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On the solvability of a class of boundary value
problems for systems of the integral equations
with power nonlinearity on the whole axis
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Abstract. We investigate a class of boundary value problems for systems of con-
volution type integral equations on the whole axis with power nonlinearity. These
problems have a direct application in the p-adic theory of open-closed strings. We
prove the existence of odd rolling solutions to the problems. We also establish the
integral asymptotic for the constructed solutions. The results are illustrated by ex-
amples of the equations under consideration.
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1 Introduction

We consider the following system of singular nonlinear integral equations on the
whole axis
N T
F(@) = (o) — 1) Fr@) + Y / Kiy(e—t) Fy(t)dt, e € R, i = 1,2,...,N (1)
=1

for real-valued measurable and odd function F(z) = (Fy(z), Fa(z), ..., Fy(z))"

(T is transpose sign), assuming that

m, n are odd numbers and m > 2n; (2)

pi(—x) = pi(z), © € RT = (0,400); p; —1 € Li(RY) N La(RT); (4)

Kij(x) >0, Kij(—z)=K;j(z), z €R; K;j(z) | for z on [0, +00), (5)

Kije Li(R)NnCu(R), 4,j=1,2,...,N, (6)
+oo

aj; = / Kij(t)dt, A= (aij)gszjf, r(A) =1, (7)
+oo

v = /]a:\Kij(a:)dx< +oo, 4,j=1,2,...,N, (8)
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THE SYSTEMS OF INTEGRAL EQUATIONS WITH POWER NONLINEARITY 95

where Cj/(R) is the space of continuous and essentially bounded functions on R,
r(A) is the spectral radius of matrix A.

These equations are arising in studying system of interacting open, closed and
open-closed strings. It should be noted that string theory is of considerable interest
not only for p-adic mathematical physics, but also in other fields of natural science,
for example, in cosmology. A significant number of articles (see [1]-{7]) are devoted
to the study of the concrete one-dimensional case (N = 1) of (1). In particular case
(see [6]-[7]) they describe the dynamics (rolling) of tachyon strings with a non-zero
interaction constant A when

-1
m = p2, n= I% —1 and m, n, p are odd numbers, 9)
1 -1
K(z) = ﬁe‘& plz) = N % (@~ Y(z) —1)+1, z€R, Xe[0,1), (10)
where

P(—0) = 400, O(—z) = —P(z), x>0,
®(+o0) =F1, ' —1¢€Li(RT)NLy(RT).

The problem of the existence of nontrivial solutions of the one-dimensional equation
(1) under the conditions (9)—(11) and A = 0 was investigated in the paper [7] of
V.S. Vladimirov. In [8]-[10] of one of the authors, a one-dimensional equation when
A = 1 with a more general kernel is also investigated. The solutions of the boundary
value problems for this case are assumed to be real continuous functions on the
whole axis, which are different from the trivial solutions (vacua) £1, 0.

For the particular case of the system (1) in the paper [11] one boundary value
problem is considered and the existence of a nonnegative (nontrivial) nondecreasing
bounded and continuous solution of this problem is proved.

In this paper by using the results of [11] we investigate the properties of systems
(1) with power nonlinearity, construct an iterative method for their solution and
prove the convergence of iterations. We show that a class of boundary value problems
for these systems of equations on the whole axis have the odd rolling solutions. At
the end of the paper we present some examples.

(11)

2 On the solvability of one auxiliary system of nonlinear integral
equations on the positive semi-axis

At first we consider one auxiliary system with the same kernels

N oo
TECEDS 0/ (e =) = Kia +0) 0t 2 €0, 400),

7=1
i=1,2,....N
with respect to continuous function ¥ (x) = (¢1(x), Yo (x), . .., vn(x))T on [0, +00).

It is easy to see that 1;(0) =0, i =1,2,..., N. Below we show that this system
has a nonnegative nontrivial nondecreasing and bounded solution on [0, +00).
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The existence of a nonnegative nondecreasing bounded and continuous
solution of system (12). We apply the Perron theorem to the matrix A, defined
by formula (7). There exists a vector n = (11,72, ...,nn)" with positive components
(m; > 0) such that

N
Zaijnj:m, i=1,2,...,N. (13)
7j=1
Denote '
m=—" 51 i=1,2,...,N. (14)
min 7
1<i<N

Choosing as the initial approximation
v(@) =, ¢ eRY, i=1,2,...,N, (15)

we introduce the following successive approximations for equation (12)

N oo
(@) = / (Kij(w — t) = Kig(a + ) 47 () dt,

= (16)
k=0,1,2,..., ze€R" i=1,2,...,N.
First by induction we show that the iterative functions are monotone on RT.
(@) T byron RY, k=0,1,2,..., i=1,2,...,N. (17)

