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Abstract. In this article we consider the class of non-degenerate real planar cubic
vector fields, which possess two real and two complex distinct infinite singularities
and invariant straight lines, including the line at infinity, of total multiplicity 7. In
addition, the systems from this class possess configurations of the type (3,3). We
prove that there are exactly 16 distinct configurations of invariant straight lines for
this class and present corresponding examples for the realization of each one of the
detected configurations.
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1 Introduction and the statement of the Main Theorem

We consider here real polynomial differential systems

dx dy
i A 1
=Py, = =0Qy), (1)
where P, @) are polynomials in z, y with real coefficients, i.e. P, Q € R[x,y]. We
call degree of a system (1) max(deg(P),deg(Q)). A cubic system (1) is of degree
three.

Let

0 0

be the polynomial vector field corresponding to a system (1).

An algebraic curve f(z,y) = 0 with f(z,y) € C[z,y] is an invariant curve of a
system of the form (1) where P(z,y),Q(x,y) € Clz,y] if and only if there exists
K|[z,y] € C[z,y] such that

of 0

X(f) = Ple) 5 + Q)5 = oK (e.y)

is an identity in C[z,y|. Since R C C, any system (1) over R generates a system of
differential equations over C.
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Using the embedding C? « Py(C), (z,y) — [z :y: 1] =[X:Y : Z], (z =
X/Z,y=Y/Z and Z # 0), we can compactify the differential equation Q(x,y)dy —
P(x,y)dx = 0 to an associated differential equation over the complex projective
plane. In fact the theory of Darboux in [13] is done for differential equations on the
complex projective plane.

We compactify the space of all the polynomial differential systems (1) of degree
n on SV~ with N = (n+1)(n+2) by multiplying the coefficients of each systems by
1/(2(&% + b?j))l/z, where a;; and b;; are the coefficients of the polynomials P(x,y)
and Q(z,y), respectively.

Definition 1 (see [29]). (1) We say that an invariant curve £ : f(z,y) = 0,
f € Clz,y] for a polynomial system (S) of degree n has multiplicity m if there exists
a sequence of real polynomial systems (S;) of degree n converging to (S) in the
topology of SV =1, N = (n +1)(n + 2), such that each (Sj) has m distinct invariant
curves Ly k¢ fir(z,y) =0,..., Lot fp(z,y) = 0 over C, deg(f) = deg(fix) =1,
converging to £ as k — oo, in the topology of Pr_1(C), with R = (r + 1)(r 4+ 2)/2
and this does not occur for m + 1.

(2) We say that the line at infinity Lo, : Z = 0 of a polynomial system (S) of
degree n has multiplicity m if there exists a sequence of real polynomial systems
(Sk) of degree n converging to (S) in the topology of S¥~!, N = (n+1)(n+2), such
that each (Sj) has m — 1 distinct invariant lines Ly : fir(z,y) =0,..., L1k ¢
fm—1k(x,y) = 0 over C, converging to the line at infinity L as k — oo, in the
topology of P»(C) and this does not occur for m.

In this work we consider a particular case of invariant algebraic curves, namely
the invariant straight lines of systems (1). A straight line over C is the locus {(x,y) €
C?|f(x,y) = 0} of an equation f(z,y) = uxr + vy +w = 0 with (u,v) # (0,0) and
(u,v,w) € C3. We note that by multiplying the equation by a non-zero complex
number A, the locus of the equation does not change. So that we have a bijection
between the lines in C? and the points in Po(C)\{[0: 0 : 1]}. This bijection induces
a topology on the set of lines in C2? from the topology of Po(C) and hence we can
talk about a sequence of lines convergent to a line in C2.

For an invariant line f(z,y) = uz + vy + w = 0 we denote & = (u,v,w) € C>
and by [a] = [u : v : w] the corresponding point in P(C). We say that a sequence of
straight lines f;(z,y) = 0 converges to a straight line f(x,y) = 0 if and only if the
sequence of points [a;] converges to [a] = [u: v : w] in the topology of Py(C).

In view of the above definition of an invariant algebraic curve of a system (1), a
line f(x,y) = ux + vy +w = 0 over C is an invariant line if and only if there exists
K(z,y) € Clx,y] which satisfies the following identity in C[z,y]:

X(f) = uP(z,y) +vQ(x,y) = (ur + vy + w)K (z,y).

We point out that if we have an invariant line f(x,y) = 0 over C it could happen
that multiplying the equation by a number A € C* = C\ {0}, the coefficients of the
new equation become real, i.e. (u)\, v\, w)) € R3. In this case, along with the line
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f(x,y) = 0 sitting in C? we also have an associated real line, sitting in R? defined
by A\f(z,y) = 0.

Note that, since a system (1) is with real coefficients, if its associated complex
system has a complex invariant straight line ux + vy + w = 0, then its conjugate
complex invariant straight line @x 4+ vy + w = 0 is also invariant.

A line in Py(C) is the locus in Py(C) of an equation F'(X,Y, Z) = uX+ovY+wZ =
0 where (u,v,w) € C3 and F(X,Y,Z) € C[X,Y, Z]. Theline Z = 0 in Py(C) is called
the line at infinity of the affine plane C?. This line is an invariant manifold of the
complex differential equation on Py(C). Clearly the lines in Po(C) are in a one-to-one
correspondence with points [u : v : w] € P2(C) and thus we have a topology on the
set of lines in Py(C). We can thus talk about a sequence of lines in P2(C) convergent
to a line in Py(C).

To a line f(x,y) = ux + vy +w = 0, (u,v) # (0,0), f € C[z,y], we associate

its projective completion F'(X,Y,Z) = uX + vY + wZ = 0 under the embedding
C? — Py(C), (z,y) — [z :y: 1] = [X,Y, Z] indicated above.
We first remark that in the above definition we made an abuse of language. Indeed,
we talk about complex invariant lines of real systems. However we already said that
to a real system one can associate a complex system and to a differential equation
Q(z,y)dy — P(x,y)dx = 0 corresponds a differential equation in Py(C).

We remark that the above definition is a particular case of the definition of
geometric multiplicity given in [12], and namely the ”strong geometric multiplicity”
with the restriction that the corresponding perturbations are cubic systems.

The set CS of cubic differential systems depends on 20 parameters and for this
reason people began by studying particular subclasses of CS. Some of these sub-
classes are on cubic systems having invariant straight lines.

