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On limit cycles of polynomial systems of the first-order
ODE’s

Valery Dryuma

Abstract. Examples of four-dimensional Riemann metrics related with the ODE’s
of second order are constructed. Their properties and applications to the polynomial
systems of ODE’s of first order are considered.

1 Introduction

The second order ODE’s

Py dy\’ dy )\ dy
a2 + ai(z,y) <% + 3as(z,y) T + 3a3(x,y)% +ayg(z,y) =0 (1)
are invariant with respect to non degenerate changes of the variables © = f(u,v), y =
g(u,v) and they have numerous applications to the theory of dynamical systems and
differential geometry.

We will use this theory to study properties of polynomial systems of the first

order ODE’s p p
vy _ N 8T .
E _Qn(‘rvyval)v dS Pn(‘rvyval)

containing a limit cycles at some value of parameters a;.

2 Metrics of Riemann extensions in the theory of the second order
ODE’s

The equation (1) can be presented in the form of the system of equations

L )+ @m) <%x(s)>2+2 ) (G5 ouls)+ar(onn) (%y@f -0,

d? d 2 d d d 2
far-as(e) (§06)) “2aato) (5200)) fut)-astea) (000 =o.

(2)
which allows us to consider them as equations of geodesics of two-dimensional space
in the coordinates M (z,y) with components of affine connection H;k = H;k (z,9)

A2zt o dad dxk

? —

ds? R ds ds
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To study solutions of system (2) we use the four-dimensional space equipped with
of the Riemann metric

ds* = (2zag(z,y) — 2tay(z,y)) de* +2 (2zaz(x,y) — 2tas(z,y)) dvdy + 2 dedz+

+(2za; (z,y) — 2tas(z,y)) dy* + 2 dydt, (3)

The full system of geodesics of the metric (3) decomposes into two parts.
The first part has the form of the linear system of equations for the coordinates
(U = (V1 = z(s), ¥a = t(s)))

4> d¥ -
—+ A —+B U=0
S+ Alw,y) T+ Bly)T =0,
where (U = (U; = z(s), Uy = (s)) and A(z,y), B(z,y) are the 2 x 2 matrix-
functions. While the second part of geodesics for the local coordinates ! = (z,y) is
defined by the system of equations (2).

The corresponding Ricci tensor of the metric is of the form

0 0
Rll =2 a_ya4 (‘Tay) -2 a_xaﬂ?(xay) - 4(13(1’,y)2 +4a4 (‘Tay)a@(x7y)a

0 0
R12 = -2 a_xGQ(‘Tay) + 2 a_yag(xﬂy) - 2‘12(%?4)03(%?4) + 20’4 (%y)al (‘Tay)7

0 0
R22 = -2 %(11 (:Evy) +2 a_y(I?(:Evy) +4(11 (m,y)ag(x,y) —4(12(117,y)2-

The Weyl tensor of the metric (3) is Cjo12 = tL; — 2zLg, where

L —8—2(1 (x,y)+3 2a (,y) | az(z,y)+3 ay(x )ga (x )—28—2(1 (x,y)+
1_8y2 4\T, Y ay 4\, Y 2\ T, Y 4\T, Y ay 2\T,Y axay 3\T,Y

+aa—;a2(x,y) - (%tm (x,y)> ar(z,y) — 2 <%01 (l"ay)) ay(z,y)—

0 0
“3as(o) (2 g as(o) — p-aalonn))
and
0? 0 0 0?
Lo = frsar(e) =3 (gpar(en) ) asten) —3as o) g aslion ) + 5zas(o)-