Let x1,79 € RT be arbitrary numbers and z1 < x9. The assertion for k = 0 is
obviously true (see (15)). Assuming ¢Z-(k)(3:1) < T,Z)Z(k)(llﬁg) for certain k¥ € N and
taking into account (5) in (16), we have

N [ % 7
(@) " = | [ Kot —tyde— [ Kytor+ 0P @ar | <
0

=1\ %
N o o) .
<3 /Kij(t)zp§k)(x2 —t)dt — /Kij(xg +tM (@ dt | = (1/12-(k+1)(x2)> :
=l Ko 0

Since m (m > 3) is an odd number and the function y = 2™ is continuous and

increasing on R, from the obtained inequality for k+1 (17) follows, and consequently,
for any natural k.

Now we turn to the proof of the convergence of iterations (15), (16). To do this,
we first prove the monotonicity of iterations with respect to k.

wgk)(x) | with respect to k, x € R, i=1,2,...,N. (18)
The properties of kernels ensure the fulfillment of the following inequalities

Kij(x —t) > K;j(z +t), z,teRT, i,j=1,2,...,N. (19)
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Taking into consideration (15), (19), (7), (13) and (14) from (16) for £ = 0 we have

m NF il "
(10@)" < [ Hate 0wy < S n; [ Koyt =
0 7=l oo

N
:Zaijn; :772 (772) - (wz(O)(x)>m7 ‘TER+7 i=12,...,N.

Again using the monotonicity property of the function y = =™ on R, from the
obtained inequality it follows ¢i(1)(x) < %'(0) ()=nf, xeRY, i=1,2,...,N. Let
the inequalities 1/12-(k) (x) < wgk_l)(m) hold for certain k£ € N. Then from (16) we have
ﬂ)gkﬂ)(:n) < %(k) (z), 1 = 1,2,...,N, x € RT. Consequently, the monotonicity of
the iterations for any k = 0,1,2,... is proved.

Using the results of the work [11] we prove that iterations (16) are bounded
below. According to [11] the following system of equations

0 (@) + (- a)gile) = 3 ] (Kiglo — ) — Kygla + 1) 50,
7j=10 (20)
x €0, +o0), i=12,...,N

for any a; € (0,1] has a nonnegative (nontrivial) nondecreasing bounded and con-
tinuous solution ¢(z) = (¢1(x), v2(x),...,on(z))T and

pi(0)=0; 0<gile) <u w€RY, i=1,2,..,N. (21)
Let ¢(z) = (1(x), P2(x),...,@n(x))T be the solution of system (20) for a; = 1,

i=1,2,...,N.
Now we show that the following two-sided inequalities hold:

Gile) <P (x)<mf, k=0,1,2,..., xR, i=12,...,N. (22)
We prove the left-hand side of inequality of (22). It is easy to verify from (15) and

(21) that the initial iteration is bounded 1/)2(0) () =nf > @i(x). Let the ¢i(k) (x) >
@i(x), i=1,2,..., N, be valid for certain k¥ € N. From (16) and (20) we have

N o0
(7!) k+1 Z/ t) — Kij(z +1t)) (k)( t)dt = @ (z), zeRT.
0

J=1

Since ¢i(k) (0) = 0 and in accordance to (17), all functions ¢i(k) (z) are monotone on
R, therefore

(@) >0, zeR", k=1,2,..., i=1,2,...,N.
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So, from the above obtained inequalities <¢Z-(k) (m))m > @3 (x) for odd number m > 3
it follows that

wgk)(a:) > @gi(r), veRT, i=1,2,...N.
Similarly, the right-hand side of inequality (22) is proved.

According to (15) and (16) from continuity of functions { Kj;;
it follows

NxN

m
ij—1 and 2™ on R

s e c®?), k=0,1,2,...,i=1,2,...,N. (23)
Thus, we conclude that for every fixed i € {1,2,..., N} the sequence of functions
{Q,Z)Z(k) (:E)} has a pointwise limit as k£ — oo

Jlim o (@) = i(z), i=1,2,...,N. (24)

According to the Levi theorem [12] function ¢ (z) satisfies system (12). Moreover,
due to (22), (17), (23) it follows that the following assertions hold

Pi(x) <i(x) <nf, zeRY, i=1,2,...,N, (25)
Yi(x) T byron RY, i=1,2,... N, (26)
P, € C(RT), i=1,2,...,N. (27)

Consequently, taking into account (24), (26), (27) and Dini’s theorem ([12]) we can

state that the sequence of continuous functions {1/12-(]6) (x)}72, uniformly converges to
continuous function 1;(z) in each compact from R*.