We mention here some papers on polynomial differential systems possessing in-
variant straight lines. For cubic systems see [4,5,7-11,18,20-22,26,35,36] and [27].

The existence of sufficiently many invariant straight lines of planar polynomial
systems could be used for proving the integrability of such systems. During the past
15 years several articles were published on this theme (see for example [30,31]).

According to [1], for a non-degenerate polynomial differential system of degree
m, the maximum number of invariant straight lines including the line at infinity
and taking into account their multiplicities is 3m. This bound is always reached
(see [12]).

In particular, the maximum number of the invariant straight lines (including the
line at infinity Z = 0) for cubic systems with a finite number of infinite singularities
is 9. In [20] the authors classified all cubic systems possessing the maximum number
of invariant straight lines taking into account their multiplicities according to their
configurations of invariant lines. The notion of configuration of invariant lines for a
polynomial differential system was first introduced in [29].

Definition 2 (see[32]). Consider a real planar polynomial differential system (1).
We call configuration of invariant straight lines of this system, the set of (complex)
invariant straight lines (which may have real coefficients), including the line at in-
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finity, of the system, each endowed with its own multiplicity and together with all
the real singular points of this system located on these invariant straight lines, each
one endowed with its own multiplicity.

In [20] the authors used a weaker notion, not taking into account the multiplicities
of real singularities. They detected 23 such configurations. Moreover, in [20] the
necessary and sufficient conditions for the realization of each one of 23 configurations
detected, are determined using invariant polynomials with respect to the action of the
group of affine transformations (Aff(2,R)) and time rescaling (i.e. Aff(2,R)xR*)).
In [4] the author detected another class of cubic systems whose configuration of
invariant lines was not detected in [20].

If two polynomial systems are equivalent under the action of the affine group and
time rescaling, clearly they must have the same kinds of configurations of invariant
lines. But it could happen that two distinct polynomial systems which are non-
equivalent modulo the action of the affine group and time rescaling have “the same
kind of configurations” of straight lines. We need to say when two configurations
are considered equivalent.

Definition 3 (see [6]). Suppose we have two cubic systems (5), (S’) both with a
finite number of singularities, finite and infinite, a finite set of invariant straight lines
Li: fi(z,y) =0,i=1,...,k, of (S) (respectively L} : fl(x,y) =0,i=1,...,k, of
(S)). We say that the two configurations C,C” of invariant lines, including the line
at infinity, of these systems are equivalent if there is a one-to-one correspondence ¢
between the lines of C' and C” such that:

(i) ¢ sends an affine line (real or complex) to an affine line and the line at
infinity to the line at infinity conserving the multiplicities of the lines and also sends
an invariant line with coefficients in R to an invariant line with coeflicients in R;

(ii) for each line £ : f(z,y) = 0 we have a one-to-one correspondence between
the real singular points on £ and the real singular points on ¢(L£) conserving their
multiplicities and their order on these lines;

(iii) we have a one-to-one correspondence ¢, between the real singular points
at infinity on the (real) lines at infinity of (S) and (S’) such that when we list in a
counter-clockwise wise sense the real singular points at infinity on (5) starting from
a point p on the Poincaré disk, p; = p,...,pi, ¢oo preserves the multiplicities of the
singular points and preserves or reverses the orientation;

(iv) consider the total curves

F]FXy,zymzm =07 [[ Fj(X,Y,2)"Z™ =0

where F;(X,Y,Z) = 0 (respectively F/(X,Y,Z) = 0) are the projective completions
of, L; (respectively L)) and m;, m} are the multiplicities of the curves F; =0, F] =0
and m,m’ are respectively the multiplicities of Z = 0 in the first and in the second
system. Then, there is a one-to-one correspondence ) between the real singularities
of the curves F and F’ conserving their multiplicities as singular points of the total
curves.
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Remark 1. In order to describe the various kinds of multiplicity for infinite singu-
lar points we use the concepts and notations introduced in [29]. Thus we denote
by “(a,b)” the maximum number a (respectively b) of infinite (respectively finite)
singularities which can be obtained by perturbation of a multiple infinite singular
point.

The configurations of invariant straight lines which were detected for some fam-
ilies of systems (1), were instrumental for determining the phase portraits of those
families. For example, in [30,31] it was proved that we have a total of 57 distinct
configurations of invariant lines for quadratic systems with invariant lines of total
multiplicity greater than or equal to 4. These 57 configurations lead to the exis-
tence of 135 topologically distinct phase portraits. In [26,27,35,36] it was proved
that cubic systems with invariant lines of total parallel multiplicity six or seven (the
notion of ”parallel multiplicity” could be found in [36]) have 113 topologically dis-
tinct phase portraits. This was done by using the various possible configurations of
invariant lines of these systems.

Definition 4. Suppose a cubic system (1) possesses 7 invariant straight lines, in-
cluding the line at infinity and taking into consideration their multiplicity. We say
that these lines form a configuration of type (3,3) if there exists two triplets of
parallel lines, every set with different slope.

Notation 1. We shall denote by CSL%?T”%C)OO the class of cubic systems which have
two real and two complex distinct infinite singularities and possess configurations of
invariant straight lines of the type (3,3).

Our main result is the following one.

Main Theorem. The class CSL%;;%C)OO has a total of 16 non-equivalent configu-
rations of invariant lines Config. 7.1a—Config. 7.16a (see Figure 1). We prove
that each one of these configurations is realizable within CSL%;;’Q;)OO by constructing
examples for each one of the configurations Config. 7.1a—Config. 7.16a.

