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governed by critical differential systems s(1,2,3) were obtained.
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1 The Lyapunov series of a critical system s(1,2,3)
We examine the cubic nonlinear differential system s(1,2,3) of the form

i = cx + dy + gz? + 2haxy + ky? + pa® + 3qx’y + 3ray® + sy,
§ = ex + fy+ 2% + 2may + ny® + t2® + 3uzy + 3vzy? + wyd,

(1)

where the coefficients and the phase variables take values from the field of real
numbres R and the center-affine transformations group GL(2,R).

Taking into account the center-affine invariants [1-5], in [6-11] the problems of
stability of unperturbed motion governed by various two-dimensional, ternary and
four-dimensional polynomial differential systems were studied.

In [7] the problem of stability of unperturbed motion governed by critical systems
s(1,2) and s(1,3) which has a zero root of the characteristic equation of system (1)
was solved. After the work [7] appeared, the interest arose to obtain the invariant
conditions of stability of unperturbed motion governed by system s(1,2,3), as such
systems have both theoretical and practical interest. It was shown in [12] and [9]
that any nonlinear two-dimensional polynomial differential system, in particular the
system (1) in the critical case, by center-affine transformations can be brought to
the form

I = g:n2 + 2hxy + k‘y2 + px?’ + 3q:1:2y + 37‘xy2 + sy?’, @)
y = fy +1a® + 2may + ny® + ta® + 3uxy + 3vzy® + wy?,

where f # 0.
According to [12], we analyze the noncritical equation

fy+ 12 + 2may + ny® + tz® + 3uxy + 3vzy® + wy® = 0.
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Then from the last relation we express y and obtain

U v w
Yy=—=x" —2—zy — <y — ?E - 3fx2y - 3fxy2 - 71/3.

We seek y as a holomorphic function of . Then we can write

y = Boa? + Bsaz® 4 Byx* 4+ Bsa® + Bex® + Bra” + Bga® + Boa®+

4
B0z + B!l + Bioz'? + Bysz'® + Bzt + Bisz'® + - (4)

Substituting (4) into (3) we have

Box? + Bsx® + Byat + Bsa® + Bea® + Brx” + Bga® 4+ Box®+
+BIO$10 + Blll‘n + 312$12 + Blg$13 + 3143}14 + 3153315 + =
l
—fx2 - 2%x (Bg$2 + Bsz® + Byz* + Bsa® 4+ Bga® + Bra” + Bga®+
—|-ng9 + Bloxlo + Bllxll + B12x12 + B13x13 + 3141'14 + Bl5a:15 + .- ) —
n
f
2t
+Blox10 + Bllxll + Blgxm + Blgxlg + 3141’14 + 3151’15 + - > - ?1'3—

—3%x2 <ng2 + Bsa® + Bya* + Bsa® + Bgaz® + Brz” 4+ Bga® + Boa®+

<B2x2 + Bsa® + Byx* + Bsa® + Bga® + Brz” 4+ Bga® + Boa®+

+B103§‘10 + Blll‘ll + 312$12 + Blg$13 + 3143)14 + 3153315 4+ .- > _

—S%m (ng2 + Bsa® + Bya* + Bsa® + Bga® + Brz” 4+ Bga® + Box®+

2
+Biz'” + Bna'! + Bipa' 4+ Bigz'? + Blya' 4+ Bisaz® + - > -

w

7 <ng2 + B33 + Byz* + Bsa® + Bgx® + Bra” + Bsa® + Box®+
3

+B107' + Bria'! + Bipa' + Bigz'® + Buya' + Bisa'® + - ) :

This implies that

B2I2 + BgIB + B4$4 —|— B5$5 —|— BG.IG + B7I7 + BgIg + ngg —|— B10I10 —|— 31133114'

l t
+Blg$l2 + Blg$13 + Bl4$14 + Bl5$15 +-= —?$2 — {2?32 + ?},Tg—

- {%BS n 2%33 n 3%32]954 - [2?3233 + 2%34 + 3%33 n 3%33}955—

n w v m u
_ [? (23234 n B§) n 733 6% BaBs + 275 By + 3?34} 26—

25 (BoBs + BoB) + 85 BBy + 35282 By + BR) 4 27 By + 35 Bsa”

w

f
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_ [; (23236 +2B3Bs + Bi) +32 (B§B4 + Bng) + 6% (3235 + 3334) +omp o

f f

u ] n w 2 3
+3?Bﬁ} 25— {2? (BQB7 4 BsBg + B4B5) +3 (33235 4 6ByBs By + Bg)+
+3§ (23236 4 2B3Bs + Bi) n 2%38 n 3%37} 20 — [; (23238 4 2B3Br+

+2B1Bg + BE) + 3? (B3Bs +2B2B3Bs + ByB} + B3B1) + 6? (B2Br + BB+

+B4B5) + 2%39 + B%Bs}xlo - {2% (Bng + B3Bg + ByB7 + BsBﬁ)+

+3? (B3Br +2B2B3Bs + 2B2B.Bs + B3 Bs + By B} ) + 3% (2B2Bs + 2B B+

+2B,4Bg + Bg) n 2?310 n 3%39}3311 - [%

+% (3B§B8 + 6B B3 Br + 6B B4 Bg + 3By B2 + 3B2Bg + 6B3 B4 Bs + Bg) +

(232310 4 2B3Bo + 2B4Bs + 2Bs By + Bg) n

v m u
—|—6? (Bng + B3Bg + B4Br + B5B6) + 2?311 + 3?310} z'?—

_ [2% (32311 + B3Big + B4Bg + BsBs + BﬁB7) + 3% (B%Bg + 2By B3 Bg+
+2BB4B; + 2B BB + B3 Br + 2By BuBo + By BE + BB ) +

+3? (232310 +2B3Bg + 2B, Bs + 2Bs By + Bg) + 2?312 + 3%311} 23—

- [? (232312 +2B3Biy1 + 2By By + 2B5 By + 2B Bs + B%) + 3?

