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Transparency of Ore extensions over left o-(S, 1) rings

Vijay Kumar Bhat, Pradeep Singh, Arun Dutta

Abstract. Let R be a ring and o be an endomorphism of R. Recall that a ring
R is said to be a left o-(S,1) ring if for a,b € R, ab = 0 implies that aRb = 0
and o(a)Rb = 0. In this paper we discuss a stronger type of primary decomposition
(known as transparency) of a left o-(S,1) ring R, and Ore extension R[z;0o].

Mathematics subject classification: 16536, 16N40, 16P40.
Keywords and phrases: Automorphism, quotient ring, left o-(S, 1) ring, transpar-
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1 Introduction

A ring R always means an associative ring with identity 1 # 0. The set of minimal
prime ideals, prime radical, and the set of nilpotent elements of R are denoted by
Min.Spec(R), P(R) and N(R) respectively. The set of associated prime ideals of
R (viewed as a right module over itself) is denoted by Ass(Rgr). Let R be a right
Noetherian ring. For any uniform right R-module J, the assassinator of J is denoted
by Assas(J). Let M be a right R-module. Consider the set

{Assas(J) | J is a uniform right R-submodule of M }.

We denote this set by A(Mpg). The set of positive integers, the ring of integers,
the field of rational numbers, the field of real numbers and the field of complex
numbers are denoted by N, Z, Q, R and C respectively unless otherwise stated.

Now let R be a ring and ¢ an endomorphism of R. Recall that the skew poly-
nomial ring R[z; o] is the usual polynomial ring with coefficients in R, with usual
addition, and multiplication subject to the relation ax = zo(a) for all a € R. We

define any f(z) € Rx;o] to be of the form f(z) = inai as in McConnell and
=0

Robson [8]. We denote R[z; o] by S(R). Skew-polynomial rings have been discussed

by many authors, for example [1,2,7,9].

By classical study of any commutative Noetherian ring we mean studying its
primary decomposition. Further, existence of quotient rings, in particular, Artinian
quotient rings etc. can be linked to primary decomposition of a Noetherian ring.
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The notion of the quotient ring of a ring, the contractions and extensions of ideals
arising thereby appear in Chapter 9 of [7].

It is also shown in [7] that if R is a commutative Noetherian ring and o is an
automorphism of R, then the skew-polynomial ring R[z;0] embeds in an Artinian
ring. We would like to note that prime ideals (in particular minimal prime ideals
and associated prime ideals) of skew polynomial rings have been the point of interest
of many authors, for example Bhat [2,7-9)].

The above discussion leads us to discuss a stronger type of primary decomposition
of a Noetherian ring. We call such a ring a transparent ring.

Definition 1 (see Definition 1.2 of [3]). A right Noetherian ring R is said to be a
Transparent ring if there exists irreducible ideals I;, 1 < j < n such that N7_,I; =0
and each R/I; has a right artinian quotient ring.

One can see that an integral domain is a transparent ring, a commutative Noethe-
rian ring is a transparent ring and so is a right Noetherian ring having a right
Artinian quotient ring. A fully bounded Noetherian ring is also an example of
transparent ring.

We recall the following:

Theorem 1 (see Hilbert Basis Theorem, namely Theorem 1.14 of Goodearl and
Warfield [7]). Let R be a right/left Noetherian ring. Let o be as above. Then the
Ore extension S(R) = R[x; 0] is right/left Noetherian.

Definition 2. A ring R is called 2-primal if P(R) = N(R), i.e. if the prime radical
is a completely semiprime ideal. An ideal I of a ring R is called completely semiprime
if a® € I implies that a € I for a € R.

o (*)-ring

Definition 3. Let R be a ring and ¢ an endomorphism of R. Then R is said to be
a o(x)-ring if ac(a) € P(R) implies a € P(R) for a € R.

Example 1. Let R = {<p q>; p, g, v € F, a field } Now P(R) =

0 r
(0 onrer).