Notation 2. We give here the directions as how to read the pictures representing
the configurations. An invariant line with multiplicity k > 1 will appear in a config-
uration in bold face and will have next to it the number k. Real invariant straight
lines are represented by continuous lines, whereas complex invariant straight lines
are represented by dashed lines. The multiplicities of the real singular points of the
system located on the invariant lines, will be indicated next to the singular points.
The mazimum number of parallel invariant straight lines will be shown to be three.
Whenever we have three parallel line, clearly at least for one of these will be real.
Due to an affine transformation we can assume this line to be x = 0 and after this
transformation the system will be of the form.:

i:x(a1+2a2$+a3x2)7 y:Q(a7$ay)

Here Q(z,y) = aoo + ar0z + any + ax? + 2a112y + apey® + azoz® + 3azz’y +
3a122y? + ap3y® and @ = (ago, @10, ---, ao3). If two invariant lines of the triplet are



84 CRISTINA BUJAC

O]
@

@

(S (€]

1
@ o

Config. 7.1a Config. 7.2a Config. 7.5a Config. 7.4a
) o
G @ ® &
7\
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Figure 1. Configurations of the type (3,3) for cubic systems with 2 real and
2 complex infinite singularities
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complex, then the condition b*> — ac < 0 must hold. This implies that ¢ # 0 and due
to time rescaling we may assume ¢ = 1. Setting b*> — a = —u? (a = b2+ u2) we
obtain the system
i = z[(x + b)* + u?,
y= Q(av xz, y)
which has the triplet of invariant lines: x =0, x = —b+iu, = —b — iu. In case
b # 0 we place both complex invariant lines on one side of the real line. If b= 0 we
make the convention to place this line between the two complex lines.

(2)

2 Preliminaries

Consider real cubic systems, i.e. systems of the form:

& =po+pi(zr,y) +p2(z,y) + p3(z,y) = Pla,z,y),

J = do+ a1l ) + m(e.y) + e, y) = Qla,2,y) ®)

with variables  and y and real coefficients. The polynomials p; and ¢; (i = 0,1,2,3)
are homogeneous polynomials of degree ¢ in x and y:

po =aoo, p3(z,y) = asa® + 3az12’y + 3arzzy” + agsy’,
pi(,y) = awz + aory,  pa(x,y) = agx® + 2a112y + agy’,
Q@ =boo, q3(x,y) = bsox® + 3ba1x’y + b1y + bosgy®,

@ (z,y) =biox +bory,  qa(x,y) = baox® + 2by1ay + booy?.

Let a = (ago, @10, ao1, - - - , @03, boo, b10, bo1, - - - , bos) be the 20-tuple of the coefficients
of systems (3) and denote R[a, , y] = R[ago, @10, ao1, - - - , @03, boo, b10, bot, - - - , boz, z, y].

It is known that on the set of polynomial systems (1), in particular on the set
CS of all cubic differential systems (3), acts the group Aff(2,R) of affine trans-
formations on the plane [32]. For every subgroup G C Aff(2,R) we have an in-
duced action of G on CS. We can identify the set CS of systems (3) with a subset
of R¥ via the map CS— R?’ which associates to each system (3) the 20-tuple
a = (aoo, aio, apts, - - -, Qap3, b(]o, blO, b(]l, ey b03) of its coefficients.

Let us consider the polynomials

Oi(a7$ay) = ypi(aaxay) - $Qi(a7$ay) € R[a,aj,y], i = 07 172737

0
(a,x,y) + _qi(a>aj>y) € R[a>$>y]7 1= 17273'

Di(a7$ay) = ay

9.,
axpl

Let us apply a translation =z = ~:17’ + 29, y = y + yo to the polynomials
P(a,z,y) and Q(a,x,y). We obtain P(a(a,zo,y0),2’,y") = P(a, 2’ + z0,y" + o),

Q(a(a,zg,y0), 2", y") = Q(a, 2’ + x0,y + yo). We construct the following polynomials

Qi(aa o, y(]) = Res x’ (OZ (d(a> o, y0)7 33‘/, y/) ) CO (d(a, o, y0)7 33‘/, Z/)) /(y/)i+17

Qi(aax07y0) S R[aax07y0]7 (Z = 17273)
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and we denote
g~i(CL7 T, y) = Qi(aa X, yO)’{mO:L Yo=Yy} € R[CL, z, y] (Z = 17 27 3)
Notation 3. Let Gi(a,X,Y,Z) (i = 1,2,3) be the homogenization of C;,-(a,a:,y), i.e

Gi(a,X,Y,Z) = 728G\ (a, X/Z,Y ] Z),
Go(a, XY, Z) = Z1°Gy(a, X/ 2,Y | Z),
Gs(a, X,Y,Z) = Z2'2G3(a, X/ 2,Y | Z),

and M0, X,Y,Z) = ged (G1(a,X,Y,2), G, X,Y,Z), Gs(a,X,Y,2)) in
Rla, X, Y, Z].

The geometrical meaning of these affine comitants is given by the two following
lemmas (see [20]):

Lemma 1. The straight line L(z,y) = ux + vy +w = 0, u,v,w € C, (u,v) # (0,0)
is an invariant line for a cubic system (3) if and only if the polynomial E(x y) is a
common factor of the polynomials Gi(z,y), Go(z,y) and Gs(z,y) over C, i.e.

Gi(z,y) = (uz +vy +w)Wi(z,y) (i=123),
where W;(z,y) € Clz, ).

Lemma 2. Consider a cubic system (3) and let a € R?° be its 20-tuple of coeffi-
crents.

1) If L(z,y) = ur +vy+w =0, u,v,w € C, (u,v) # (0,0) is an invariant
straight line of multiplicity k for a system (3) then [L(x,y)]* | ged(G1,G2,G3) in
Clz,y], i.e. there exist Wi(a,z,y) € Clz,y] (i = 1,2,3) such that

g~i(a’7x7y) = (ux +oy + w)kWi(aaxay)7 1=1,2,3.

2) If the line loo : Z = 0 is of multiplicity k > 1 then ZF~' | gcd(G1, G2, G3), i.e. we
have Z¥='| H(a, X,Y, 7).

Consider the differential operator £ = z-Lg —y-L; constructed in [3] and acting
on Ra, z,y], where

L, =3a i—i—2a ? +a ? 1a i—kga ? +a ? +
1 =3a00 5, 9500 T 5, 025, 305~ 20 Gam
8 0 0 0 0 0
3boo —— Db1g + 2b1g—— Db + bgp —— Db1 + bog Db1 + bllab + bogg—— 8()30
Ly =3a i—i—2a i—ka ? 1 9 +ga 8 + a ? +
2 — 008 ao1 01 da ao2 105 da a1l a0 — 8(121 3 11 8(112 02 8(1(]3
0 0 0 0 0
3boo =—— Doy + 2bp1 —— Dboy + bijo=—— b1 + bgo Dby + bllab + bgg—— 8[)03
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Using this operator and the affine invariant pg = Resultant, (pg(a, x,y),qs3(a,z, y)) /y°

we construct the following polynomials
0 :
Mi(avxay) = J‘C (MO)v = 17">97

where £ (o) = L(LED (ug)) and £ (19) = po.