2

0xdy

as(y) +2 (%4 <x,y>> o1 (0,9) + 04 (0,0 501 0.9)-

-3 ag(x,y) <§ya3(l‘,y) -2 %(@(l‘,@/))

are the Liouville expressions which generate the invariants of the equation (1).
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In accordance with the Liouville theory the invariant
Vs = L2(L1L2x — Lngx) + Ll(Lngy — L1L2y) — CLlLi’ + 3(12L%L2 — 3CL3L1 + CL4L§’

is important to the theory of equation (1).
In case v5 # 0 properties of the equation (1) are characterized by the absolute

invariants 5 Y
2/5 -2 -2
5ty — (m — 2)trt—o]vs”’] = 5(Ly gy - LQ%)

and by relations between them, where

-m/5
tn = UmVsg y Vm+2 = Llymy - L2Vm:c + me(L2:c - Lly)-

3 Quadratic first order equation

Theorem 1. In case vs = 0 the equation (1) admits invariant particular integral

dy(@)  Li(z,y)

dx L2(x> y)

if the following relation between coefficients a;(x,y) holds
Apag(z,y) + Ag ag(w,y) + Az as(z,y) + Ay ay(z,y) + A5 = 0. (4)

with some coefficients A; = A;(x,y) that depend on the choice of the form of the
equation y' = h(z,y).

As example in the case of the equation

iy(x) _cotermtepy(@) + e a® + crpay(@) + co (y(x))” (5)
dx co+ e x4 epy(x) + err a2 + exp ay(x) + ez (y(w))?

which determines properties of phase space of the quadratic system of equations
J=co+ 1z + ooy + ez’ + crawy + cazy’,

T = eg +e1x + €2y + 611%2 + €122Y + 622y2

with parameters ¢;, cji,€;, €jk, the coefficients A; look cumbersome and we present
their expressions for equations (5) with limit cycles.
1. Perko(1) system

i=y+y’ y=—a+py—ay+ 1+ p)y (6)

The corresponding first order ODE looks as

Ao —otpy(@) —ay(@) + (1 +p) (y(@)°
") y(@) + (9(2)° @)
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and at the value of parameter 0 < p < 1/5 system (6) has one limit cycle.
The second order ODE which has the particular integral defined by (7) has the
form

2 3 2
v+ 1) (v +3a2(e) (f0(0)) +3030) o)+

+(y(w))5 +(—p—z—ap+2) (y@) " + (- u+3—x—3wu+w2) (y(ﬂc))?’Jr
(y(x))® (1 + y(2))*
(3:132—33:,u+1) (y(:n)) ( x —:L",u) y(z) + 22 o ®)
(y(x))’ (1 +y(2))’

2. Perko(2)’s system
E=y+yt, §=-x/2+ py— zy+ (4/5 + mu)y’
The first order ODE in this case is

iy(w) _ 12z + py() —ay(x) + (4/5+ p) (y(2))
dx y() + (y(@))*
and at the value of parameter 0 < p < 1/8 the system has two limit cycles.

The corresponding second order ODE depends on three arbitrary coefficients
a;(z,y) and has the form

d? 1100 (y(x))® — (80 1 4 80z — 186 4 100 zp) (y(z))*
2Y(@) + 155 T +
1 — (200xp — 100 2% — 200 + 80 ) (y(x))® — (—50 — 15022 + 150 2p) (y(z))?
100 (1 +y)° .
1 (-1002? +50ap) y(z) 0
00 yp1ty)’

3. Cherkas system
t=14+zy, y=co+crx+coy+ 011x2 + c1oxy + czng.
The first order ODE

d (z) = & tera+ coy(m) + crp 2 + crpay(x) + con (y(z))?
dz” 1+ zy(x) ’

and for this system the existence of limit cycles of normal size in an amount of one
to four is proved.
The corresponding second order ODE is of the form

d? (zeoo — weoo?) y* + (—x2ci2 con — 2 co0® + Ccop + Teo — o Co2) P
——y(r) +
dz (1+y:13)
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3 2

(—361233622+Cg —3cocos —Crpx+TCy — X C]])y n

(1+yz)®

,334y011 ciot(cr croterr o) yad+ (—erp® ¢ coteg cro—2¢rp cop—3cyq) ya® .
(1+ya)’

(—01 -2 Cy Co9 — 2 Co Ci2 + Cp Cg)yl' + (—2 Cp Co2 — 622 + Cp — 612) Y

3 =0
(1+yzx)

4  The homogeneous quadratic first order systems of equations

Here we use the theory of second order ODE to study of 2D-planar systems of
the first order ODE’s.