Define a map o : R — R by a(lg z> = <€ S ) Clearly, ¢ is an endomor-

phism of R, and one can be easily see that R is a o(x)-ring.
Remark 1. A o(x)-ring R is 2-primal, for let a € R be such that a?> € P(R). Then

ao(a)o(ac(a)) = ao(a)o(a)o?(a) = ac(a?)o?(a) € o(P(R)) = P(R).
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Therefore, ac(a) € P(R) and hence a € P(R). So P(R) is completely semiprime
and hence R is 2-primal.

Weak o-rigid ring

Definition 4 (see Ouyang [10]). Let R be a ring and o an endomorphism of R
satisfying ac(a) € N(R) if and only if a € N(R) for a € R. Then R is called a weak
o-rigid ring.

Example 2. Let Wi [F] be the first Weyl algebra over a field F' with characteristic
zero. Then Wi [F] = F[u, ], the polynomial ring with indeterminates p and A with
A= pA+ 1.

Now let R be the ring

< WalF] WAl )

Now the prime radical P(R) of R is

(3 ")

Define an endomorphism ¢ : R — R by

oA (w0
J<<0 0>>_<0 0)‘
Then R is a weak o-rigid ring.

(S, 1)-rings

Definition 5 (see Kwak [9]). Let R be a ring. Then R is called an (S, 1)-ring if for
a, b€ R, ab= 0 implies aRb = 0.

Example 3. 1. Let R = Z x {0} x {0} x Z. The only elements a,b € R satisfying
ab = 0 are of the type a = (p,0,0,0) and b = (0,0,0,s); p,s € Z. Now for all
k=1(q,0,0,7) € R,

akb = (p,0,0,0)(q,0,0,7)(0,0,0,s) = (0,0,0,0).

This implies that R is an (S, 1)-ring.

Q.LetR:{<gg);p,q,reZ}.LetA:<g8>andB:<82)3
ros
00

O#p,O#qGZ.ThenABzO.NowletK:< >€R,With87é0.

Then
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_(p O r s 0 0
wo=(50) (5 6) (6 )
(0 psq 0 0
()7 (0 0)
Thus R is not an (S, 1)-ring.

Left o-(S, 1)-ring

We generalize the notion of an (.5, 1)-ring R by involving an endomorphism o of
R as follows:

Definition 6. Let R be a ring and ¢ an endomorphism of R. We call R a left
0-(S,1) ring if for a,b € R, ab = 0 implies that aRb = 0 and o(a)Rb = 0.

Right 0-(5,1) ring can be defined in a similar way; i.e. for a,b € R, ab = 0
implies that aRb = 0 and aRo(b) = 0

Example 4. Let R =7 x {0} x {0} x Z. Define a map o : R — R by o(p,0,0,q) =
(0,0,0,9). Then o is an endomorphism of R. Now the only elements a € R and
b € R satisfying ab = 0 are of the type a = (p,0,0,0) and b = (0,0,0,q);p,q € Z.
Now for all £ = (1,0,0,s) € R,

akb = (p,0,0,0)(r,0,0,s)(0,0,0,q9) = (0,0,0,0).
Also
o(a)kb = (0,0,0,0)(r,0,0,s)(0,0,0,q9) = (0,0,0,0).
Therefore, R is a left 0-(S,1) ring. In fact R is also a right o-(S,1) ring.

From the definition it is clear that a left or right o-(5, 1) ring is an (5, 1)-ring,
but the converse is not true.

Remark 2. We note that a right o-(5,1) ring need not be a left o-(S,1) ring, and
vice versa.

Example 5. Let R = { 8 2 >; a, b € Z}. Define a map ¢ : R — R by
a 0 00 . .
O'( 0 b > = < 0 a > . Then ¢ is an endomorphism of R.

_(p O (0 0\
LetA-(O O>andB—<O q),O#p,O#qEZ.

r 0

Then AB = 0. NowletK:<0 <

> € R, with s # 0. Then
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as= (5 6) (5 2)(57)
()0 )=(00)

Therefore, R is an (s, 1)-ring.
_(p O r 0 0 0
AKJ(B)‘(O 0><0 s><0 0)
[ pr O 00y (00O
N 0 O 00/ \0o0)

Thus, R is also a right o-(S,1) ring.