These polynomials are in fact comitants of systems (3) with respect to the group
GL(2,R) (see [3]). The polynomial u;(a,z,y), i € {0,1,...,9} is homogeneous
of degree 6 in the coefficients of systems (3) and homogeneous of degree i in the
variables x and y. The geometrical meaning of these polynomials is revealed in the
next lemma.

Lemma 3 (see [2,3]). Assume that a cubic system (S) with coefficients a € R?
belongs to the family (3). Then:
(i) The total multiplicity of all finite singularities of this system equals 9 — k if
and only if for every i € {0,1,...,k — 1} we have p;(a,z,y) = 0 in the ring Rlz,y]
k

and pg(a,x,y) # 0. In this case the factorization pg(a,x,y) = H(u,m —vy) #0
i=1
over C indicates the coordinates [v; : u; : 0] of singularities at infinity which in
perturbations generate finite singularities of the system (S). Moreover the number
of distinct factors in this factorization is less than or equal to four (the mazimum
number of infinite singularities of a cubic system) and the multiplicity of each one
of the factors u;x — v;y gives us the number of the finite singularities of the system
(S) which have coalesced with the infinite singular point [v; : u; : 0].

(i) The point My(0,0) is a singular point of multiplicity k (1 < k < 9) for
the cubic system (S) if and only if for every i such that 0 < i < k — 1 we have
po—i(a,z,y) =0 in Rlz,y] and pg_r(a,z,y) # 0.

(iii) The system (S) is degenerate (i.e. ged(p,q) # const) if and only if
wi(a,z,y) =0 in Rlx,y] for everyi=0,1,...,9.

In order to determine the degree of the common factor of the polynomials
gi(a,w,y) for i = 1,2,3, we shall use the notion of the k" subresultant of two
polynomials with respect to a given indeterminate (see for instance, [17],[23]).

The geometrical meaning of the subresultants is based on the following lemma.

Lemma 4 (see [17,23]). Polynomials f(z) and g(z) have precisely k roots in com-
mon (considering their multiplicities) if and only if the following conditions hold:

RO(f,9) = RV(f,9) = RO (f,9) = - = REV(f,9) = 0# RP(f,9).

For the polynomials in more than one variables it is easy to deduce from Lemma
4 the following result.
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Lemma 5. Two polynomials f(x1,x2,...,xn) and §(z1, s, ..., x,) have a common
factor of degree k with respect to the variable x; if and only if the following conditions
are satisfied:

RO(f,5) = RU(f,9) = RO(f,5) = - = REI(F,9) = 0 # RE(f,9),
where Rg(f])(f, 9) =01 Rlzy,...2j-1,Tj41,..., %)

In articles [5,7-10, 20] several lemmas are proved concerning the number of
triplets and /or couples of parallel invariant straight lines which a cubic system could
have. Taking together these lemmas produce the following theorem.

Theorem 1. If a cubic system (3) possesses a given number of triplets or/and
couples of invariant parallel lines real or/and complex, then the following conditions
are satisfied, respectively:

(i)  two triplets = Vi=Vo=U1=0;
(i)  one triplet and one couple = Vy=V;=Uy =0;
(iii) one triplet = Vy=Uy=0;
(iv) 3 couples = V3=0;

(v) 2 couples = V;=0.

Remark 2. The above conditions depend only on the coefficients of the cubic homo-
geneous parts of the systems (3).

As the mentioned above systems have invariant lines of total multiplicity 7 (where
the line at infinity is considered), they could only have one of the following four
possible types of configurations of invariant lines:

(i) T=(3,3); (i) T=(3,1,1,1); (iii) T=(2,2,2); (iv) T=(2,2,1,1).

In this article we consider only systems possessing configurations of the type (3, 3)
and in this case, according to the above theorem, the condition V; = Vo =U; =0
is necessary. The polynomials V;, Vs, U4 are constructed in the following way:

Vi(a,z,y) =Sa3 +2D3, Wa(a,z,y) = Sas, Ui(a) = T3 — 4T3,
where
Sia = (Ca, C) P, S5 = (Cy, Do)V, Sy = (Co, C3) V| 817 = (Cy, C3)P

Sig = (Co, D3)V | Sog = (Co, D3)?,  Soy = (D2, C3) V), Sgp = (Do, D3)V
Soz = (C3,C3)@ | Sos = (C3,D3)P | D3 = (Saz, S23)® — 6C3 (Cs, Sa3) ™,
Ty = S51/18, Ty = Sos5/6, Ts1 = (Ts,C3)? /24, Ty = (T, C5)? /12,

Ty = [5D2(D32 + 27T5 — 18T}) + 20D5519 + 12 (S16, Ds) V) — 8D3847]/5/2° /33,
Ty = [9D; (975 — 18Ty — D3) + 2D, (D2 D3 — 3517 — Syg — 9551) + 18 (815, C3) M) —
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—602(2520 — 3522) + 18C71 .59 + 2D3514]/24/33.

Here S,,, m = 1,...,27 which are constructed by C; and D; are the comitants
of second degree with respect to the coefficients of the initial systems, whereas
Tn, n=1,...,142 are T-comitants of cubic systems (3) (see [29] for the definition
of a T-comitant). We note that these invariant polynomials are the elements of the
polynomial basis of T'—comitants up to degree six constructed by Iu.Calin.

We rewrite the systems (3) using different coefficients:

&= a+cx+dy + g + 2hay + ky? + pa® + 3qxy + 3ray? + sy = P(x,y),
§=b+ex + fy+ 1z? + 2may + ny? + tod + 3uzy + 3vzy® + wy® = Q(x,y).

Let L(xz,y) = Uz + Vy+ W = 0 be an invariant straight line of this family of
cubic systems. Then, we have

UP(z,y) + VQ(x,y) = (Uz + Vy + W)(Az? + 2Bxy + Cy* + Dz + Ey + F),

and this identity provides the following 10 relations:

Eq=p-AU+tV =0, Eg¢ = (2h—E)U+(2m—D)V —2BW =0,
Egs= (3¢ —2B)U + (3u— A)\V =0, Eqy=kU + (n— E)V — CW =0,
Eq=Br—C)U+ (3v—2B)V =0, Eqs=(c—F)U+¢eV —-DW =0
Eq=(s—C)U+Vw=0, EQQ:dU+(f—F)V—EW:0,
Egs=(g—D)U+IV —AW =0,  Eqo=aU +bV — FW = 0.

