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Sufficient GL(2,R)-invariant center conditions
for some classes of two-dimensional cubic
differential systems

Iurie Calin, Valeriu Baltag

Abstract. The autonomous two-dimensional polynomial cubic systems of differen-
tial equations with pure imaginary eigenvalues of the Jacobian matrix at the singular
point (0,0) are considered in this paper. The center problem was studied for three
classes of such systems: the class of cubic systems with zero divergence of the cubic ho-
mogeneities (S3 = 0), the class of cubic systems with zero divergence of the quadratic
homogeneities (S2 = 0) and the class of cubic systems with nonzero divergence of the
quadratic homogeneities (Sz # 0). For these systems, sufficient GL(2,R)-invariant
center conditions for the origin of coordinates of the phase plane were established.
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1 Preliminaries

Let us consider the cubic system of differential equations

Ccll_j = Pi(z,y) + P2(z,y) + P3(z,y) = P(z,y),
% = Qi(z,y) + Qa(x.9) + Qs(z.y) = Q(z,y). (1)

where P;(z, y), Qi(z, y) are homogeneous polynomials of degree ¢ in z and y with
real coefficients. The system (1) can be written in the following coefficient form:

dx

i cx + dy + gx® + 2hxy + ky? + pxd + 3qz2y + 3ray? + sy,

d

d—i = ex + fy+ l2% + 2may + ny® + to® + 3uz?y + 3vzy® + wyd. (2)

Definition 1. [1] Let p(x,y) and (z,y) be homogeneous polynomials in x and y
with real coefficients of the degrees p1 € N* and py € N*, respectively, and j € N*.
The polynomial

. N . : .
Gy _ (= )p2 =~ i (TP )
(o) p1!p2! ;( D i) 0xI =10y’ Ozioyi— (3)

is called the transvectant of index j of polynomials ¢ and 1.
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Using this formula we have the following remark.

Remark 1. [2] If polynomials ¢ and 1 are GL(2,R)-comitants [3-5] of the degrees
p1 € N* and ps € N*, respectively, for the system (1), then the transvectant of index
J < min{py, py} is a GL(2,R)-comitant of the degree p, + py, — 2j for the system
(1). If j > min{py, py}, then (0,9)9 = 0.

The GL(2,R)-comitants of the first degree with respect to the coefficients of the
system (1) have the form

1

<8Pi(x, y) N 0Qi(r,y)

o 3 >,z:1,2,3. (4)

By using the comitants R; and S;, i = 1,2, 3, the system (1) can be written [6]
in the form

dr _ 10Ry 1, 10R; 2 10R; 3
@ 2oy 27 T3Ey, T3 iy T
dy  10R, 1 10Ry 2
T 20r 27 T3 T3 1an
For every homogeneous GL(2,R)-comitant K(z,y) with degree p € N* of the
system (1) from (5) we obtain the total derivative of K(x,y) with respect to t [7]:

0K dr 0K dy _
dt  Ox dt Oy dt
OK (10R; 1 10Ry 2 10R; 3
o <2 ay +251x+3 ay +352x+4 ay +453a:>+
oK [ 10R, 1 10R, 2 10Rs 3. \
+(9—y <_§W + 551?4— 3 or 292y — 10z —53y> = (6)

2
= p(K, R) M + £KS1 + p(K, Ro) D + 22K + p(K, By) D + 34—”1653,
where (K, R;)") is a Jacobian (the transvectant of the first index) of GL(2,R)-
comitants K and R;. The representation (6) shows that the derivative with respect
to t of every homogeneous GL(2,R)-comitant with the degree p > 1 of the system
is a GL(2,R)-comitant too.