J(A)KB:<8 2)(8
~(0)(04)

Thus, R is not a left o-(S,1) ring.

Now,

T— .
(0 i )* (0 0)

Now onwards, we consider left o-(5,1) rings.

Proposition 1. Let R be a ring, o an automorphism of R such that R is a left
0-(S,1) ring. Then R is 2-primal.

Proof. Let R be a left 0-(5,1) ring. Then by Theorem 1.5 of [11] R is 2-primal,
which implies that P(R) is completely semiprime. We give a sketch of proof.

Let a € N(R), say a* = 0. If a ¢ P for some prime ideal P, then azja ¢ P for
some element z; € R. Continuing this procedure we get elements x; € R such that
P does not contain b = axja ... xx_1a. But, R is an (5, 1)-ring, so a® = 0 implies
b= 0, hence b € P, a contradiction. O

Proposition 2. Let R be a ring, o an automorphism of R such that R is a left
0-(8,1) ring. Then R is a o(x)-ring.

Proof. Since R is a left 0-(S5,1) ring, by Proposition 1 R is 2-primal and P(R) is
completely semiprime.

We will show that R is a weak o-rigid ring. Let b € R be such that bo(b) € N(R).
Now ba(b)o~!(bo(b)) € N(R) implies that b> € N(R), and so b € N(R). Therefore,
R is a weak o-rigid ring, and is also a o(*)- ring. O
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Remark 3. However, the converse of Proposition 1 and Proposition 2 is not true.
In 1 Ris a o(*)-ring and, therefore, is also a 2-primal ring, but it is not a left o-(5, 1)
ring (even not an (S, 1)-ring).

2 Prime ideals of left o-(S, 1) rings and their extensions

Proposition 3. Let R be a right Noetherian ring which is also an algebra over Q.
Let o be an automorphism of R such that R is a left 0-(S,1) ring. Then o(U) =U
for allU € MinSpec(R).

Proof. By Proposition 1 R is 2-primal and by Proposition 2 it is a o(*)-ring. Now
the result follows by Proposition 2.1 of [5]. O

Proposition 4. Let R be a right Noetherian ring and o an automorphism of R such
that R is a left 0-(S,1) ring. Then U € Min.Spec(R) implies that U is a completely
prime ideal.

Proof. Suppose that U is not completely prime. Then there exist a,b € R\U with
ab € U. Consider U; as in 3. Let ¢ be any element of b(Uy N Us N ...N Uy, )a. Then
2 e U; = P(R). So c € P(R) and, thus b(U> N Uz N ... Uy)a C U. Therefore,
bR(UsNUsN...NU,)Ra C U and, as U is prime, a € U, U; C U for some ¢ # 1 or
b € U. None of these can occur, so U is completely prime. O

Lemma 1. Let R be a right Noetherian ring which is also an algebra over Q. Let
o be an automorphism of R such that R is a left 0-(S,1) ring. Then

1. If U is a minimal prime ideal of R, then S(U) is a minimal prime ideal of
S(R) and S(UYNR=1U.

2. If P is a minimal prime ideal of S(R), then P N R is a minimal prime ideal
of R.

Proof. R is a left 0-(S,1) ring implies that R is o(x)-ring by Proposition 2. Now
the proof follows on the same lines as in Lemma 2.2 of [5]. O

Proposition 5. Let R be a right Noetherian ring which is also an algebra over
Q. Let o be an automorphism of R such that R is a left o-(S,1) ring. Then U €
Min.Spec(R) implies that S(U) is a completely prime ideal of S(R).