The limit of the solution of the system (12) at infinity. From (25)—(27)
it follows that there exits

lim v;(x) =N\ < 400, 1=1,2,...,N. (28)

xr——+00

Using the continuity of the functions {1;(¢)}¥ |, the known limit relation for the
convolution operation ([13])

[e.9]

lim KZ](LZ' — t)wj(t)dt = )‘j / Kij(t)dt = a,-j)\j,

T——+00
0

and also

<Sup|1,Z)j |/Kw )dr — 0,

/ (- t)i(t) dt
0

o

= lim Kij(x +t);(t)dt =0

T—+00
0
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in (12) we get that

N
j=1

For the system of nonlinear algebraic equations (29) we construct the following
successive approximations

()" = S o

A= k=01,2,...,i=12,... N

(30)

As before, by induction it is not difficult to verify the validity of the following facts

/\Ek) | with respect to k; )\Z(-k) > 7772'*, k=0,1,2,...,i=1,2,...,N.
max 7j;
1<i<N

Consequently, the sequence {/\Ek)}zozo has a limit as k — oo :

lim AP =) i=1,2,...,N,
k—-+oc0

and the numbers \; satisfy the system (29) and two-sided inequalities

n;

3
max .
1<i<N i

<N <nf,i=12,...,N.

7

Thus, the following lemma is true.

Lemma 1. If for a matriz A = (alj)fvszjy with positive elements and with a spectral

radius r(A) = 1 the following inequality holds

1<igen Y 1

> —, (31)
max aqj; /M
1<i,j<N

then for all odd numbers m > 2 the system (29) has in the class

A={A=0p e dn) s — <) <pf i=1,2...,N} (32
max 17);
1<i<N

the unique solution being the limit of successive approximations (30).

Proof. From (13), (14) and (31) it follows

N

; * min a;in: i y
1SN 1KisN ];1 7 1<ien M 1
= ——— = > == . (33)
max 7; N max  a;j mey/m
1<i<N max Z CLijT]; 1<4,j<N

I<i<N /=
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Then, assuming that the system (30) has in the class A two solutions A and X, we
have

N
i = M)A AT R NN = D a3y - ).
j=1

Since A, A € A, by (13), (14) it immediately follows that

m—1

N ~
N n; N A — Al
A — M- i <§ I — | < Yy 9t
| 7 7,| m max Z* S - az]| j j| =7 11%1]&%{71 n;k
1<i<N j=1

In the notation introduced on the left side of (33), we get

m%m—l‘ { Z’é max M’ Vi=1,2,...,N.
n ISGSN 0

From the previous inequality it follows that

(maem_1 1) max A _*/\j| <0. (34)
1SN )
Since @™~ > L (see (33)), then from (34) we get \; = Ny i=1,2,...,N. O

Thus, if the condition (31) is fulfilled, the solution v (z) of the system (12) has
in the class A ( see (32)) a unique limit A = (A1, A2,...,An)?. Consequently, the
below theorem is valid.

Theorem 1. Suppose kernels {K;; f\;x:]f possess the properties (5)—~(7). Then for

any odd number m > 2 the system (12) has a nonnegative (non-trivial) continuous

nondecreasing and bounded solution on [0, +00) and the estimates (25) are valid.
Moreover, if kernels satisfy the additional condition (31), then in the class A,

defined by formula (32), the solution of the boundary problem (12), (28) is unique.

Asymptotic behavior of the solution of the system (12). Below we show
that the solution of the system has one more important property:

X —; € Ly(RT), i=1,2,...,N. (35)

We consider for the boundary value problem (12) and (28) the following successive
approximations

<¢§k+1)(w)>m = % :fo(Kz’j(:U — 1) = Ky + 1) ¢ (1) dt,

j=1 (36)
V@)= N, k=0,1,2,..., zeR¥, i=1,2.. N
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Obviously, for these iterations for any ¢ € {1,2,..., N} the assertions are valid
wgk) (x) | with respect to k, z € RT; (

Gil) <vMP@) <A, k=0,1,2,..., zeRT; (38
¢Z-(k)(x)Tby:Eon, R, k=0,1,2,...; (
o e CRY), k=0,1,2,... (

By induction on k we prove the validity of the inclusions (35). Indeed, for k =0
they are obvious. Suppose that (35) hold for certain k£ € N. Then according to (29),
(36) and (7) we have

X = (@) =

= (n - 0" @) [A;’H + A2 (@) 4

() )

