is an IFNS.

Definition 4. [24] Let (Y, p, 9, ®,®) be an IFNS. A sequence y = (y,) is said to
be convergent to £ € Y with respect to intuitionistic fuzzy norm (p,9) if for every
e > 0 and t > 0 there exists 79 € N such that ¢(y, —&,t) > 1 —€ and ¥(y, —&,t) < €,
for all » > rg. Symbollically, (¢,9) —limy = &.

Definition 5. [24] Let (Y, ¢,9,®,®) be an IFNS. A sequence y = (y,) is said to be
Cauchy sequence with respect to intuitionistic fuzzy norm (¢, d) if for every € > 0
and ¢ > 0 there exists o € N such that ¢(y, — ys,t) > 1 — € and Iy, — ys, t) < €,
for all r, s > ry.

Further, the concept of statistical convergence of sequences of numbers defined by

Fridy [8] is given as follows. This is based on the notion of natural density and the
natural density of set A, where A C N, is defined as

if the limits exists, where | . | is the cardinality of enclosed set. A sequence y = (y;)
is said to be statistically convergent to & if A(e) = {a < n: |y, —&| > €} has natural
density zero.

Definition 6. [10] Let (Y, ¢,9,®,®) be an IFNS. A sequence y = (y,) is said to be

statistically convergent to £ € Y with respect to intuitionistic fuzzy norm (p,d) if
for every € > 0 and ¢t > 0, we have

d{reN:py, —§t) <1 —cord(y, — 1) > €}) =0,
or
d{reN:p(y, —&t) >1—eand ¥y, — €, t) <€}) = 1.

Symbollically, S —limy = ¢.
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2 Statistical A-Convergence and Statistical A-Cauchy Sequences

In order to explain the basic concept of statistical A-convergence and statistical
A-Cauchy sequence in intuitionistic fuzzy normed space, we consider a real sequence
of positive numbers A = ();) such that 0 < Mg < A\ < Ay < ...... <Aj<..and \; —
oo as j — 00. The concept of A-convergence was defined by Mursaleen[20] as follows:
A sequence y = (y,) is A-convergent to a number L if Ay, — L as r — oo where

T

1
Ayr =+ >y = A0y,

r =0

Here, without loss of generality we take negative subscript terms equal to zero, for
example, A_1 =0 and y_1 = 0.
Next, we propose the A-convergence in IFNS by defining the following terms.

Definition 7. Let (Y, p, 9, ®,®) be an IFNS. A sequence y = (y,.) is said to be A-
convergent to & € Y with respect to intuitionistic fuzzy norm (¢, ) if for every € > 0
and ¢t > 0 there exists rg € N such that p(Ay, —&,t) > 1 — € and V(Ay, — &, t) < ¢,
for all » > rg. Symbollically, (¢,9)p —limy = &.

Definition 8. Let (Y, p,9,®,®) be an IFNS. A sequence y = (y,) is said to be
A-Cauchy with respect to intuitionistic fuzzy norm (p, ) if for every ¢ > 0 and
t > 0 there exists g € N such that ¢(Ay, — Ays,t) > 1 — € and ¥(Ay, — Ays, t) <,
for all 7, s > rg.

With the help of Definition 7 and Definition 8 the concept of statistical A-
convergence in IFNS is defined as follows:

Definition 9. Let (Y, p, 9, ®,®) be an IFNS. A sequence y = (y,) is said to be
statistically A-convergent to & € Y with respect to intuitionistic fuzzy norm (¢, )
if for every € > 0 and ¢t > 0, we have

({r eN:p(Ay, —&,t) <1 —eor I(Ay, —&,t) > €}) =0,
or

0({r e N:p(Ay, —&,t) > 1 — e and ¥(Ay, — &,t) <e}) =1.
Symbollically, S —limy = €.

Definition 10. Let (Y, , 9, ®,®) be an IFNS. A sequence y = (y,) is said to be
statistically A-Cauchy with respect to intuitionistic fuzzy norm (p, ) if for every
e >0 and t > 0, we have

d{r e N: o(Ay, — Ays,t) <1 —eor Ay, — Ays,t) > €}) =0,
or

0{r e N: o(Ay, — Ays,t) > 1 — € and V(Ay, — Ays,t) < €}) = 1.
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We may easily obtain the following lemma using Definition 9.