Proposition 1. The system of equations

dx 9 9
E = Qg + ax + asy + a11x + apxy + a2y,
dy 2 2
= bo + b1z + bay + bi1x” + biazy + bagy 9)

with parameters a;, a;; and b;, b;; after the extension on the projective plane accord-
ing to standard rule takes form of the Pfaff equation

(3:(2 - ISy) dz — 2Qdz + zPdy =0, (10)

where the functions P, Q are a homogeneous polynomials in the variables (x,9,2).
In explicit form we get the expression
(zbo 2* + by 2%z 4+ by yz + by @® + big 2%y + wbos y* — yag 2*) dz—

— (yas xz — ag y*z — yar1 2% — a2 vy® — any®) dz+
+ (z2ag y+ zan 22+ 2ag + 22a; T+ zaye Ty + zags yz) dy+
+ (—Z3b0 — 22b; & — zbig vy — 2ban y? — 22boyy — b1y a:z) dxr = 0. (11)
Theorem 2. The spatial homogeneous first order system of equations

dx dy dz
% - P(a:,y,z), % - Q(a:,y,z), % - R(x7y7 Z)a (12)

connected with the Pfaff equation (11) has the following form

dx dy dz
-5V = Wz~ ) > = gy — PZ7 -5
ds @ Ry R ds

:P - o)
ds y =@
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In the considered case it looks as follows

d
E:E(S) =dap22+ (4asy+ (3a; — by)x) z + dagy’+

+ (3 aig — 2b22) Ty + (2 ay] — blg) x2,
d

Ey(s) :4b022+((3b2 — al)y+4b1 x)z+(2b22—a12)y2+

+ (—2 a1 +3 b12) xy + 4 b11 a:2,
d

EZ(S) = (—bg — a1)z2 + ((—2 b22 — CL12) Yy — b12 T — 2&11 LZ') z, (13)
and for it the condition on their right sides
0P 0Q OR
or Oy 0z

is fulfilled.

Theorem 3. The solution of the homogeneous system (13) can be expressed through
the solution of the algebraic ODE of the form

d 2
(boo t? + bt + ag A+ by + age t* + ap At) (EA(t)> +

d
+ (—(12 A? 4+ a79 At —2bgg tA — 2 ags A(t)2t — by A+bppt+a; A+ bz) EA(t)_‘_

—|—b11—|—a22A3—b12A+a11A—|—b22A2—a12A2:0. (14)

The equation (14) in the wvariables %A(t) = wu, A(t) determines elliptic surface
H(u,v,t) =0 with genus (g = 1) or rational surface (g = 0) in a particular case.

To investigate the properties of systems which have limit cycles we will use the
representation of the system (13) in the form

d _ R(az,y,z) d Q(‘Tayaz)

) %y(l’) = Play.2) (15)

where
R(z,y,2) = —2(x) (a1 2(x) + azp y(x) + 2 a1 x + 012 2 4+ 2 bgs y(x) + 2(x)b2),

Q(x,y,2) = 4by (2(2))> + 4 by w2(x) + 4bsy 2%+ 3byg ay(x) + 2 bay (y(x))? +
+3 by y(2)z(x) — ar 2(2)y(z) — ase (y(x))? — 2455 2y(x),
P(z,y,2) = 4ag (2(2))* + 3a; 22(x) + 4 az y(z)2(2) + 3 aze xy(z)—
—2xbgo y(x) — wbs 2(x) + 4 age (y(a;))2 —2%byp +2ay 2% (16)
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The system (15) after eliminating one of the variables y(x) or z(z) is reduced to
one second-order differential equation of the type

F(‘T7 y7 y/7y”) = 07 or H(x7 Z? Z’? Z”) = 0'

Both equations can be used to study properties of integral curves of the system
(15).
With this aim we apply the following theorem

Theorem 4. As a result of the elimination of the function y” from the system

or
F(m,y,y',y'/) = 07 ay// =0

the first order differential equation is obtained
C(x,y,y) =0.