+2B,B1Bs + 2By Bs By + By By + B} By + 2By BaBr + 2By B5 By + B} Bo + BB} ) +

(B;%Blo + 2By B3 Byt

+6% (32311 + B3Bio + B4Bg + BsBg + BGB7) + 2%313 + 3%312} at—

w
f
+6BsB4Bg + 6B, BsBg + 6By BgB7 + 3B§Bg + 6B3ByBg + 6 B3 B; By + 3B3B§+

- [2? (BgBlg + B3Bi2 + ByB11 + BsBio + BgBg + B7B8) + (333311 +6B2B3B10+

+3B2B; + 6B4BsBg + Bg) n 3% (232312 4 2B3By1 + 2By By + 2Bs Bo+

+2BsBs + B%) + 2%314 + 3%313} LI

From this identity we have

By = —%, Bs = —(2%32 n %) By — —(%Bg Jrz%B3 +3§B2),

n m v u
" B,B +2—B4+3—B2+3—B),
FEEY R

n w v m u
Bg = — [— (23234 n BQ) + 9B+ 6YByBs + 2By + 3—34},
f 3 2 f f f

Bs = (2
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By —— [2% (B2Bs + BsBy) + 3?3533 + 3% (2B2B1 + B3) + 2%B6 + 3§Bs} ,
By =-— [? (2B2Bs +2B3Bs + B} ) + 3% (B3B1+B:B) + 6% (B2Bs + BsBu )+
+2%B7 + 3%36},

By = — [2? (B2Br + ByBs + Babs ) + %(33535 + 68,5 B + BY )+
+3% (23236 +2BsBs + Bi) + 2%38 + 3%37} ,
Bio = — [? (23238 4+ 2B3Br + 2B4Bg + Bg) n 3% (B§B6 +2B,B3B5 + B B2 + B§B4)+
+65(BaBr + BsBo + BiBs) + 220 By + 35 By
f f f
By = — [2% (3239 + B3Bs + B4Br + B5B6) n 3% (3337 4+ 2B,B3Bg + 2By By Bs+
2 2 v 2 m u
Y B2B; + 3334) +35 (23238 4 2B3By + 2B4Bg + 35) +25 B+ 3?39} ,
(33338 +6ByB3 Byt

n w
f f
+6By By Bg + 3By B2 + 3B3 B + 6B3 B4 Bs + BZ) + 6% (3239 + B3Bg + ByB7 + 3536) +

By = —[ (232310 +2B3Bg + 2B4Bs + 2B5B7 + Bg) +

m u
+2—DB11 + 3—310}
f /

By = — [2? (32311 + B3Big + B4Bgy + BsBs + BGB7) + 3%

+2B,B4By + 2B B5 By + B3 By + 2By BuBo + By B2 + B35 ) + 3% (2B2B10+

(B%Bg +2B,B3Bs+

+2B3By + 2B, Bs + 2Bs By + Bg) n 2%312 " 3%311} ,

B — — [? (232312 4 2B3By1 + 2B4Bio + 2Bs By + 2BsBs + B‘;’) + 3% (B§B10+

+2ByB3 By + 2By B4 Bs + 2By Bs By + By B2 + B2Bg + 2B3 B4 Br + 2B3Bs Bs+

+B3iBg + B4B§) + 6% (32311 + B3Bi1g + B4Bg + BsBg + BGB7) + 2?313 + 3%312} ;

Bis = — {2? (32313 + B3B12 + B4B11 + BsBio + Bs By + B7B8) + ?(3353114-
+6ByB3B1g + 6By By By + 68285 Bs + 6By Bs By + 3B2By + 68384 Bs + 683 B Br-+
+3B3 B2 + 3B2B; + 6B,Bs B + Bg) + 3% (232312 +2B3B11+

+2B4B1g + 2B5Bg + 2BgBg + B%) + 2?314 + 3%313} yoes
(5)
Substituting (4) into the right-hand sides of the critical differential equations
(2), we get the following identity

gr? + 2ha:(Bga:2 + Bsa® + Bya* + Bsz® + Bga® + Brz” + Bga® + Boa®+

+Blox10 + Bllxn + Blga:12 + B13x13 + 3141'14 + Bl5a:15 + - ) + k(32$2+
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+B32® + Byx* + Bsa® + Bea® + Bra” + Bga® + Box® + Bigr'® + Byja''+
+Bioz'? + Biza'® 4+ Buya + Bisal® 4 )% + pa® + 3qa?(Byx? + B+
+Byx + Bsa® + Bga® + Brx” + Bga® 4+ Bya® + Biox!'® 4 Bzt + Boal?+
+By3x'® + Byya' + Bisz!® + ---) + 3ra(Boa® + Bsa® 4 Byat + Bsa®+
—|—BG:176 + B7:177 + ng8 + Bg$9 + Bloznlo + By + Biaz? + 313x13+
+ Bzt + Bisa® 4+ )% 4 5(Byx? + Bsa® 4+ Byat + Bsa® + Bga® + Bra'+
+Bsa® + Box® + Biox'? + Bzt + Biax'? + Bisz!® + Bttt
+Bisxt® + )3 = Agx® + Asa® + Agxt + Asa® + Aga® + Az + Agx®+
+ A9z + Aoz + Azt 4+ At + Az + Ayt + Apga® + -