(5)
It is well known that the infinite singularities (real or complex) of systems (4)
are determined by the linear factors of the polynomial

Cs = yp3(x,y) — zq3(x, ).

Remark 3. Let C3 = HZ (oiz + Biy), i = 1,2,3,4. Since infinite singularities of
systems (4) are located at the "ends” of the lines a;z + (;y = 0, the invariant affine
lines must be Ux+Vy+ W =0, where U = «; and V = ;. In this case, considering
W as a fixed parameter, six equations among (5) become linear with respect to
the parameters {4, B,C, D, E, F} (with the corresponding non-zero determinant)
and we can determine their values, which annihilate some of the equations (5). So
in what follows we will examine only the non-zero equations containing the last
parameter W.

For the proof of the Main Theorem it is useful to consider the following homo-
geneous cubic systems associated to systems (4):

:Elng(l‘,y), y'ng(x,y)- (6)

Clearly in the case of two real and two complex distinct infinite singularities
the polynomial C5(z,y) has two real and two complex distinct linear factors. The
following remark concerning the associated homogeneous cubic systems (6) is useful.
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Remark 4. Assume that a cubic system (4) possesses invariant lines of total multi-
plicity three (respectively two) in a real direction. Then the corresponding associated
homogeneous cubic system (4) has one invariant line of total multiplicity at least
three (respectively two) in the same direction.

Indeed, if a system (4) possesses a triplet of parallel invariant lines (distinct or
coinciding) in a real direction then via an affine transformation this system could
be brought to the form

i=z[(z+0)?+ul, ¥=Q(azy).

It is clear that if u < 0 (respectively u > 0) then we have three real (respectively

one real and two complex) all distinct invariant lines. In the case u = 0 we either

have one simple and one double invariant lines if b # 0, or one triple invariant line

if b = 0. It remains to observe that in all four cases the corresponding associated

homogeneous cubic systems possess the invariant line x = 0 of total multiplicity at

least three. The case of a couple of parallel invariant lines can be examined similarly.
According to [20] (see also [25]) we have the following result.

Lemma 6. Assume that a cubic system (4) has 2 real and 2 complex all distinct
infinite singularities. Then its associated homogeneous cubic systems (6) could be
brought via a linear transformation to the canonical form

2= (u 2 + (s + )2y + roy? = x(sx 2 + 92
(51){ (u+ 1)z’ + (s +v)a’y +ray?,  C3 = (s +y)(2? +y°), 1)

Y = —sx3 +ur’y +vry? + (r — 1)y,

3 Systems with the configuration of the type (3,3). The proof of
the Main Theorem

Considering Lemma 6 systems possessing two real and two complex infinite sin-
gularities via a linear transformation could be brought to the family of systems

i =a+ cx+ dy + gz + 2hxy + ky? + (u + 1)z + (s + v)z’y + roy?,

§ =b+ex+ fy+ 12 + 2mzy + ny? — sz® + uxy + vey® + (r — 1)y° ®)
with C3 = z(sz + y)(2? + y?).

Since we have two triplets of parallel invariant lines, according to Theorem 1 the
conditions V; = Vo = U; = 0 are necessary for systems (8). In [20, Section 6.1]
it was proved that in this case via a linear transformation and time rescaling the
homogeneous cubic systems associated to systems (8) could be brought either to the
system

or to the system
=% —3xy?, y=32%y—1° (10)

So we examine each one of these two possibilities.
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3.1 Systems with the associated homogeneous cubic system (9)

Then applying a translation we may assume g = n = 0 in the quadratic parts
of systems (8) with the cubic homogeneities (z3, —y3). In such a way we get the
family of systems

& =a+ cx+dy + 2hay + ky® + 22,

11
§=b4ex + fy+ la* 4 2may — >, (1)

for which we have C3(z,y) = zy(z? + y?).

In order to find out the directions of two triplets, according to Remark 4, we
determine the multiplicity of the invariant lines of system (9). For this system we
calculate (see the definition of the polynomial H(X,Y, Z) on page 86, Notation 3):

H(X,Y,Z) = ged(G1, G2, Gs) = 3X°Y?(X* +Y?). (12)

So system (9) possesses two triple invariant lines x = 0 and y = 0 and by Remark 4,
systems (11) could have triplets of parallel invariant lines only in these two directions.

(i) The direction x = 0. Considering (5) and Remark 3 we obtain
Eq; =k, Eqo=d—2hW, Eqqo=a—cW —W3

and obviously we can have a triplet of parallel invariant lines (which could coincide)
in the direction z = 0 if and only if k =d = h = 0.

(ii) The direction y = 0. In this case we have
Eqs =1, Eqs=e—2mW, Eqqo=0b— fW —W?

and again we conclude that for the existence of a triplet of parallel invariant lines
for systems (11) the conditions e = [ = m = 0 have to be satisfied.
Thus we arrive at the family of systems

i=a+cr+a®, g=b+fy—y° (13)
which possess the invariant lines defined by the equations
B rex+a=0 —y*+fy+b=0.

We observe that the number of distinct invariant lines and their types (real
and/or complex) depend on the discriminants of the cubic polynomials 3 + cz + a
and —y3 + fy+ b, i.e.

& = —(27a + 4c%), & = —(2T0* — 4f?),

respectively. Moreover, we observe that the polynomial 2% + cx + a (respectively
—y% + fy +b) has a triple root if and only if vy = a? + ¢ = 0 (respectively vp =
b’ + f2=0).
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Remark 5. We remark that for systems (13) we could not have simultaneously v =
vo = 0, otherwise we get the homogeneous cubic system @ = 23, § = —y> which
possesses invariant lines of total multiplicity nine (see the value (12) of H(X,Y, Z)
for homogeneous system (9)).

In what follows we examine the possibilities provided by the discriminants &;
and &s.

1) The case £&1&2 > 0 and & + & > 0. Then each one of the mentioned cubic
polynomials factorizes in three distinct real factors, i.e. we get the systems

t=(r—a)(z—p)(x—0), §=(—o)(y— L) —y), (14)
where «;, 5;,0; € R, i = 1,2. As all the lines are distinct then via the transformation

(z,y,t) = (o1 — (o1 — B1)x, a2 — (a1 — 1)y, t/(ar — B1)?) (15)
we arrive at the following 3-parameter family of systems

t=xx—1)(z—a), §=yly—-0blc—-y), ala+)bc(b-c)#0, (16)

g — ag — O

, b= 2= 2 and ¢ = —2— "2 These systems possess 9
. o= fr a1 =B .

finite real singularities which are located at the intersections of these two triplets of

invariant straight lines. As a result we get Config. 7. 1a.