By using the comitants R; and S; (i = 1,2,3), and the transvectant (3) the
following GL(2,R)-invariants [3-5] of the system (1) were constructed:

L =5, I, = (Ry, Ry)?, I1 = (Ry, S3)%,
Lis = ((R3, R1)@,85)® | Ing = ((Rg, R2)?,83)? | Iy = ((S3,52)1), S5)Y,

Isg = (((Ra, R1)@, )W, S5) M) Isr = (((R3, S3)@, R))W, 85)@),
L = (((Rs, R)®, Ry, S9) W) 55)D)
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Lz = (((Ra, R1)®, R)W, (R, S5)) M),

Tas = (R, R1)W, S2)W), 85)M) 55) M),

Iz = (((R2, S3)®, S3)W, (Ra, S5)) M),
Inzs = (((((Rs, R1)™, 85)1), S5) 1), )1, 55)(1).

We will consider the system (1) with the conditions I; = 0,1y > 0. These
conditions mean that the eigenvalues of the Jacobian matrix at the singular point
(0,0) are pure imaginary, i.e., the system has the center or a weak focus at (0,0).
In these conditions the system (1) can be reduced, via a linear transformation and
time rescaling, to the system (by preserving the same notations for the coefficients):

dx
Y + gx? 4 2hay + ky? + pad + 3qxy + 3ray® + sy,

d
d_zt/ = —x+ 12 + 2may + ny? + ta® + 3uzy + 3vay? + wyd. (7)

The center-focus problem for the system (1) was investigated in many papers.
The necessary and sufficient GL(2,R)-invariant conditions for distinguishing the
center and focus for the system (1) (or (2)) were established in the case, when

P3(x>y) EQ3($7y) =0 (R3ES3EO)7
i.e. for the quadratic system of differential equations [3,4,8], also in the case, when
Py(z,y) = Q2(z,y) =0 (R2=52=0),

i.e. for the system with nonlinearities of the third degree [4,9].

In the paper [10] the center-focus problem for the system (1) with I; =0, Iy > 0
and R3 = 0 was solved in terms of the coefficients of the normal forms (canonical
forms) of this system. The necessary and sufficient GL(2,R)-invariant conditions
for the center-focus problem for the system (1) with I; =0, I > 0 and R3 = 0 were
obtained in [11]. Also, the necessary and sufficient GL(2, R)-invariant conditions for
the center-focus problem for the system (1) with I; =0, Is > 0, Rs =0 and S3 =0
were established in [12].

In the paper [13] the necessary and sufficient GL(2,R)-invariant conditions for
the center-focus problem for a class of autonomous two-dimensional polynomial sys-
tems of differential equations with nonlinearities of the fourth degree were obtained.

In this paper we study the center-focus problem for the system (1) with I; = 0,
I, > 0, S3 = 0, for the system (1) with Iy = 0, Iz > 0, Sy = 0, also for the system
(1) with Iy = 0, Is > 0, So #Z 0. For all these systems sufficient GL(2,R)-invariant
center conditions for the origin of coordinates of the phase plane were established.
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2 Sufficient GL(2,R)-invariant center conditions for system (1) with
[1:0, Ig>0and 5350

Theorem 1. If the system (1) with Iy =0, Iy > 0, S3 = 0 fulfills the conditions
Isg = Iinn = o = Iors = 0, (8)

then the origin of coordinates of the phase plane of the system (1) is a singular point
of the center type.

Proof. In this case S3 = (p+u)z? +2(q+v)zy + (r +w)y? = 0 and via rotation
we can obtain g +m = 0 in the system (7). So, the system (1) with I; =0, Is > 0,
S3 =0, i.e. the system (7) with S5 = 0 can be reduced to the form (by preserving
the same notations of the coefficients):

dx

vt g2* + 2hay + ky? + pa® + 3qz’y + 3ray® + sy’

d

d_l; = — x4+ 12?2 — 2gzy + ny? + ta® — 3pa?y — 3qzy® — ri. (9)

For the system (9) the comitant S, and the invariants Isg, 111, [125, Io7s have
the following values:

Sy = (h+n)y,
Iss = —(g + k)(h + n), I =—(p+r)(h+n) (10)
[125 = —g(h + 71)3, [278 = —p(h + n)4.