This equation has the property that through each point M of its integral curve C' =
Q(z,y) passes integral curve of the equation F(x,y,y,y") =0, for which the point
M is a return point of the second type.

Further consideration of examples shows us that this property of the equation
F(z,y,y',y") = 0 contains information about the existence of limit cycles or about
their absence in the corresponding planar system (9).

5 An examples
1. The system of equations
=2+ 4r —4pz® + 12zy, § =8 —3u— ldux — 2uxy — 8y?, (17)
has the algebraic curve
a4z —a>+pa®+ay+222=0 (18)

as limit cycle by the condition on the parameter 0<p<1/4. The value p = 1/4 is
critical for the system (17) and it arises after additional computation.

We show here that the given value of the parameter p is derived from the study of
the system (17) in the projective coordinates. Really, the system (17) after projective
extension takes the form

d
ax(t) = 822 — 1222 — 52xy + 6 pa?,
d 2 2
Ey(t) =—48—=3pu)z"+56prz —2uxy+ 28y° + 4 zy,
d
—2(t) =422 — 42y — 10 p 2. (19)

dt
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A homogeneous form of algebraic curve (18) looks as follows
2 da — 42?2 Fapads +Axy? + 4227 = 0. (20)

With the help of the system (26) after differentiation of the condition (20) with
respect to the parameter ¢ we obtain the relation

8 (2* +4x2® — 42?2 +4pa’z + 4ay2® +42%y%) (ap— 22— 6y) =0.  (21)
Proposition 2. Substitution of the expression
z2=1/2zxp—3y

from the condition (21) into the (20) gives us the equation of straight line y = Kz
with the coefficient K which is determined from the algebraic equation

(1296 K* + 8 16> + p + 16 4 + (—24 4> — 128 p%) K + (216 pu® + 672 — 512) K2+
+ (—864 p — 1152) K = 0. (22)

Proposition 3. The equation (22) has double roots when the parameter p satisfies
the conditions
(1% (4p — 1) (90 — 384p — 2048) = 0. (23)

The value of parameter p = % is critical for the system (17).

The study of behavior of the system at another value of parameters

64 32 64 32
p=0, pu 3+3f, T3

requires additional consideration.

2. The system of equations
@ =5z + 622 + 4(1 + p)zy + py?, ¥ =2+ 3y +dzy + (2 + 3u)y? (24)
has the algebraic curve
22 4+ 23 + 2%y + 2uay? + 2uay® + 2yt =0 (25)

as limit cycle by the condition on the parameter —% + % V1T<p<0.

The value of parameter y = —% + % 17 is critical for the system (26) and it
arises after additional computation.

We show here that the given value of the parameter p is derived from the study
of the system (26) in the projective coordinates.

Really, the system (26) after projective extension takes the form

d
ax(t) = 13223 (A+4p)ay+22(2+3u)y —4py® — 822,
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d

SU() = —dzz =2 2+3p)y" -2y + (4+4p) v’
d
Ez(t):722+(4+4,u)yz+16xz+2z(2+3,u)y. (26)

A homogeneous form of algebraic curve (25) looks as follows
2222+ 232+ 2Py + 2p g + 2 payd + Pyt = 0. (27)

With the help of the system (26) after differentiation of the condition (27) with
respect to the parameter ¢t we obtain the relation

—4 2yu+3z+2x+2y) (3:2,22+x3z+$2yz+2uazy2z+2u$y3—|—,u2y4) =0.
(28)

Proposition 4. Substitution of the expression
z2=-2/3yu—2/3x—2/3y

from the condition (28) into the (27) give us the equation of straight line y = Kz
with the coefficient K which is determined from the algebraic equation

349925 (16 p? + 71 p +2) (p* —2p° — 244 + 16 4 — 8) = 0. (29)

Proposition 5. The equation (29) has double roots when the parameter p satisfies
the conditions

34992 1® (16 p® + 71 p +2) (u* —24° — 244> + 16— 8) = 0. (30)

The value of parameter

7117
-4
H 32+32\/—7

is a critical for the system (26).
Behavior of the system at the another values of parameters requires additional
consideration.