2) The case £1&2 > 0 and & + &2 < 0. Then in each one of the directions x = 0
and y = 0 systems (13) possess one real and two complex invariant lines. After the
translation of the origin of coordinates at the intersections of the real invariant lines
we arrive at the systems

where a =

i =x(x?+ 261+ 01), §=—y(y* + 28y + ),

where 32 — 1 < 0 and 82 — d2 < 0. So we can set 7 — 6 = —u? # 0 and
33 — 82 = —v? # 0 respectively, the above systems become

i=az[u’+ (x+6)°], v=—y[v’+y+05)]

Since u # 0 then we may assume u = 1 due to the rescaling (z,y,t) — (ux, uy, t/u?)
and we get the following 3-parameter family of systems

g=z[(x+a)?+1], §=—y[y+b)>+], c#£0. (17)

These systems possess 1 real and 8 complex finite singularities which are located at
the intersections of these two triplets of invariant lines (real and complex).

As a result, considering Notation 2 we get Config. 7.2a if ab # 0, Config. 7.3a
if ab=0 and a4+ b # 0 and Config. 7.4a if a =0=05.
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3) The case &1& < 0. Without loss of generality we may assume & > 0 and
& < 0 due to the change (z,y,t,a,b,¢c, ) — (—y,—x,—t,b,a,—f, —c) which con-
serves systems (13). Then we have the following factorization of the right hand sides
of these systems

i=(z—a)(z—B)(x—6&) U=/ (a—y)(y*+26y+d), (18)

where oy, 3;,6; € R, i = 1,2 and 2 — 62 < 0. So we can set 32 — dy = —u? # 0
and then applying the transformation (15) we get the following 3-parameter family
of systems

i=z(x—1)(z—a), §=-y[ly+b*+c*], ala—1)c#0. (19)

These systems possess 3 real and 6 complex finite singularities which are located at
the intersections of these two triplets of invariant lines (real and complex).

So considering Notation 2 we get Config. 7.5a if b # 0 and Config. 7.6a if
b=0.

4) The case £&1€2 =0, & + & > 0, v1ve # 0. As it was mentioned earlier due to
the change (z,y,t,a,b,¢, f) — (—y,—x,—t,b,a,—f, —c) (which conserves systems
(13)) we may assume & = 0 and & > 0 (in this case the condition 7 # 0 holds).
Following the same arguments as before, systems (13) can be written in the form (14)
with 81 = a1 # 91. Then applying the transformation (15) in which we substitute
0B1 by a1 # 01 we arrive at the following 2-parameter family of systems

g=a*(x—1), §=yly—b)y—c), be(b—c)#0. (20)

These systems possess three double real singularities (located at the intersections of
the double invariant line z = 0 with three simple ones) and 3 simple real singularities,
located at the intersections of the simple invariant line x = 1 with the triplet in the
direction y = 0. As a result we obtain Config. 7.7a.

5) The case §&1&2 = 0, & + & < 0, vy # 0. We may assume again & = 0,
€2 < 0 and 11 # 0. In this case we consider systems (18) with 8; = a3 # §; and
following the same steps and applying the corresponding similar transformation we
get the following 2-parameter family of systems

i=2%(z—1), y=y[ly+b?+c?, c#0. (21)

Clearly these systems possess three double singularities (one real and two complex)
on the double line = 0 and three simple singularities (one real and two complex)
located on the simple invariant line z = 1.

So considering Notation 2 we get the configuration of invariant lines given by
Config. 7.8a if b # 0 and Config. 7.9a if b= 0.

6) The case &1 =0, &+ & > 0, vy = 0. As it was mentioned above we may
consider &1 = 0 which implies & > 0. Then 15 # 0 and hence we have 1 = 0. In
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this case we have a triple line in the direction = 0 and after a translation we get
the systems

=1 g=yly—b)y—o)
with bc # 0. Then applying the rescaling (z,y,t) — (cz, cy, t/c?) we force ¢ = 1
and we arrive at the following 1-parameter family of systems

=2, g=yly—1)(y—b), bb—1)#0. (22)

It is easy to determine that these systems possess three real singularities, each one
of multiplicity 3, located on the triple invariant line x = 0. This leads to the
configuration Config. 7.10.

7) The case 162 = 0, & + & < 0, 1o = 0. So similarly as before, we may
consider £ = v; = 0 and & < 0. In this case we have a triple line in the direction
x = 0 and after a translation setting some new parameters (see the second equation
of systems (21)) we get the systems

i=a2 y=y[+ (y+b)?

with ¢ # 0. Then applying the rescaling (z,y,t) — (cx, cy, t/c?) we arrive at the
following 1-parameter family of systems

=12, y=y[l+ (y+b)?. (23)

These systems possess three triple singularities (one real and two complex) located on
the triple invariant line x = 0. Considering Notation 2 this leads to the configuration
Config. 7.11a if b # 0 and Config. 7.12a if b = 0.

8) The case & = & = 0, 11y # 0. Then we have two double real invariant
lines (one in the direction x = 0 and the second in the direction y = 0). Due to
v1v9 # 0 none of them could be triple. So after a translation which moves the origin
of coordinates at the intersection of the double lines we arrive at the systems

=2z —a), y=y(y-"b),

where ab # 0. Then applying the rescaling (z,y,t) — (az, ay, t/a?) we get the
following 1-parameter family of systems

p=a2w—1), §=y2(y—b), bAO. (24)

It is not difficult to determine that these systems possess four distinct real finite
singularities: one of multiplicity four (located at the intersection of the double lines)
two double and one simple. As a result we obtain the configuration Config. 7.13a.

9) The case & = & = 0, vy, = 0. According to Remark 5 the condition
v2 + V2 # 0 is necessary and by the same reasons as above we may assume v; = 0
and v9 # 0. Therefore we have a triple invariant line in the direction x = 0 and a
double one in the direction y = 0. As a result via a translation we get the systems

:'v:a;, y:yz(y—a),
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with a # 0. Then we may assume a = 1 due to the rescaling (z,y,t) — (az, ay, t/a?)
and we arrive at the system

i=2% g=y*y—1). (25)

We observe that this system has only two distinct finite singularities: one of the
multiplicity six and one triple both located on the invariant line x = 0. So we get
Config. 7.14a.