Jj=1 Jj=1 J=1
= / K-t — 0P 0)de+ 3 ) / Ky(#)dt+ / Ko+ 00 (1)t
=19 =1 2 =1

Using the estimates of (38) and taking into account that the functions @;, as a
solution of the system (20), are nonnegative nondecreasing bounded and continuous,
for any ¢ € {1,2,..., N} we obtain

(A= e @) (T A2 Gi(a) <

N o
gZ/K z -t — dt+2Z)\ /K”

=17

or

A (1 + 952‘(!17)> Ai — ¢§k+1)(x) <

N N o0
< Z/Kij(a;—t)(Aj —w§k)(t))dt+22)\j/Kij(t)dt, zeRY.
0 =Lz

Using Fubini’s theorem ([12]) to kernels with the property (8) it is easy to check

(41)

/Kij(t)dt € Li(R"), i,7=1,2,...,N. (42)
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Taking into account the inclusion (42), the condition (6) and the inductive assump-
tion in (41) we conclude that A\; — wgkﬂ) € Li(RY), 4,57 = 1,2,...,N. Then,
integrating both sides of (41) in z from 0 to 400 and taking into account (5)—(8),
we have

R
3
Y

—_

_l_
™
S

N——
b
|
=
=
£
IS
8
AN

N % ¢ N
< Z/ </\] _ wj(k+1)(t)> / Kw(u) dudt + Z )\j’Uij. (43)
0 —oo J=1
Taking into account the property (7) of the even kernel and the formula (29), we
estimate the first sum on the right-hand side of the last inequality (43)

t

N oo
N =) [ Kiy(u) dudt <
s

7j=1
N 1 t N [e'¢)
< Z/ </\j — ¢§k+1)(t)> / K;j(u) dudt + Zaij / ()\j _ ¢§k+l)(t)> dt <
=19 “00 =1 1
1 (k+1) N L
j—y () /
< .
< 1I<n]823v / Y dt ]Z:; A Kij(u)du+
) kD N T — p® D (4
+ max / e MU > aih; <A max / Y ()dt+
1<j<N Aj = 1<j<N Aj
1 = 1
A - o) X AN
+ max / y dt - ;%AJ ;AJ / Kij(u)du | =
0 = =L 1

Substituting this inequality into (43), dividing both sides by A", then transform-
ing its left-hand side according to the properties of the function @;(x), we get the



THE SYSTEMS OF INTEGRAL EQUATIONS WITH POWER NONLINEARITY 63

following estimate

o)

1
A — ) (@) oi(1) A= o (@)
0

IN

N 00 L (k+1)

1 A= ()
<|1- min fZAj/Kij(u)du | ax /#dt—k
1

For a;, b; >0, 1 =1,2,..., N, we have the easily verifiable identity 1g1a<>§v(a,-+b,-) =
(2

, b;. Applying this identity to the left-hand side of the last i lit
11%12855\[ a,—l—lglizgv i PP ylng 1S 1dentl y (6] e le anda siae o € last 1mequall y

and denoting

= <z >\z
N
R
min {C1, Co}
we obtain the uniform estimate
o
N kD)
max /degc, Vk=0,1,2,.... (44)
1<i<N i
0

By (39), (40), (44) according to the Levi theorem, pointwise convergence of succes-
sive approximations (36) it follows that klim ¢Z.(k) (z) = i(z), i = 1,2,...,N and
— 00

limit function ¥ (x) = (Y1 (z), Y2 (x), ..., ¥n(x))T satisfies system (12). Furthermore,
the inclusions \; — 1; € L1 (RT) and the inequalities

[ A=,
max /Md:g <C i=12...,N (45)
1<i<N i

0

hold. Thus, we have proved the following assertion.

Lemma 2. Under the conditions of theorem 1 if the kernels also possess the property

(8), then the function, representing the difference between the solution of the system
(12) and its limit, is summable

)\i_wieLl(R—i—)? i:1727"'7N7 (46)
and integral estimates (45) hold.
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3 Auxiliary boundary value problem for the system (1)

Let us return to the system (1) of singular integral equations. The solution
of the original system will be obtained by an odd extension of the solution of the
corresponding system on the positive axis. Thus we consider the following auxiliary
boundary value problem

J=1

N o0
() = (i) — 1) f7( +Z/<Kij<x—t>—f<ij<x+t>> it dt, = e R* (47)
0

for continues on RT function f(z) = (fi(z), f2(z),..., fx(x))T. To the system of
equations (47) we add the boundary conditions

lim fi(x) =X\ i=12,....N, (48)

where ); is defined by (28).
We introduce the successive approximations for the system of equations (47)

(£5@)" = (i) = 1) (1] ())"+

N
By / — Ky +1) £ ) dt, (49)
]=10
fz(O)(x):¢2($)7 8:071727"'a xGRJ’_? i:172""’N’

where ¥(z) = (Y1 (x), ¥2(z),. .., ¥y ()T is the solution of system (12).