6 Supplementl

In this section, we will consider an example of equation (1) for which associated
metric has only one component of the Ricci tensor.

Theorem 5. Tensor Ricci of the metric (3) associated with the equation

dd—;y(ﬂf) + (%h(%y)) <%y(:ﬂ)>3 +3 <%h($,y)> (%y(gj)>2 -
B,y -3 (2hey)’ Ly@) — (@RE) 12 (Gh(ey) Fhey)

2 h(w,y) (&h(.m) :
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Dz ) LR
+(8xh( 7y)) 3y2 ( 7y) :0 (31)

(a%h(w,y)>3

has only one component
33
axﬁayh(x yY)

R:c:c =
Zh(z,y)

= (Zen(e.)) Zanley) 4 (gh(z.w)) 4 (Zh(z.v) mlmhe 0,
(%h(w,y)>2
2 (&h(w,9) (5257(@.0)) aahle,y) +2 (Lhle.y)® Sh(wy)
(a%h(w,y)>3
2 2 2
iy (&h(x.)” (Z:h(.p)) -

1
(Zh(z.)
and from the condition R,, = 0 it follows that the metric is a flat R;j = 0 on the
solutions of the corresponding pde.

The function

z—_C1 y+-C2z2_C1
z

—<Lambe7“tW(—_C'3 Cle” Yz+ax—_C1 y+-C2 x-CZ)m’l

h(z,y) =e z  (33)

is an example of such solution. From here it follows that all equations with such
condition are point-equivalent to the equation 3" = 0.

) + 1/ (y)

Theorem 6. To the equation (31) with the function h(x,y)
mmwariant vs = 0 the equation takes the form

d 3 2 d r 2 xi -
& @12 (%yy(;;)) b1 (2100 (2ot o LELE) VIt

Ly L@ v@ +8 (#7@) @) + i (1@) 0D
1/ y(@)p? -
(34)

and the Ricci tensor of corresponding Riemann space Ry, # 0.

In this situation both functions of the equation (34) Ly # 0 and Ly # 0 and for
the further study of the equation it is necessary to use the invariant
[L23 (041 Ly — aLJ) — 2Ry Ly Lgy + L22R2y — Lo Ry (CL] L; — as Lg)]

Wy = —
1 L24
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[L13 (CM] L] — Oy LQ) + R1 L1 L]x — L12R1I + L] R] (a3 L] — a4 Lg)]

= , (35
i (3)
where

o = agy — a1y + 2(&1@3 — a%), a1 = CLgy — a9y + ajaq — aza3,
s = asy — azy + 2(azas — a3),
and
Ry =1L1Ly, — L2141, + a%L% — 2a3L1Lo + a4L%,
Ry = L1L2y — L2L1y + G%L% — 2a9lq1 Lo + ang.
Starting from the invariant (35) the sequence of invariants
W W 0Ly, 0L,
W, =1L — L Wp| — — —
m+4-2 1 8y 2 Oz +m m<8$ ay
can be constructed.
7 Supplement2
It is known that with partial first order equation
F(x,y,z,p,q) :F(x7y7za'z$7zy) :0 (36)
can be associated the Monge equation
dy dz
P sy Y <y Ty T = 07 37
<a: Y2 d:n) (37)

homogeneous with respect to the differentials.

Such type of equation determines a set of the Monge curve lines which of is the
rib return of corresponding surface composed from characteristics of the equation
(36).

We shall apply theory of Monge equation (37) for study of planar systems of
ODE’s with the limit cycles.

Proposition 6. For the system of equation which has limit cycle at the condition
O<pu<l1/4

dx dy

o =yty, =y eyt (L4 ey (38)

corresponding the p.d.e. (36) looks as follows

<a%f(w, y)> (y+y°) + <a%f(w, y)> (—z+py—ay+(1+p)y®) =0 (39

After change of the variables

f(z,y) = u(z,t), %f(gj’y) .
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) D u(x,t)
_f €, = ot )
By (@, y) 2 o)
where

u(z,t) = t%z(x,t) — z(x,t), v(x,t) = Ez(:n,t)
the equation (39) takes the form

? 0 0
(a:,t)) + <—%z(az,t) +pt— ta:) Ez(m,t) —tx =0.