So, the conditions (8) imply the system of equalities:

Isg = —(9+ k)(h+n) =0,
L =—(p+r)(h+n)? =0,
Iiys = —g(h+n)* =0,
I278 = —p(h + n)4 = 0,
which should can be verified in the following two cases:
Case I. h+n =0;
CaseII. h+n#0,g=k=p=r=0.
In the case I the equality A +n = 0 implies So = 0. So, the divergence of the
system (9) is S = 57 + 252 + 353 = 0 and the origin of coordinates of the phase

plane of the system (9) is a singular point of the center type. The system (1) with
S =51+ 255 + 353 = 0 has the first integral

1 1 1
§R1 + gRQ + ZRg = C,

where c is a real constant. The relation (6) directly implies this result:
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3 4
dt
+(R2,R2)(1) + (Rg,Rg)(l) + (Rg, Rl)(l) + (Rg, Rg)(l) + (Rg,Rg)(l) =0,

1 1 1
d <§R1 + 5 Ro + —R3>
= (R1, R)W + (R1, R2)W + (Ry, R3)™ + (Ra, R1) W+

because (R;, R;)V) =0, and (R;, Rj))M = —(Rj, R)W, i # j, i,j = 1,2,3.
In the case II the system (9) is reduced to the system:

Z—f =y + 2hxy + 3qa:2y + syg,

% = — o+ 12 + ny?® + tad — 3qxy’. (11)
For the system (11), the condition

Q(z; —y)P(z;y) = —P(z; —y)Q(z;y) (12)

is fulfilled, i.e. the straight line defined by the equation y = 0 is a symmetry axis for
the system (11). So, the point (0;0) is a singular point of center type for the system
(11), i.e. for the system (9) withg=k=p=1r=0.

Thus, if for the system (9) the conditions (8) are fulfilled, then the origin of
coordinates of the phase plane of the system (9) is a singular point of center type.

We remark that zero - equalities of the GL(2,R)-invariants and zero - identities
of the GL(2,R)-comitants are preserved by non-degenerate linear transformations
of the system, also by time rescaling.

Because the system (9) was obtained from the system (1) (or (2)) with Iy = 0,
I5 > 0 and S3 = 0 by some non-degenerate linear transformations and time rescaling,
and the polynomials Iss, I111, [125, I278 are GL(2,R)-invariants, we are done.

Theorem 1 is proved.

3 Sufficient GL(2,R)-invariant center conditions for system (1) with
I =0, >0and S, =0

Theorem 2. If the system (1) with Iy =0, Iy > 0, So = 0 fulfills the conditions
Iy = s = Iso = Is1 = T112 = I174 = 0, (13)

then the origin of coordinates of the phase plane of the system (1) is a singular point
of the center type.

Proof. In this case the comitant Sy = (g+m)x+(h+n)y = 0, for the system (7)
the invariant Iy = p+r+u+w = 0 and after a rotation we can obtain ¢+v = 0 in the
system (7). So, we can consider in the system (7) m = —g, n = —h, w = —p—r —u,
v = —q. Thus, the system (1) with I; = 0, [ > 0, So = 0 and Iy = 0, i.e. the
system (7) with So = 0 and I = 0 can be reduced to the form (by preserving the
same notations of the coefficients):
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dx
o Y+ gx? + 2hay + ky? + pa® + 3qxPy + 3ray® + sy,

d
d_i/ = — x4+ 12 - 2gxy — hy® + t2® + 3uz®y — 3qzy® — (p+r +u)y®.  (14)

For the system (14) the comitant S3 and the invariants I1g, I, Ig1, I112, 1174
have the following values:

S3=(p+u)(® —y?), hs=(s+1t)(p+u),

Isi = 2(r +u)(p+u)?, Iy = 2(g> — k% + gk + hl)(p + u), (15)
T2 = (92 —h?2 -k + l2)(p + u),
L=—(g+h—k+1)(g—h—k—1)p+u)?