Thus we have proved the following lemma.

Lemma 7. Systems (13) possess one of the configurations Config. 7.1a — 7.14a if
and only if the corresponding conditions are satisfied. Moreover in each one of the
cases these systems could be brought via affine transformations and time rescaling
to the indicated canonical forms, respectively:

Config. 7.1a & £16 >0, 6 +8&& >0 = (16);

Config. 7.2a =  £1& >0,& +& <0,ab#0 = (17) with ab # 0;
Config. 7.30 &  €162>0, & +6& <0,ab=0,a+b#0 = (17) ;“;Zh;fb;%;
Config. T4a <  £1& >0, +&<0,a=0=0 = (17) with a=b=0;
Config. 7.5a <  £& <0,b#0 = (19) with b # 0;
Config. 7.6a < £ <0,b=0 = (19) with b = 0;
Config. 7.70 & §1£6=0,6+& >0, e #0 = (20);

Config. 7.8a < £& =0, +& <0, s #0,b#0 = (21) with b # 0;
Config. 7.9a < &6 =0,& +& <0, e #0,b=0 = (21) with b = 0;
Config. 7.10a < &6 =0,& +& >0, e =0 = (22);

Config. 7.11la < &6 =0, +& <0, e =0,b#0 = (23) with b # 0;
Config. 7120 & &5 =0, +& <0, s =0,b=0 = (23) with b=10;
Config. 7130 & £16=0,8 +& =0, 119 #£0 = (24);

Config. 7.14a < && =0,6+E& =0, e =0 = (25).

3.1.1 Systems with the associated homogeneous cubic system (10)

Then applying a translation we may assume g = n = 0 in the quadratic parts of
systems (8) with the cubic homogeneities 2% — 3zy?, 322y — 3. In such a way we
get the family of systems

i = a+ cx+ dy + 2hay + ky® + 3 — 3zy?,

. ) 2 3 (26)
y=b+ex+ fy+lz*+ 2mxy + 3z°y — y°,
for which we have Cs(x,7y) = —2zy(z? + 3?).

In order to find out the directions of two triplets, according to Remark 4, we
determine the multiplicity of the invariant lines of system (10). For this system we
calculate (see the definition of the polynomial H(X,Y, Z), Notation 3):

H(X,Y,Z) = gcd(G1,G2,G3) = 6XY (X2 +Y?2)3. (27)
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So system (10) possesses two triple invariant lines y = iz and y = —iz and by
Remark 4, systems (26) could have triplets of parallel invariant lines only in these
two complex directions. Therefore we have to examine only these directions and
since the systems are real it is sufficient to consider only one direction.

The direction x + iy = 0. Then U = 1, V =i and considering (5) and Remark

3 we obtain
Eqi=k+2m—i(l+2h), Eq=d+e+i(f—c)—2(l+h+im)W,
Eqio = a+ib— (c+ie)W +ilW? — W3,

So in order to have a triplet of parallel invariant lines in this direction we must force
the equations Fq; = 0 and FEqg = 0 to vanish identically. Since all the parameters
are real we obtain: k = —2m, [ = —2h, d = —e, f = ¢, | = —h, m = 0 which
implies k=l=h=m=0,d= —e and f = c. In this case we arrive at the family

of systems
:i::a+cm—ey+:n3—3xy2,

§=b+ex+cy+ 32y — 1y, (28)
which possess the following two triplets of complex parallel invariant lines:
(x+1iy)® + (c +ie)(x +iy) +a+ib=0, (x—iy)®+ (c—ie)(x —iy) +a—ib=0.
So setting z = x + iy (then z = x — iy) we get two equations

B4 (c+ie)z+a+ib=0, 2+ (c—ie)Z+a—ib=0
with the corresponding discriminants

27b% — 27a% — 4¢3 + 12ce® 4 i(5dab + 12c¢%e — 4e®) = ¢ + iv).

It is clear that we could have a multiple complex invariant line if and only if ¢ =
1 = 0. Moreover this line could be of multiplicity 3 if and only if a=b=c=e=0
however in this case we get homogeneous system (10) which possesses invariant lines
of total multiplicity 9 (see (27)).

On the other hand the equations ¢ = 1) = 0 have real solutions as shows us the

example:
4 /2
a:(),b:_g\/;,c:_l’e:—\/g_

As a result we arrive at the Config. 7.15a if ¢> + > # 0 and at the
Config. 7.16a if ¢ = 1p = 0 (see the above example). It remains to note that

in the canonical systems (28) we may assume b € {0,1} due to a rescaling in the
case b # 0.

Acknowledgment

The author is supported by the project 15.817.02.03F.



CUBIC DIFFERENTIAL SYSTEMS WITH INVARIANT LINES 97

References

1]

2]

8]

[4]

[5]

(6]
[7]

8]

[9]

[10]

[11]

[12]
[13]

[14]
[15]
[16]
[17]

18]

[19]

ARTES J., GRUNBAUM B., LLIBRE J. On the number of invariant straight lines for polynomial
differential systems. Pacific Journal of Mathematics, 1998, 184, 317-327.

BarTac V. A. Algebraic equations with invariant coefficients in qualitative study of the polyno-
mial homogeneous differential systems. Bul. Acad. Stiinte Repub. Mold., Mat., 2003, No. 2(42),
31-46.

BArTtaG V. A., VULPE N. 1. Total multiplicity of all finite critical points of the polynomial
differential system. Planar nonlinear dynamical systems (Delft, 1995). Differ. Equ. Dyn. Syst.,
1997, 5, 455-471.

Bujac C. One new class of cubic systems with maximum number of invariant lines omitted
in the classification of J.Llibre and N.Vulpe. Bul. Acad. Stiinte Repub. Mold., Mat., 2014,
No. 2(75), 102-105.

Bujac C.  One subfamily of cubic systems with invariant lines of total multiplicity eight
and with two distinct real infinite singularities. Bul. Acad. Stiinte Repub. Mold., Mat., 2015,
No. 1(77), 48-86.