From here, it follows that the coefficients of the Lyapunov series 4; (i = 2,3, ...)
can be written in the form

Ay =g, A3 =2hBy +p, Ay = kB3 + 2hBs+ 3¢Bo,
As = 2kBy B3 + 2hBy + 3r B3 + 3¢Bs,
Ag = sB3 + k(2B By + B3) + 2hBs + 6r By Bs + 3qBy;

A7 = 3sB3 B3 + 2k(ByBs + B3Ba) + 2hBg + 3r(2B2 By + B3) + +3¢Bs,
Ag = 3s(B3By + ByB3) + k(2ByBg + 2B3Bs + B3) + 2hBr+
+6r(ByBs + B3By) + 3¢Be,

Ag = s(3B5Bs + 6ByB3By + B3) + 2k(ByBy + B3Bg + ByBs) + 2hBg+
+3r(2ByBg 4+ 2B3Bs + B?) + 3¢Br,

Ay = 3s(B3Bg + 2B2B3Bs + B2 B + B3B,) + k(2B2Bs+
+2B3B7 + 2B, Bg + B2) 4 2hBy + 6r(ByBy + B3Bg + By Bs) + 3¢Bs,

Ayy = 3s(B3B7 4 2By B3 Bg + 2By By Bs + B3 Bs + B3B3) + 2k(ByBg + B3 Bg+
+ByB7 + BsBg) + 2hByg + 31(2B2Bg + 2B3 By + 2B, Bg + BZ) + 3¢Bo,
Ayg = 5(3B3Bg + 6By B3 By + 6By By Bg + 3By B2 + 3B2Bg + 6B3B4Bs + B})+
+k(2By B + 2B3By 4 2B, Bg + 2Bs By + BZ) + 2hBy1 +
+6r(B2By + B3Bg + B4B7 + BsBs) + 3¢50,

Ay3 = 35(B3Bg + 2By B3 Bg + 2By By By + 2B Bs Bg + B2 By + 2B3 B4 Bs+
+B3B2 4 B3Bs) + 2k(ByBy1 + BsBig + ByBg + BsBg + BgBr)+
+2hB1y + 3r(2ByByg + 2B3Bg + 2B, Bs + 2B5B; + BZ) + 3¢B1,

A1y = 3s(B3B1o + 2By B3 By + 2By By Bs + 2B2B5 By + B Bg + B3 Bs + 2B3 By Br+
+2B3BsBg + B2Bg + ByB2) + k(2ByB1y + 2B3 By + 2B4Big + 2B5Bg+
+2B¢Bs + B?) + 2hBy3 + 6r(B2Bi1 + B3 Big + BaBy + BsBs + BsBr) + 3qBia,
Ays = 5(3B3B11 + 6ByB3Byo + 6ByByBg + 6By BsBg + 6By Bg By + 3B3Bg+
+6B3ByBs + 6B3B5 By + 3B3 B + 3B3 By + 6B, Bs B + B2)+
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+2k(B2B13 + B3B12 + ByB11 + BsBig + BgBg + B7Bg) + 2h B+ )
—l—37’(232312 + 2B3B11 4+ 2B4B1g + 2B5sBg + 2B¢Bg + B?) + 3¢B3, ...

2 Conditions of stability of unperturbed motion governed by the
critical system (2)

2.1. Assume that fl # 0. In this case, by a center-affine transformation z = [z,
y = ly, we obtain the system (2) with [ = 1. Taking into account this equality and
the relations (5)—(6), we consider the following expressions:

A=2h— fp; B=—k—4hm + 3fq+ 2fht;
C = —(8hm? — 2hn — 6fmq + 3fr — 12fhmt + 3f2qt + Af2ht® + 6 fhu);
D = 4hmn — 3fnqg + fs+ 16fhm*t — Afhnt — 6f>mqt — 20f2hmt>+
+3f3qt2 + 63ht3 — 24fhmu + 9f2qu + 18 f2htu + 6. f ho;

E = —32hm3t + 12hmnt + 12fm?qt — 3fnqt + 80fhm>t? — 8 fhnt® — 18 f2mqt*—
—60f2hmt> + 6f3qt> + 14f3ht* + 48hm>u — 6hnu — 18 fmqu — 108 f hmtu~+
+18F2qtu + 48 F2ht*u + 18 fhu?® — 24hmuv + 9fqu + 18 fhtv + 2hw;

F = 64hm™t — 8hm’nt — 2hn’t — 24fm3qt — 144 fhm3t® + 36 f2m2qt>+
+112f2hm2t3 + 2f2hnt® — 18 f3mat® — 36 f3hmt* + 3f2qt* + 4f*ht® — 96hm3u—
—12hmnu + 36 fm2qu + 9 fnqu + 120 fhm>tu + 24 f hntu — 18 f>mqtu—
—12f2hmt*u — 12f3ht3u 4+ 72f hmu? — 27 f?qu® — 72f2htu® + 48hm>v + 6hnv—
—18fmqu — 36 fhmtv + 9f2qtv + 6 f2ht*v — 36 fhuv — 3fqw;

G = 4m?t —nt — 6fmt? + 2f%t3 — 6mu + 6 ftu + 3v.