Lemma 1. Let (Y, ¢,0,®,®) be an IFNS and A = (\;) be a real sequence of positive
non-decreasing numbers defined as above. The following statements are equivalent
for the sequence y = (y,) in Y whenever e >0 and t > 0,

1. 8" _limy =¢,

2. 0({r e N: p(Ay, — &,t) <1—€ or 9(Ay, — &, 1) > €}) =0,

3. 0({reN: oAy, —&,t) > 1 —€ and I(Ay, — &, t) < €}) =1,

4. SP? _lim p(Ay, — &) =1 and S —lim 9(Ay, — £,t) =0.

Theorem 1. Let (Y, p,9,®,®) be an IFNS. A sequence y = (y,) is statistically
A-convergent with respect to intuitionistic fuzzy norm (p,9) to a unique limit, i.e.

if S}f’m —limy =&, then £ is unique.

Proof. Let if possible, S/(f’ﬁ) —limy =&; and S/(\w’ﬁ) —limy = & and & # &.

For given ¢ > 0 and ¢ > 0, choose p > 0 such that (1 —p) ® (1 —p) > 1 — € and
p ® p < €. Define

Kip(p,t) ={r e N: o(Ay, — &,1/2) <1 - p},
K27¢(p7 t) = {T eN: (P(Ayr - 52775/2) < 11— p}7
K3 y(p,t) ={r e N: 9(Ay, — &,t/2) <1 —p},

Kyg(p,t) ={r e N:9(Ay, — &,1/2) <1 - p}.
Since SI(\ B _ limy = &, using Lemma 1 we have
5K (p.1)) = (K1 9(pr1) = 0V £ > 0.
Further Sff’ﬁ) — limy = &, using Lemma 1 we have
5K (p.1)) = 5(Knp(prt) = 0V £ > 0.

Let Ko (1. 0) = (o0, 8) UKo ) (o) U g 010
learly,

5K pa(pit) = 06 6N — K, g(p,1) = 1.

If k € N—=K, »(p, t) then we have two possibilities, either k € N—(K1 ,(p,t)|J K2, (p,t))
or ke N—(Kyyg(p,t)JKap(p,t)).
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We first consider that k € N — (K1 ,(p,t) U K2,4(p,t)). Then
(& —&,t) = p(Ayr — L1,1/2) ® o(Ayr — Lo, t/2) > (1 —p)® (1 —p) > 1 —e.
Since € > 0 was arbitrary, we get p(§1 — &2,t) = 1 for all ¢ > 0, then & = &.
On the other hand, if k € N — (K 9(p,t) U K2,9(p,t)), then

V(& — Lo, t) < I(Ayr — &,1/2) ©9(Ayr — &2,1/2) <p©Op <e

Since € > 0 was arbitrary, we get p(&; — &,t) = 0 for all ¢ > 0, then & = &.
Therefore, limit is unique. U

Theorem 2. Let (Y, 9,9, ®,©) be an IFNS. If (p,9)p — limy = &, then SXO”S) _
limy = &. But converse may be not true.

Proof. Let (p,9)p —limy = £. Then for given € > 0 and ¢ > 0 there exists a number
rg € N such that

oAy, —&,t) > 1 —€ and YAy, — &, t) <€
for all » > rg. This gives that the set
{reN: oAy, —&t) <1—cor d(Ay, —§,t) > €}

contains only finite number of elements. We know that natural density of a finite
set is always zero. Therefore,

H{reN:p(Ay, —&,t) <1—e€or Ay, — &, t) > €} =0.

ie.,

51(\80,19) —limy =¢.

The converse of the above result does not hold; this can be justified with the follow-
ing example :

Example 2. Let (R, |.|) be the normed space of real numbers under the usual norm.

Define a ® b = ab and a ©® b = min{a + b,1} for all a,b € [0, 1]. For every ¢t > 0 and

_

all y € R, consider ¢(y,t) = #Iy\ , Uy, t) = Tl

Then (R, p, 9, ®,®) is an IFNS.
Define the sequence
Ay :{ 1 r=k%kezt,
" 0 otherwise.
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Then for every € > 0 and ¢t > 0, we have
K(et)={reN:p(Ay, —&t) <1—cor I(Ay, —&t) > €} 5 £=0

t |Ayr|
= reNziél—EOT =
{ t+ |Ayy| t+ Ay, | =

t
= {reN:|Ay| > 7— >0}

={reN:|Ay| =1}
={reN:r=kkecZz"}

Thus, for any ro € Z+, we have K(e,t) < {r <rg:r=k*k € Z}. Now,

1 1
~|K(e,t)] < —{r <ro:r =k ke 2]
To To

< Vo

To
= limyy—c0 | K (6,1 = 0.