Busac C., ScHLoMiuk D., VULPE N. Cubic differential systems with invariant straight
lines of total multiplicity seven and four real distinct infinite singularities, to appear in EJDE.

Bujac C., VULPE N. Cubic differential systems with invariant lines of total multiplicity
eight and with four distinct infinite singularities. J. Math. Anal. Appl., 2015, 423, 1025-1080.

Busac C., VUuLPE N. Cubic systems with invariant straight lines of total multiplicity
eight and with three distinct infinite singularities. Qual. Theory Dyn. Syst., 2015, 14, No. 1,
109-137.

Bujac C., VUuLpe N. C(lassification of cubic differential systems with invariant straight lines
of total multiplicity eight and two distinct infinite singularities. Electron. J. Qual. Theory
Differ. Equ., 2015, No. 60, 1-38.

Bujac C., VULPE N. Cubic Differential Systems with Invariant Straight Lines of Total
Multiplicity FEight possessing One Infinite Singularity. Qual. Theory Dyn. Syst., 2017, 16,
No. 1, 1-30.

Busac C., LuBRE J., VULPE N. First integrals and phase portraits of planar polynomial
differential cubic systems with the maximum number of invariant traight lines. Qual. Theory
Dyn. Syst., 2016, 15, No. 2, 327-348.

CHRISTOPHER C., LLIBRE J., PEREIRA J.V. Multiplicity of invariant algebraic curves in
polynomial vector fields. Pacific Journal of Mathematics, 2007, 329, No. 1, 63-117.

DARBOUX G. Mémoire sur les équations différentielles du premier ordre et du premier degré.
Bulletin de Sciences Mathématiques, 2me série, 2 (1) (1878), 60-96; 123-144; 151-200.

Furron W. Algebraic curves. W. A. Benjamin, Inc., New York, 1969, 226 pp.
GRACE J.H., YOUNG A. The algebra of invariants. New York: Stechert, 1941.
HARTSHORNE R. Albegraic geometry. Graduate Texts in Math., 52, Springer, 1977.

HOUSEHOLDER A. S. Bigradients and the problem of Routh and Hurwitz, STAM Review, 1968,
10, 166-178.

Koow R. Cubic systems with four line invariants, including complex conjugated lines. Math.
Proc. Camb. Phil. Soc., 1995, 118, No. 1, 7-19.

LLIBRE J., SCHLOMIUK D. Geometry of quadratic differential systems with a weak focus of
third order. Canad. J. of Math., 2004, 56, No. 2, 310-343.



98

[20]
[21]
22]
[23]
24]

[25]

[26]
[27]
(28]
[29]

[30]

[31]

32]

[33]

[34]

[35]
[36]

37]

CRISTINA BUJAC

LLiBRE J., VULPE N. Planar cubic polynomial differential systems with the mazimum
number of invariant straight lines. Rocky Mountain J. Math., 2006, 38, 1301-1373.

LyuBiMOvVA R.A. On some differential equation possesses invariant lines, Differential and
integral eequations, Gorky Universitet, 1977, 1, 19-22 (in Russian).

LyuBiMOvA R.A. On some differential equation possesses invariant lines. Differential and
integral equations, Gorky Universitet, 1984, 8, 66-69 (in Russian).

OLVER P.J. Classical Invariant Theory. London Mathematical Society, student texts: 44,
Cambridge University Press, 1999.

PaL J., ScHLOMIUK D. Summing up the dynamics of quadratic Hamiltonian systems with a
center. Canad. J. Math., 1997, 49, No. 3, 583-599.

Pora M. N. The number of comitants that are involved in determining the number of integral
lines of a cubic differential system, Izv. Akad. Nauk Moldav. SSR, Mat., 1990, No. 1(1), 6769
(in Russian).

PUTUNTICA V., SUBA A. The cubic differential system with siz real invariant straight lines
along three directions. Bull. Acad. Stiinte Repub. Moldova, Mat., 2009, No. 2(60), 111-130.

PUTUNTICA V., SUBA A. Classiffcation of the cubic differential systems with seven real
invariant straight lines. ROMAT J., 2009, 5, No. 1, 121-122.

SCHLOMIUK D., PAL J. On the geometry in the neighborhood of infinity of quadratic differ-
ential phase portraits with a weak focus. Qual. Theory Dyn. Syst., 2001, 2, No. 1, 1-43.

ScHLOMIUK D., VULPE N. Planar quadratic differential systems with invariant straight lines
of at least five total multiplicity. Qual. Theory Dyn. Syst., 2004, 5, 135-194.

ScHLOMIUK D., VULPE N. Integrals and phase portraits of planar quadratic differential

systems with invariant lines of at least five total multiplicity. Rocky Mountain Journal of
Mathematics, 2008, 38, No. 6, 1-60

ScHLOMIUK D., VULPE N. Integrals and phase portraits of planar quadratic differential
systems with invariant lines of total multiplicity four. Bull. Acad. Stiinte Repub. Moldova,
Mat., 2008, No. 1(56), 27-83.

ScHLOMIUK D., VULPE N. Global classification of the planar Lotka—Volterra differential
systems according to their configurations of invariant straight lines. Journal of Fixed Point
Theory and Applications, 2010, 8, No. 1, 69 pp.

SCcHLOMIUK D.; VULPE N. Global topological classification of Lotka-Volterra quadratic dif-
ferential systems. Electron. J. Differential Equations, 2012, 64, 1-69.

SIBIRSKII K. S. Introduction to the algebraic theory of invariants of differential equations.
Translated from the Russian. Nonlinear Science: Theory and Applications. Manchester Uni-
versity Press, Manchester, 1988.

SuBA A., REPESCcO V., PUTUNTICA V. Cubic systems with seven invariant straight lines
of configuration (3,3,1). Bull. Acad. Stiinte Repub. Moldova, Mat., 2012, No. 2(69), 81-98.

SUBAA., REPESCO V., PUTUNTICA V. Cubic systems with invariant affine straight lines
of total parallel multiplicity seven. Electron. J. Diff. Eqns., 2013, 2013, No. 274, 1-22.

VULPE N.I. Polynomial bases of comitants of differential systems and their applications in
qualitative theory. Kishinev, “Shtiintsa”, 1986 (in Russian).

CRISTINA BUJAC Received  August 10, 2019
Vladimir Andrunachievici Institute of Mathematics
and Computer Science

E-mail: cristina@bujac.eu