(7)

Lemma 1. The stability of unperturbed motion governed by system of perturbed

motion (2) with f < 0 and | = 1 is characterized by one of the following sizteen
possible cases:

1. g #0, then the unperturbed motion is unstable;

II. g=0, A>0, then the unperturbed motion is unstable;

III. g=0, A<O0, then the unperturbed motion is stable;

IV. g=A=0, B#0, then the unperturbed motion is unstable;

V. g=A=B=0, C >0, then the unperturbed motion is unstable;
VI g= A= B=0, C <0, then the unperturbed motion is stable;

VI. g=A=B=C=0, D #Q0, then the unperturbed motion is unstable;
VIII. g=A=B=C=D=0, E >0, then the unperturbed motion is
unstable;

=B=C=D=0, F<O0, then the unperturbed motion is stable;
B=C=D=FE=0, F #0, then the unperturbed motion is
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Xl. g=A=B=C=D=E=F=0, h<0, G#0, then the unperturbed
motion is unstable;

Xl g=A=B=C=D=FE=F=0, h>0, G#Q0, then the unperturbed
motion is stable;

Xlll. g=A=B=C=D=FE=F=h=0, qG # 0, then the unperturbed
motion is unstable;

XIV. g=A=B=C=D=FE=F=h=gq=0, then the unperturbed motion
is stable;

XV. g=A=B=C=D=F=F=G=h=0, q#0, then the unperturbed
motion is stable;

XV g=A=B=C=D=F=F=G=0, h#0, then the unperturbed
motion is stable.

In the last three cases, the unperturbed motion belongs to some continuous series
of stabilized motions. Moreover, for sufficiently small perturbations, any perturbed
motion will asymptotically approach to one of the stabilized motions of the mentioned
series.

Proof. According to Theorem from [12, p.118], we analyze the coefficients of the
Lyapunov series A; of (6) and the expressions (7). If Ay # 0, then we obtain the
Case I of Lemma 1.

If Ay =0, then g = 0 and A3 = —f~'A. Depending on the sign of the expression
A we get the Cases II and III.

Let g= A=0. Then Ay = —f2B. When B # 0 we obtain the Case IV.

If g= A= B =0, then A5 = —f~3C. Taking into account the sign of the
expression C we get the Cases V and VI.

Suppose that g= A= B = C = 0. Then Ag = —f~*D. When D # 0 we obtain
the Case VII.

Ifg=A=B=C =D =0, then A7 = f~*E. Depending on the sign of the
expression E we get the Cases VIII and IX.

Assume that g= A= B =C =D = E =0. Then Ag = f°F. When F # 0 we
obtain the Case X.

Ifg=A=B=C=D=FE=F =0, then Ag = 2f°hG?. Taking into account
the sign of the expression h and G # 0 we get the Cases XI and XII.

Let g=A=B=C=D=FE=F=h=0. Then Ajg = 3f5¢G?. When
qG # 0 we obtain the Case XIII.

Ifg=A=B=C=D=FE=F=h=¢g=0, then A; =0 for all ¢, we get the
Case XIV.

Ifg=A=B=C=D=E=F=G=h=0, q+#0, then A; =0 for all i, we
obtain the Case XV.

Ifg=A=B=C=D=FE=F=G=0, h#0, then A; =0 for all ¢, we have
the Case XVI. Lemma 1 is proved. O

2.2. Let us examine the case f # 0, [ = 0. In this case, the coefficients (5) can
be written in the form
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t m m U
By =0, By = —?, By = —2733, Bs = —(2734 + 3?Bg>,

m u n v m u
B2+2B. ¢ 3—34), By = —(2—3334 +3iB2 190 s+ 3—35),
3 f f f 3 f f

n v m u
Bg = — [— (23335 n B2> 4+ 62B3B, + 2By + 3—36},
f 4 f f f

n w v m u
By = — [2? <133136 n 3435) n 735} 35 (23335 + BZ) FOE By 3?37],

(3336 + B4B5> +

n

Bﬁz—<f

w
f

m u
25 By +3}Bg},

Bu = - [2; <B3B8 + BaBr + B5B6) + 3% (B§35 + B?,Bz) +

+3% (23238 +2B3B; + 2B4Bg + B§> + 2%310 n 3%39] ,

(3B§Bﬁ + 6838485 + B;Z’) +

v

B§B4+6f

Bio = — [; (23337 +2B,Bs+ B?) +3

n

f

w
f

v m u
+6? (B3BS + ByB7 + B5B6> + 27311 + 3?310] )

n w
Bys = — [2? (33310 + ByBo + BsBs + B6B7) +35 (B§B7 4 2B3 BB+

By = — { <2Bng + 2B4Bg + 2B5B7 + Bé) +

v m u
+B3B2 + B§B5> + 3? (23339 +2ByBg + 2B5B7 + Bé) + 27312 + 3?311] ;