Thus, the conditions (13) imply the system of equalities:

Ls=(s+1t)(p+u) =0,

It = 2(r + u)(p +u)* = 0,

Ino = 2(g* — h* + gk + hl)(p + u) = 0, (16)
Iy = ((9+h)(g —h) = (k+1)(k—1))(p+u) =0,

Lo =—((g+h) —(k=01)(g—h) = (k+D)p+u)?®=0.

The invariant I;74 = 0 in one of the following three cases:
Dp+u=0;2)g+h=k—101;3)g—h=k+1.

If 1) p+ u = 0, then the system of equalities (16) is fulfilled.

If2)g+h=k—1,g—h#k+1and p+ u # 0, then from the equality I112 =0
we obtain (g +h)(g—h—k—-0)(p+u) =0,ie g+h =0, and then k —1 = 0.
The equalities g + h = 0 and k — [ = 0 imply Iyp = 0. So, in this case the system of
equalities (16) is reduced to the conditions:

g+h=k—l=s+t=r+u=0. (17)

If3)g—h=k+1,g+h#k—1and p+ u # 0, then from the equality I112 =0
we obtain (¢ —h)(g+h—k+1)(p+u) =0, ie g—h =0, and then £k +1 = 0.
The equalities g — h = 0 and k+ [ = 0 imply Iyp = 0. So, in this case the system of
equalities (16) is reduced to the conditions:

g—h=k+l=s+t=r+u=0. (18)

If2)g+h=k—-1,3)g—h=k+1land p+u # 0, then g = k and h = —I.
From the equality Ip = 0 we obtain (¢ + h)(g —h) =0, 1ie. g+h=k—-1=0or
g—h=k+1=0. Inthecase g+h =k—1 =0, as well asin the case g—h = k+1 =10
the invariant I112 = 0. Thus, in this case the system of equalities (16) is reduced to
one of the series of conditions (17) or (18).

So, the system of equalities (16) should be verified in the following cases:

Case I. p+u=0;
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Case II. p+u#0, g+h=k—-Il=s4+t=r+u=0 (h=—-g, | =k,
t=—s, u=—r);

Case IIl. p+u+#0, g—h=k+l=s+t=r4+u=0 (h=g, | = —k,
t=—s, u=—r).

In the case I the equality p + v = 0 implies S5 = 0. So, the divergence of the
system (14) S = 57 + 253+ 353 = 0 and the origin of coordinates of the phase plane
of the system (14) is a singular point of the center type.

In the case II the system (14) is reduced to the system:

dx

YT ga® = 2gwy + ky® + pa® + 32’y + 3ray® + sy’

d

—dl; = —a+ka® — 2gzy + gy* — sa® — 3ra’y — 3qzy® — py’. (19)

The trajectories of the system (19) are symmetric with respect to the straight
line defined by the equation z + y = 0. By the rotation of axes

Ty =zxcosa+ysina, y; =-—zsina+ycosa (20)

with the angle o = %, the system (19) can be reduced to the form:

= (=Bt + =G+
+g(—p —q+7r+ )’y + %(—p +3q — 3r + s)yi°,
% =—x1 + %(g —k)xiyi+ (21)
—l—%(—p —3q—3r —s8)x1° + g(—p +q+r—s)ziy
For the system (21) the condition
Q(—z1;y1)P(z1;551) = —P(=21551)Q(@1;91) (22)

is fulfilled, i.e. the straight line defined by the equation z; = 0 is a symmetry axis
for the system (21), i.e. the straight line defined by the equation z +y = 0 is the
symmetry axis for the system (19). It results that the origin of coordinates of the
phase plane of the system (19) is a singular point of the center type, i.e. for the
system (14) withg+h=k—-Il=s+t=r+u=0.