Hence, Sm ) —limy = 0, i.e. the sequence y = (y,.) is statistically A-convergent in
(R, p, 0, ®,0).
Also, by the above defined sequence (Ay, ), we get,

H_Ll =k2 ke Zt,
@(Ayﬁ t) =
1 otherwise.
ie. o(Ay,,t) <1, Vr

and

t% r=kkecZ",

19(Ay7“7 t) =
0  otherwise.
ie. ¥(Ay,,t) >0, Vr.
This shows that (¢,9)a — limy # 0.

O

Next, we find an algebraic characterization of statistically A-covergent sequences
in IFNS as follows:

Theorem 3. Let (Y, ¢,9,®,®) be an IFNS. Let y = (y,) and z = (z,) be two
sequences in Y.

(i) If 5&0”” —limy =&, then S¥ —limky = k¢ ; k€ R,
(i) If S/(\ 7 —limy =& and Sm ) limz = &2, then S/(\Ws) —lim(y + z) = & + &o.
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Proof. (i) Suppose S/(\ B _ limy = £. Then, for given ¢ > 0 and ¢ > 0, we define
K(e,t) ={r e N:p(Ay, —&,t) <1—ecor ¥ Ay, — &, t) > €}

Then,
(K (e,t)) =0 and §([K (e,t)]°) = 1.
Let r € [K(e,1)]°, then

t

o(A(kyr) — k&, 1) = p(k(Ayy — §),t) = p(Ay, — &, m)

> o(Ayy — £,1) ® (0, — 1)

||
= oAy, —E ) @ 1
>1—c¢
and
V(A(ky,) — k&, t) = 9(k(Ay, — §),t) = I Ay, — &, %)
< I(Ay, — &,1) ©9(0, ﬁ —t)

<I(Ay, —£,1) 00
< €.

Therefore, §([K (e,t)]¢) =1, i.e.
M{r e N: p(Alky,) — k&, t) > 1 — e and I(A(ky,) — k&, t) < e} =1.

Hence, S/(\ D im ky =k, k#0.
If £k =0, then

©(0Ay,,t) = p(0,t) =1 >1—¢
and 9(0Ay,,t) =9(0,t) =0 < e.

Therefore, S/(\ D im ky =k¢, keR.
(ii) Let S/(\WS) — limy = & and S/({p’ﬁ) — limz = &. Then, for given ¢ > 0 and

t > 0, choose p >0 such that (1—p)® (1 —p)>1—€eand pOp <e.
We define for the given sequences y = (y,) and z = (z,.) sets

Ky(p’t) = ({T‘ eN: @(AyT - 517t/2) <1l- p or 19(Ayr - 51,75/2) > 10}’
and

K,(p,t) = {r e N: o(Az, — &2,t/2) <1 —por d(Az, — &, t/2) > p}.
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We have 0(Ky(p,t)) = §(K.(p,t)) = 0. Let K(p,t) = Ky,(p,t) N K.(p,t), then
MK (p,t)) =0, ie d([K(p, 1)) =1.
For k € [K(p,t)]°,

P(A(yr +2) — (&1 + &2),t)

©(Ay, — & + Az — &2, t)

(P(Ayr - fl,t/2) ® QD(AZT - fg,t/2)
(1=p®d-p)
1—c¢

vV IV IV

and

19(1\(117« + zr) - (51 + 52), t) 19(1\% &+ Az, — &2, t)
(Ay, — &1,t/2) © ¥(Azp — &2,1/2)

©p

VAN VAN VAN

= S lim(y + 2) = & + &.
]

Theorem 4. Let (Y, p,0,®,®) be an IFNS. Then for a sequence y = (y,) in Y,

Sff’ﬁ) —limy = & if and only if there exists a set J = {j1 < j2 < j3.....} C N such

that 5(.J) =1 and S —limy;, = ¢.
Proof. Necessity:

Assume S/(\w’ﬁ) —limy =& . Then for ¢t > 0 and p € N, we take

M(p,t) ={r e N:p(Ay, — & t) > 1 —1/p and I(Ay, — &, 1) < 1/p},
and
K(p,t) ={r e N: p(Ay, —&,t) <1—1/p or 9(Ay, —&,t) > 1/p}.
Since SI(\ ) _limy = ¢, then (K (p,t)) =0. Also M(p,t) D M(p+ 1,t), and

d(M(p,t)) =1fort>0and peN (1)

For k € M(p,t), we prove S/({p’ﬁ) —lim, o yr =&

We prove this by contradiction. Suppose for some k € M (p,t) the sequence y = (y,)
is not statistically A-convergent to £&. Then, there exists o > 0 and positive integer
ro such that

oAy, —&,t) <1 —aor YAy, —&,t) > a, forall r > rg
= o(Ay, —&,t) > 1 —a and V(Ay, — &,t) < a, for all r < rg
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Therefore, 6{r € N: p(Ay, — &,t) > 1 — « and ¥(Ay, — &,t) < a} =0.

Since o > %, we have 6(M(p,t)) = 0, which is a contradiction to (1). This shows
that there exists a set M (p,t) for which 6(M(p,t)) = 1 and the sequence y = (y,)
is statistically A-convergent to &.

Sufficiency:

Suppose there exists a subset J = {j1 < j2 < js.....} € N such that 6(J) = 1
and Sgwg) —limy;, =&, i.e. 3 Ng € N such that for every « >0 and ¢ > 0

oAy, —&,t) > 1 —a and J(Ay, — &, t) < a; 7> Ny.
Now, let

K(a,t) ={reN:pAy, —§,t) <1—aor d Ay, — &, t) > al.

Then,
K(a,t) € N = {jng+1, INo+2, -+ }-
As 6(J) =1= 0(K(a,t)) <0. Hence, S/(\w’ﬁ) —limy =¢&. O

But, in the next result we establish the Cauchy criterion for statistically A-
convergent sequences in IFNS.

Theorem 5. A sequence y = (y,) in IFNS (Y,p,0,®,©) is statistically A-
convergent with respect to (¢, ) if and only if it is statistically A-Cauchy with respect

to (p,0).

Proof. Let S;f’ﬁ) —limy = €.

Then, for ¢ > 0 and ¢t > 0, choose p > 0 such that (1 —p)® (1 —p) > 1 — € and
pOp<e Let K(p,t)={reN:p(Ay, —§£,t/2) <1 —por d(Ay, —&t/2) > p}

2 0(K(p,t)) =0 and 6([K(p,t)]¢) = 1.

Let M(e,t) = {r € N: p(Ay, — Ays,t) <1 —€ or 9(Ay, — Ays,t) > €}.
Here, it is enough to prove that M (e, t) C K(p,t).
As 1€ M(e.t) — K(p,t) = o(Aye — £,4/2) < 1 por DAy, — £,6/2) > p.

1—e> @(Ayr — Ays, t) > p(Ayr — €,1/2) ® p(Ays — §,t/2)
>(1-p)@(1-p)
>1—c¢

and
e <I(Ay, — Ays, 1) < V(Ayr — £,1/2) © I(Ays — &, 1/2)
<p©p
<€,
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which is not possible. Therefore M (e,t) C K(p,t) and §(M(e, t)) =0, i.e. y = (yr)
is statistically A-Cauchy with respect to (¢, 9).

Conversely, let y = (y,) be statistically A-Cauchy with respect to intuitionistic
fuzzy norm (p, 1) but not statistically A-convergent with respect to (¢,®). Thus for
e>0andt>0,0(K(et)) =0 where

K(e,t) ={r e N: p(Ay, — Aypy,t) <1 —€or YAy, — Ayp,, t) > €}

Choose p >0 such that (1 —p)® (1 —p) >1—cand pOp<e
Now
(Ayr — Ayrg, 1) = o(Ayr — €,1/2) ® o(Ayy, — €,1/2)
> =p)®(1-0p)

>1-—c¢

and
79(Ayr - Ayroy t) < 79(Ayr - 67 t/2) © ﬁ(Aer - 57 t/2)

<pO©p

< €.
Since y = (y,) is not statistically A-convergent. Therefore, §([K (e, t)]¢) = 0, i.e.
d(K(e,t)) =1, which is a contradiction as y = (y,) is not statistically A-Cauchy.
Hence, y = (y,) is statistically A-convergent with respect to (@, ). O
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