<233Bl1 +2B4B1o + 2B5Bg + 2B Bs + B?) +

n

f
w

35 <B§B8 + 2B3B4By + 2B3BsBg + B2Bg + B4B§) n

3142—[

+6% (33310 + ByBo + BsBs + BﬁB7> n 2?313 n 3%312} ,

w
f
+6B3B,Bg + 6B3Bs By + 3B3 B2 + 3B3B; 4+ 6B, BsBs + B§> -

n
Bys = — [2} (33312 4 B4Biy + BsBio + BgBo + 3738) n (3B§Bg+

v m u
—|—3f <2B3311 + 234310 + 2B5Bg + 2B6B8 + B%) + 27314 + 3}Blg:| sy

(8)
and the coefficients of the Lyapunov series 4; (i = 2,3, ...) from (6) are given by the
expressions

Ay = 9, Az = p, Ay = 2hBs, As =2hBy + 3qBs,
Ag = kB3 + 2hBs + 3qBy; A7 = 2kBsBy + 2hBg + 3rB2 + 3¢Bs,
Ag = k(2B3Bs + B}) + 2h By + 6r B3 By + 3¢Bs,
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Ag = sB3 4 2k(B3Bg + B4Bs) + 2hBg + 3r(2B3Bs + B?) + 3¢Bs,

Ayg = 3s(B3By) + k(2B3 By + 2B4Bg + B2) + 2hBg + 61 (B3 Bs + B4 Bs) + 3¢Bs,
Ayy = 3s(B3Bs + B3Bj) + 2k(B3Bs + B4Br + BsBg) + 2hBig + 3r(2B3 Br+
+2B4Bg + B2) + 3¢By,

Ayg = s(3B3Bg + 6B3ByBs + B3) + k(2B3 By + 2B, Bs + 2Bs By + BZ) + 2hBy; +
+6r(BsBg + ByB7 + B5Bg) + 3qB10,

Ay3 = 3s(B2B7 +2B3B,Bg + B3B? + B2Bs) + 2k(B3Byg + B4 Bo + BsBs + BgBr)+
+2hBig + 3r(2B3By + 2B4Bs + 2B5 By + BZ) + 3¢Bi1,

Ay = 3s(B2Bg + 2B3 BBy + 2B3BsBs + BiBs + ByB?) + k(2B3By1 + 2B4Bio+
+2B5Bg + 2BgBs + B2) + 2hBy3 + 6r(B3B1g + ByBy + BsBs + BsBr) + 3¢Bio,

Ay5 = 5(3B3By + 6B3B4Bg + 6B3Bs By + 3B3B: + 3B3 By + 6B, BsBg + BS)+
+2/€(B;1,Blg + B4B11 + BsBig + BgBg + B7Bg) + 2hB14+
—|—37"(233B11 + 2B4B1g + 2B5Bg + 2BgBg + B%) + 3qBi3,. ..
9)

Lemma 2. The stability of unperturbed motion governed by system of perturbed
motion (2) with f < 0 and | = 0 is characterized by one of the following thirteen
possible cases:

I. g #0, then the unperturbed motion is unstable;

II. g=0, p>0, then the unperturbed motion is unstable;

III. g=0, p<O0, then the unperturbed motion is stable;

IV. g=p=0, ht+#0, then the unperturbed motion is unstable;

V. g=p=h=0, gt >0, then the unperturbed motion is unstable;

VI. g=p=h=0, qt <0, then the unperturbed motion is stable;

VI. g=p=h=q=0, kt+#0, then the unperturbed motion is unstable;

VIII. g=p=h=q=k=0, t#0, r >0, then the unperturbed motion is
unstable;

IX. g=p=h=q=k=0, t#0, r <0, then the unperturbed motion is
stable;

X g=p=h=q=k=1r=20, st>0, then the unperturbed motion is
unstable;

Xl g=p=h=q=k=r=0, st <0, then the unperturbed motion is stable;

Xl g=p=h=q=k=r=s5=0, t#0, then the unperturbed motion is
stable;

XIII. g=p=1t=0, then the unperturbed motion is stable.
In the last two cases, the unperturbed motion belongs to some continuous series
of stabilized motions. Moreover, for sufficiently small perturbations, any perturbed

motion will asymptotically approach to one of the stabilized motions of the mentioned
series.
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Proof. According to Theorem from [12, p.118] we analyze the coefficients of the
Lyapunov series A; of (9). If Ay # 0, then we obtain the Case I of Lemma 2.

Let ¢ = 0. Then A3 = p. Depending on the sign of the expression p we get the
Cases II and III.

Assume that ¢ = p = 0. Then Ay = —2f~'ht. When ht # 0, we get the Case
IV of Lemma 2.

If g=p=1t=0, then A; = 0 for all i, we get the Case XIII.

Ifg=p=h=0, t#0,then A5 = —3f 'qt. Taking into account the sign of
the expression gt we get the Cases V and VI.

Suppose that g =p=h =¢q =0, t # 0. Then Ag = f~?kt?. Under condition
kt # 0 we get the Case VII.

Ifg=p=h=q=k=0, t+#0,then A7 = 3f~2rt>. Depending on the sign of
the expression r we get the Cases VIII and IX.

Ifg=p=h=q=k=r=0, t#0, then Ag = 0 and Ag = —f3st3. Taking
into account the sign of the expression st we obtain the Cases X and XI.

fg=p=h=qgq=k=r=5=0, t+#0, then A; =0 for all 7, we get the Case
XII. Lemma 2 is proved. O

3 Comitants and transvectants of system (1) with applications to
the conditions of Lemmas 1 and 2

We consider the system (1), written in the form

3

3
&= Pix,y), =) Qilx,y), (10)
i=1

1=1

where P; and (); are homogeneous polynomials of degree ¢ = 1,2,3 in the phase
variables x and y. Denote by ¢ the transformations of the center-affin group GL(2,R)

T =ox+ By, §=yz+dy,

11
g‘ £0) (11)

(07

@a=

Observe that system (1) (or (10)) by transformation (11) preserves the form. Its
new coefficients are linear functions with respect to the coefficients of system (1)
and rational functions with respect to the parameters of transformations (11).