In the case III the system (14) is reduced to the system:

dx

==Y + go® + 2gzy + ky? + pa® + 3q2’y + 3ray® + sy,

d

_d?i = — 2 — kz? — 2gzy — gy® — sz® — 3ra’y — 3qzy® — pyP. (23)

The trajectories of the system (23) are symmetric with respect to the straight
line defined by the equation x —y = 0. By the rotation of axes with the angle
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a= —%, the system (23) can be reduced to the form:

— =y — —=(g—k)r1"+ —=(39 + k)y;“+
3 1
+§(p—q—7‘+8)3312y1+§(p+3Q+3r—|—8)y13,
dy1 2
S = (g—k 24
0t 1+ \/5(9 Jz1y1+ (24)

1 3
+5(p—3q+3r - s)r1® + sP+a—r— s)r1y1>.

For the system (24) the condition (22) is fulfilled, i.e. the straight line defined by the

equation z1 = 0 is a symmetry axis for the system (24), i.e. the straight line defined

by the equation z — y = 0 is the symmetry axis for the system (23). It results that

the origin of coordinates of the phase plane of the system (23) is a singular point of

the center type, i.e. for the system (23) with g —h=k+Il=s+t=r+u=0.
Thus, if for the system (14) the conditions

Iig = Isg = Is1 = T112 = I174 = 0,

are fulfilled, then the origin of coordinates of the phase plane of the system (14) is
a singular point of the center type.
Because the system (14) was obtained from the system (1) (or (2)) with I; =0,
I, >0, S3 =0 and Iy = 0 by some non-degenerate linear transformations, and the
polynomials Iy, I1g, I2o, Is1, 1112, I174 are GL(2,R)-invariants, we are done.
Theorem 2 is proved.

4 Sufficient GL(2,R)-invariant center conditions for system (1) with
]1:0, Ig>0and 525_'&0

Theorem 3. If the system (1) with I; =0, Iy > 0 and Sy # 0 fulfills the conditions
Iy = Isg = I3s = 111 = T125 = I278 = 0, (25)

then the origin of coordinates of the phase plane of the system (1) is a singular point
of the center type.

Proof. In this case after a rotation we can obtain g +m = 0 in the system (7).
So, the system (1) with I; = 0, I > 0, i.e. the system (7), can be reduced to the
form (by preserving the same notations of the coefficients):

da
dt
dy
dt

=y + gz* + 2hay + ky® + pa + 3qz’y + 3ray® + sy,

= —x+ 2% — 2gxy + ny® + t2® + Suxy + 3vay® + wyd. (26)
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For the system (26) the comitant Sy and the invariants Iy, Is9,13s, I111, I125, I278
have the following values:

Sy = (h+n)y,

Ii=p+r+u+tw, 122:(p+u)(h+n)2,
1

Iss = —(9 + k)(h +n), Iy Z—Z(p+3r—3u—w)(h+n)2, (27)
1

Ligs = —g(h +n)?, Iyzg = —Z(P — 3u)(h +n)*.

Thus, the conditions (25) imply the system of equalities:

Iy=p+r+ut+w=0,
Io = (p+u)(h+n)* =0,
Isg = —(9 +k)(h +n),

1
I :—Z(p+3r—3u—w)(h—|—n)2:0, (28)
Liys = —g(h+n)® =0,

1
[278 = —Z(p — 3u)(h + n)4 =0.
If Sy # 0, then the system (28) is fulfilled if the following conditions are fulfilled:

In this case the system (26) is reduced to the system:

dz

7Y + 2hay + 3qz’y + sy®,

d

d_gt/ = — 2+ 12° + ny? + ta® + Jvay?. (29)

For the system (29), the condition (12) is fulfilled, i.e. the straight line defined by
the equation y = 0 is a symmetry axis for the system (29). So, the point (0;0) is
a singular point of center type for the system (29), i.e. for the system (26) with
g=k=p=r=u=w=0.

So, if for the system (26) the conditions (25) are fulfilled, then the origin of
coordinates of the phase plane of the system (26) is a singular point of the center
type.

Because the system (26) was obtained from the system (1) (or (2)) with I; =
0, I > 0 and S2 # 0 by some non-degenerate linear transformations, and the
polynomials Iy, Iso, Iss, I111, I125, I27s are GL(2,R)-invariants, we are done.

Theorem 3 is proved.
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