<—a%z(x,t) +t+ut> <%z
(40)

Theorem 7. Homogeneous equation associated with the equation (40) is
512 dz*t 4320 dz*t*2% —1000 dz dz?p t?2% +800 dz?t? dz% 2 —800 dat3 dz x*+
+500 dz 2 t42? + 500 dz2 dzt?2? — 1600 da3t3 p xdz + 800 do p*t o —
—1280 da3t3xdz + 800 dz*t*pu 2 + 1280 dz*t* 1 + 500 da’at? dt dz—

—500 dz3zt3p dt + 4400 da3z2 dt t3 + 2000 dz3dt 323 — 5000 dt de’pt?dz z+
+3000 dt dz?p%t? dz — 3000 dt dz ptdz? — 1600 dt dz?pt?dz — 2500 dt? de? p t*z+
+2500 dt dz>p2t3x + 800 dt dx® 13 — 1000 dt dapt® + 1625 dt® da*ta?+
+1920 dt dz3t3z + 2400 dt?dz?t?x — 800 dz3dx t + 500 dzptt* + 800 dztt i+
4500 dz* + 2500 dt dz tzdz? + 2500 dt*dx tzdz + 400 dt dz?t*zdz + 1000 dz> dt —

—400 dt dz3pt3z + 3000 dz2 dz?pt? — 2000 dz3de pt + 2400 dz? dx?pt? —
—2400 dz dz3p?t3 — 2000 dz dz? 13t 4 800 dz%dx tdt + 320 dzt?dz+
4320 dzt'p? — 1000 dt*dz ptdz + 500 dt*dz? + 1000 dt> dz tx+
+500 dt?da? 1t — 640 dzt3dz p=0,

and from here we obtain the Monge equation

(d (t)>4—2t(1 +x4+2p) <%x(t)> (%z(t)>3+

EZ
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—t? <8uaz — 248 (2)* — 12 x) <%x(t)>2 —2t(p—4zx) <£x(t)> %z(t)—k

4 (%z(t))Z +2 (%4@)3 ot (ez—143p) <%$(t)> <%z(t)>2 4

+2¢2 (—:E —2px—2p+3p2—4 (:13)2) (%x(t)>2 iz(tH—

3
+2¢3 (2 (2)* + 12 +6 2 — 12 +10 (2)* +plz+4p (a:)2+/w:> <%x(t)> =0. (41)

The solutions of equation (41) depend on the value of parameter p and contains
information about properties of integral surface formed from characteristics of the
equation (40). In particular a following proposition is valid

Proposition 7. Under substitution

2(t) = tzgw(x,t) — 2t§w(a:,t) +2w(z,t), x(t) = 0

ot ot pTRASR

undetermined equation (41) is reduced to algebraic-differential equation with respect
to the function w(z,t)

02 ! 02 ’ 02 ? 02
(42)
where A; = A;(u, t, %) are some polynomial functions with respect to the variables
t and wy.

Study of return points of integral curves of the equation(42) in accordance with
the Theorem4 alow us to formulate a following result

Theorem 8. From the set of real values of the parameter p, which satisfy to the
equation

—22265110462464 't — 485606182354944 1110 — 3541595672543232 11° —

—7724112134799360 pu® 4 24161394358222848 117 + 131429131899371520 126+
+52585845479178240 11° — 573323004352659456 11" — 661065167731163136 1> +
1894761666057601024 1% +1196951371505467392 11—
—365080998536282112 = O,

or
p=1.974873734, p = —2.974873734, n = 0.2650452857

only the value
u = 0.2650452857
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satisfies the condition of existence of limit cycle in the system (38).
Analogous consideration for the system

dy

i —1/2x + py — xy + (4/5 + p)y°,

da + 9
—xr =
dt y y?

which has two limit cycles at the condition 0 < p < %, give us two values

1= 0.31904424124, and p = 0.3194444444.
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