Denote by a the set of coefficients of (1) and by a the set of coefficients of system
obtained after transformation (11).

Definition 1. The polynomial K (a,z,y) in the coefficients of system (1) and the
phase variables x,y is called the center-affine comitant, or comitant with respect to
the center-affine group GL(2,R) of system (1), if the following identity holds

K(a,z,y) = A "K(a,7,y) (12)
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for any coefficients of system (1), any phase variables z,y and any transformations
q from (11) of the group GL(2,R).

If K does not depend on x and y, then it is called the center-affine invariant of
the system (1).

In some cases, for simplicity, the center-affine comitant (invariant) of system
GL(2,R) will be called comitant (invariant).

Remark 1. The number s is called the weight of the comitant K. If K(«,z,y) is
a polynomial with well-defined sign and s is even or zero, then this polynomial by
any center-affine transformation (11) keeps the sign. This is not true when s is odd.

We consider two center-affine comitants ¢ and ¢ of system (1) of degree r and
p, respectively, in the phase variables  and y. Then according to [2] and [13] the
polynomial

(r—k)(p— k) < K\ 9% Ry
(o, )P = Tl hzz;)(—l)h ( h ) DDy Dzt oy F (13)

is a center-affine comitant of system (1) and it is called a transvectant of order k
with respect to polynomials ¢ and .

Remark 2. [14] If the weight of comitant K7 is s, and the weight of comitant Ko
is sr9, then the weight of comitant (K7, Kg)(k) is equal to s + 35 + k.

Using (10) we will examine the comitants of system (1) written in the form [14,15]

_1,0P(x,y) | 0Qi(z,y), . (14)

where R; and S; are polynomials of the first degree with respect to the coefficients
of the system (1).

Taking into account the comitants (14) and the transvectant (13), the following
invariants and comitants of system (1) were constructed in [14, 15]:

Ki[0] =81, Ky[—1]= Ry, K3[0] = (Ry,R1)?, Ku[—1] = Ry,
K5[0] = So, Kg[—1] = (Ra, R1)W, K7[0] = (Ra, R1)®,
Kg[—1] = Ry, Ky[—1] = (Rs, R))Y, Kio[0] = (Rs, R1)?,
K11[0] = (K10, )Y, Kpp[1] = (K10, R1)P,

K13[0] = (K7, R)Y, K14[0] = (S2, R1)Y, Ki5[0] = Ss,
Ki16[0] = (S35, R1)W, Ki7[1] = (S5, R1)?,

(15)

where in square brackets the weight of the comitant (invariant) is indicated.

Remark 3. The invariants and the comitants (15) form an algebraic basis of the
comitants of system (1), i.e. any center-affine comitant of this system is a solution
of a polynomial equation, whose coefficients are polynomials from (15).
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Later on, the following comitants and invariants of system (1) will be used:
M[0] = 3K K7 — AK K1y + 2K K5 — 6K,3,

M[0] = —8K K11 + 6K 1KoK 17 + 4K Ko — 6K K6 + 3K} K15 + 8K2 K19,
Ms[—1] = 6K 1 KoKy + 4K Ky K14 — 2KP Ky K5 + 6 K2 Kg + 3K Ky + 12K, K3,
My[0] = =K1 K5 + 2K14, M;[0] = 3K, K5 + 6 K7 — 2K 4,

Mg[—1] = 4K, Ko K1y — 4K Ky K19 + 2K K9 — KiKg — 2K3 K19,
M;[—1] = K1 K17 4 2K19,  Mg[—1] = —3K 1Ko K7 + 2K K¢ — K3 Ky + 2K K3,
My[0] = =3K K7 + 4K 1 K14,

Myo[0] = 2K Ky K17 + 8K 1 K1 + AK? K19 4+ 2K K15 + K} K15 + 8Ky K19,
M1 [0] = 2K 1 Ky K17 + 8K 1 K1 —AK2K g — 2K2 K6 + K} K5 — 8K, K9,
Myp[—1] = 4K Ko K1y + 4K2 Ko K19 4 2K} Ko + K{ Kg + 2K2 K,

My3[1] = K1 K17 — 2K,

M[0] = —8K 1K1 + 6K KoK 7 — 4K2K g+ 6 K2 K16 + 3K} K15 — 8Ko K1,

M5[0] = —8K 1 K11 +6K 1 Ko K17 +4K K10 +3K} K15 — 6K K 16+8K2 K19,  (16)

where K; (i = 1,17) are from (15), and in square brackets the weight of the comitant
(invariant) is indicated.
Note that for the system (2) we have

Si[0) = f, Mg[-1] = 2/%1a?, (17)

where S is from (14) and Mg is from (16).
It was shown that if [ # 0 in system (2), then by a center-affine transformation,
we can obtain [ = 1. Taking this into account for system (2), we have

M;[0] = 6 f2ga, (18)

where M;[0] is from (16).
Let us consider [ = 1,g = 0 in system (2), then by (15)—(16) we obtain