Proof. Let U € Min.Spec(R). Proposition 3 implies that o(U) = U. Also Propo-
sition 4 implies that U is a completely prime ideal of R. Now the result follows by
Theorem 2.4 of [6]. O

Theorem 2. Let R be a semiprime right Noetherian ring. Let o be an automorphism
of R such that R is a left 0-(S,1) ring. Then P € Ass(S(R)g(ry) if and only if there
exists U € Ass(Rg) such that S(PNR) =P and PNR=U.
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Proof. R being right Noetherian implies that Ass(Rg) = A(Rgr) (Remark 2). R a
left 0-(S, 1) ring implies that o(U) = U for all U € Min.Spec(R) by Proposition 3.
Now the result follows on the same lines as in Theorem A of [5]. O

Corollary 1. Let R be a right Noetherian (S,1)-ring, and o an automorphism of
R. Then P € Ass(S(R)g(ry) if and only if there evists U € Ass(Rg) such that
S(PNR)=Pand PNR=U.

3 Transparency of a left o-(S,1) ring

We are now in a position to state and prove the main result in the form of the
following theorem:

Theorem 3. Let R be a semiprime right Noetherian ring and o an automorphism
of R such that R is a left 0-(S,1) ring. Then R is a transparent ring, and S(R) =
Rlz; 0] is a transparent ring.

Proof. R is a right Noetherian ring, therefore, there exist finitely many minimal
prime ideals U;, 1 < j <n of R by Theorem 3.4 of [7]. Also R is semiprime, there-
fore, N7_,U; = 0. Now R/Uj; has a right Artinian quotient ring by Theorem 6.15 of
Goodearl and Warfield [7]. Hence R is a transparent ring.

Now R|[z; o] is right Noetherian by Hilbert Basis Theorem, namely Theorem 1.14
of Goodear]l and Warfield [7]. Now R is left o-(S,1) ring, therefore, Proposition 3
implies that o(U;) = Uj, for all j, 1< j < n. Therefore, S(U;) is a minimal prime
ideal of S(R) by Lemma 1, and N7_,S(U;) = 0.

Now S(R)/S(Uj) has also an Artinian quotient ring by Theorem (2.11) of Bhat
[1]. Hence S(R) = R[z;0] is a transparent ring. O

References

[1] BHAT V.K. Ring extensions and their quotient rings, East-West J. Math., 2007, (9)1, 25-30.

[2] BHAT V.K. Associated prime ideals of skew polynomial rings, Beitrage Algebra Geom., 2008,
49(1), 277-283.

BHAT V. K. Transparent rings and their extensions, New York J. Math., 2009, 15, 291-299.

©

[4] BHAT V. K. On 2-primal Ore extensions over Noetherian o(x)-rings, Bul. Acad. Stiinte Repub.
Mold. Mat., 2011, No. 1(65), 42-49.

[5] BHAT V.K. Prime ideals of o(x)-rings and their extensions, Lobachevskii J. Math., 2011,
32(1), 102-106.

[6] BHAT V. K. A note on completely prime ideals of Ore extensions, Internat. J. Algebra Comput.,
2010, 20(3), 457-463.

[7] GooDpEARL K.R., WARFIELD R.B. An introduction to Non-commutative noetherian rings,
Camb. Uni. Press, 2004.



o-(S,1) RINGS 21

[8] McCoNNELL J. C., RoBsoN J.C. Noncommutative Noetherian Rings, Wiley (1987); revised
edition: American Math. Society, 2001.

[9] Kwak T.K. Prime Radicals of skew-polynomial rings, Int. J. Math. Sci., 2003, 2(2), 219-227.
[10] OuvaNG L. Extensions of generalized a-rigid rings, Int. Electron. J. Algebra, 2008, 3, 103-116.

[11] SHIN G.Y. Prime ideals and sheaf representation of a pseudo symmetric ring, Trans. Amer.
Math. Soc., 1973, 184, 43-60.

ViJAY KUMAR BHAT, PRADEEP SINGH, ARUN DUTTA Recewved April 3, 2017
School of Mathematics, SMVD University
Katra, India-182320 E-mail:

vijaykumarbhat2000@Qyahoo.com