Ko[—1] = —fxy, M;5[0] =6fhy, Mz[1]=2f%q, Ms[-1] =2f"
Ni[—1] = 3K KoMy + 4Ms Mg = 24f*(2h — fp)x3y,
No[—3] = 4K K3 M5 Mg + 4AK? K3 MyMsMg — 18 K7 Ky My Mg — M3MZ =
= 2419 (—k — dhm + 3fq + 2fht) 253,

1 2
N3[—4] = —3K2M,K3M,M§3 + ZK%K2M11M5M§’ - gK12K2J\4§J\45J\4§’—
3 1
—gKleMg1 + §M9M5M§1 — 3K M7 K3 MZ Mg+

4
+2K3 Ky My Ms M2 Mg + g.K;{K'QstJwgJMg =
= —16f5(8hm? — 2hn — 6fmq + 3fr — 12fhmt + 3f2qt + 4f*ht* + 6 fhu)z?y?,
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Ny[—6] = —§K§M7K§M11M§’ + %KfK§M11M4M5M§’ - %K1M7K§M9M84+
+%K12M13K§’M5M§‘ + %K1K§M4M9M5M§1 — 3K} M7 K3 My M2 Mg+

+ZKfK§M11M5M82M6 + %Kf‘Kg’MstMssz‘ + §K12K22M9M5M§’M6—

—3K7 M7 Ky MgMZ + L??K?KS’M4M5M8M§ + 2K K3 M5 Mg — iKlMg)Mm =

= 16 (4hmn — 3fng + fs+ 16 fhm>t — 4fhnt — 6 fmqt — 20 f2hmt*+
+3f3qt? + 6f3ht> — 24 fhmu + 9f2qu + 18f2htu + 6 fhv) 'y,
9 3 1
N;[—6] = gK%Jw?Kg’anM4M84 — 3—2K12K§M121M5M§1 — 5K%K%MHwajwsngbr

9 1
+ZK1M13M7K§’M§ — K M3 K3 My Ms Mg — ﬂKQMHJ\49J\45J\485—
1
48

9 4 1
—ZKfK§M11M4M5M§’M6 — §K§K§M§M5M§’Mﬁ - §K1M7K22M9M§M6—

9
My MsM$ + ZKf’Mﬂ(S’MHMg’MG + 3K M7 K3 M3 M3 Mg—

1
—%K%MngQQMg,MglMﬁ - gKlK21\441\491\45MglMﬁ + 9K} M7 K3 My M2 M3 —

2 4
—2K}K2My Ms M2MZ — goKfKQQMfMg,Mg?Mg - §K12K2M9M5M§’M§+

14
+6 K My K3 Mg Mg — 10K7 K2 My Mz Mg Mg — §K16K22M5Mgl =

= —32f%2(=32hm3t 4+ 12hmnt + 12fm2qt — 3fnqt + 80fhm>*t> — 8 fhnt>—
—18F2mqt? — 60f2hmt® + 6 f3qt> + 143ht* + 48hm*u — 6hnu — 18 fmqu—
—108f himtu + 18 f2qtu + 48 f2ht*u + 18 fhu® — 24hmu + 9fqu+

+18fhtv + 2hw)z By,
4

Ne[-7] = gK18K22J\45M65 + 6K ] K3M2 Mg Mg — 3K K3 M§M; Mg—
—%KfKSMllMg,MgMg + ?KngMng,MgMg — OKS K3 My ME M7 M2+
+%K{’K§M11M4M5M§M§’ + 6K K3 M Ms M M3 —
—OKP K3 M3MEM7 M3 — gKngMflMsMﬁMg + ZK%K%MHMZMsMﬁMg‘Jr
+§KfK22MfM5M6M§‘ + %Kf‘K%M13M5M6?M§ — gKfK§M11M4M6M7M§1—
—3K{ K3M3 Mg M7 Mg — %K?K5M31M4M5M§ + %K?K%anJw;fjwsngur
+gKf’K§M13M4M5M6M§ + E—ZKf’KSMflM7M§) — %Kf’KSMHMfM?Mg?—

9 3
—ZKfK§M13M6M7M§) — gK%K%lel1\4131\451\486 + K2K3My3MZ Ms M —

9 3 1
—ZKfK§M13M4M7M86 + §K1K2M14M7M87 - §Kf‘K2M5M§’M§’M9—
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—%K%KQMllMg,MﬁMgsMg + %K%KQMZMg,MGMgMg — %K1K2M11M4M5M§Mg+
+1% 5%11\451\461\4861\492 =
= 6427 (64hm™*t — 8hm>nt — 2hn>t — 24 fm3qt — 144fhm3t? + 36 f2m>qt*+
+112f2hm?t3 + 2f2hnt3 — 183 mqt® — 36 f2hmt* + 3fqt* + 4 nt® — 96hm>u—
—12hmnu + 36 fm2qu + 9fnqu + 120 fhm>*tu + 24 fhntu — 18 f2mqtu — 12f?hmt?u—
—12f3ht3u 4+ 72 f hmu® — 27 f2qu® — 72f?htu® + 48hm>v + 6hnv — 18 fmqu—
—36fhmtv + 9f2qtv + 6 f2ht?v — 36 fhuv — 3fquw)z*?y3,

1
K K2M;y My MS My — EK2M13M5M87 My —

Ny[—4] = 48K{ Ko M@ + 72K3 Ko MyMZ Mg + 18 K7 Ko My Mg M2+
+24 K3 Ko M3 Mg M2 + 9K KoMy MyM3 + 18 Ko Mz Mg + 4AMgM3 My = (19)
= —192f15(4m2t —nt — 6fmt® + 22> — 6mu + 6ftu + 3v):1713y,

where K; (i = 1,17) and M; (i = 0,14) are from (15)—(16), written without the
weight and square brackets.

Theorem 1. The stability of unperturbed motion governed by system of perturbed
motion s(1,2,3) from (1) with S <0, S? +2K3 = 0 and Mg # 0 is characterized
by one of the following sixteen possible cases:

1. M #0, then the unperturbed motion is unstable;

II. M; =0, KoNi >0, then the unperturbed motion is unstable;

1II. My =0, KoNi <0, then the unperturbed motion is stable;

1V. M; =Ny =0, Ny #Q0, then the unperturbed motion is unstable;

V. My =Ny =Ny=0, N3 <0, then the unperturbed motion is unstable;

VI. My =Ny = Ny, =0, N3> 0, then the unperturbed motion is stable;

VII. My= Ny =Ns;=N3=0, Ny#ZO0, then the unperturbed motion is stable;

VIII. My = Ny = Ny = N3 =Ny =0, KyMgNg > 0, then the unperturbed
motion is unstable;

IX. M; =Ny =Ny = N3=Nyg =0, KyMgNs < 0, then the unperturbed
motion is stable;

X. Mi =Ny =Ny=N3=Ny=N5=0, NgZDO0, then the unperturbed motion
is unstable;

XI. Mi=N,=Ny=N3=Ny4=N5s=Ng=0, KoMsMg <0, N7 =0, then
the unperturbed motion is unstable;

XII. Mi=Ni=Ny=N3=N,=N5=Ng=0, KoMsMg >0, N7 Z£0, then
the unperturbed motion is stable;

XIII. M1 = N1 = N2 = N3 = N4 = N5 = N6 = M5 = 0, M7N7 7_é 0, then the
unperturbed motion is unstable;

XIV. My =Ny =Ny=N3=Ny=N5=Ng=M; =0, M; =0, then the
unperturbed motion is stable;

XV. My=N;=Ny=N3=Ny=N5=Ng=M5=N;=0, M7y #Q0, then
the unperturbed motion is stable;
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XVIL MlENlENQENgEN4EN5EN6EN7EO, M57‘é0,thenthe
unperturbed motion is stable.

In the last three cases, the unperturbed motion belongs to some continuous series
of stabilized motions. Moreover, for sufficiently small perturbations, any perturbed
motion will asymptotically approach to one of the stabilized motions of the mentioned
series. The expressions Ko, My, My, M7, Mg and N; (i = 1,7) are from (15), (16)
and (19), respectively.

The proof of Theorem 1 follows from Lemma 1, using the expressions S; from
(14), K3 from (15), Mg from (18) and those from (19). An important role in proving
the theorem is played by the weights of these comitants and invariants, the properties
of which are mentioned in Remark 1.

If in system (2) we suppose [ = 0, then for M; from (16) we get (18). But if we
put [ = g = 0 in system (2), then for the expressions from (16) we have

K2[_1] = _fxya M3[_1] = 6f3ky37 M5 [0] = 6fhy7 Mﬁ[_l] = 2f4t3§‘4,
Mi[1] =2f%q, Ms[-1] =2f°2°, Mio[0] = 8f°ry?, (20)
Mlg[—l] = 2f4sy4, M15 [0] = 8f3p332.

In this case we use the expressions S from (14), K3 from (15), Mg from (18)
and (19). Then by Lemma 2 and taking into account the weights of the comitants
characterized in Remark 1, we have the following theorem.

Theorem 2. The stability of the unperturbed motion governed by system of perturbed
motion s(1,2,3) from (1) with Sy <0, S? +2K3 = 0 and Mg = 0 is characterized
by one of the following thirteen possible cases:

1. M # 0, then the unperturbed motion is unstable;

1. M; =0, M5 <0, then the unperturbed motion is unstable;

III. My =0, Mys > 0, then the unperturbed motion s stable;

IV. My = M5 =0, MsMg # 0, then the unperturbed motion is unstable;

V. My = Mis=Ms=0, MgM; >0, then the unperturbed motion is unstable;

VI. My = M5 =Ms;=0, MgM; <0, then the unperturbed motion is stable;

VII. My = M5 = Ms=M; =0, MsMg#0, then the unperturbed motion is
unstable;

VIII M1 = M15 = M5 = M7 = M3 = 0, Mﬁ §é 0, M10 < 0, then the
unperturbed motion is unstable;

IX. My = Mis = Ms = M; = My =0, Mg 7_é 0, Mo > 0, then the
unperturbed motion is stable;

X. My, = Mis = Ms = My = My = Mg =0, MgMis > 0, then the
unperturbed motion is unstable;

XI. M1 = M15 = M5 = M7
unperturbed motion is stable;

XII. My = Mys = Ms = M; = My = Mg = Mo =0, Mg £ 0, then the
unperturbed motion is stable;

XIII. My, = M5 = Mg = 0, then the unperturbed motion is stable.

Il
=
Il
=
I
=
E
AN

then the
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In the last two cases, the unperturbed motion belongs to some continuous series
of stabilized motions. Moreover, for sufficiently small perturbations, any perturbed
motion will asymptotically approach to one of the stabilized motions of the mentioned
series. The expressions Sy, K3, My, M3, M5, Mg, M7, Mo, M1a, M5 are from (14),
(15) and (16).
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