Monotonicity of iterations (49) with respect s. Taking into account (3),
(4), (19) and (12) in (49) we have

( i l‘ > ]z:lo/ ij 517 _t Kz](l‘ + t)) ¢j(t) dt = ¢Zn($), (50)
reRT i=1,2,...,N.

As noted above, for odd m the function 2 is continuous and monotonically increas-
ing on R. Then from (50) it follows that fi(l)(x) > i(x) = fi(o) (). Then, taking
into account (3) and assuming that fi(s)(x) > fi(s_l)(x), i=1,2,...,N, z€R" at
some s € N in (49), we get

(fi(s—i-l)(x))m > (pi(z) — 1) (fi(s_l)(l')>n 1
+§§/kKﬁ@-¢)—Kﬁ@+¢»f“1Ngdt:<,
=1}

whence fi(sH)(:E) > fi(s)(x), Vi=1,2,...,N, z € RT. So, the functional sequence
{fi(s)(x) o2 is monotone in s and ¥;(x) < fi(s) (z), z€RT, Vi=1,2,...,N.
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The boundedness of iterations (49). Note that from (4) and (6) it follows
M; ::/(ui(t) —1)dt -sup ZK’J x) < +o0, i=1,2,...,N. (51)
0 zeR j=1
Denoting

M = max{M;y, Ms, ..., My}, X' =max{A,Ao,..., AN}, (52)

we prove that for any s € {0,1,2,...} the inequalities hold

1

FO) <+ M)mT pr(z), zeRT, i=12... N. (53)

In case s = 0 inequality (53) holds by (49), (28), (52) and condition (3). Suppose
that (53) holds for certain s € N. By (2), (3), (19), (51), (52) and the induction
hypothesis in (49) we obtain

(£ @)™ < ule) = ) O + M7 o)+
N |
(N + M le/(Kij(x—t) Ko+ 1) pf (1) dt <
jzlo

N o
<O 7Y [yl 0 O+ Gte) — ) 74 M)T ) <
0

N o0 N o0
< (V4 M)t (Z/wat)(uj Z/ (x—t)dt | +
J=17 i=1y
F O+ M)ET () — 1) p(z) < (N + M)m=T (X + M)m=1 () — 1) pi(z) <

W+Mwl(<wmx>um»§w+MW3wu»
It follows the validity of (53) for s+ 1, and hence, for any s € {0,1,2,... }.

Further, by induction on s it is easy to verify that all functions of the sequence
{fi(s)(x)}gio (i =1,2,...,N) are measurable by x on R™.

Based on the above properties of iterations (49) (monotonicity and boundedness
with respect to s) we conclude that the sequence { fi(s) (x)}22,, converges pointwise
as s — 400 : SETOO fl-(s) (x) = fi(z), v € RT. According to (3)—(7) and the Levi
theorem the limit function f(x) = (f1(z), f2(z),..., fn(x))T satisfies the equation
(47). Then, by (53) there are two-sided estimates:

1
Gi(@) < filw) S N+ M)7T i (x), x€RY, i=12...,N.  (54)
Thus, the following lemma is proved.

Lemma 3. Assuming the conditions (2)—(7) hold the system of equations (47) has
a non-trivial measurable solution f(z) = (f1(z), fo(x),..., fn(x))T on the positive
semi-azis satisfying the two-sided estimate (54).



66 KH.A. KHACHATRYAN, S.M.ANDRIYAN, A.A.SISAKYAN

4 Integral asymptotic of constructed solution

With the further presentation, the following fact will be useful to us. The func-
tion f—1 representing difference between solutions of systems of nonlinear integral
equations (12) and (47) is summable.

First note that f; € LY¢(RY), Vi=1,2,..., N. Indeed, for any 0 < r < +oo0, if

€ (0,7), from (54) we have

1

Oéwi(x)éfi()S(A*+M)m_<uz() )+<A*+M>—1§
< (N + M) (pi(x) — 1) + (X + M)mT, i=1,2,...,N.

From this and (3), (4) it follows f; € L1(0,7), ¥r € RT, hence f; € Li¢(R").
Since v; € C([0, +0)), then v; € L1(0,r) for any r € R* and i € {1,2,...,N}.
So, f; — ; € L¢(R*), from where it follows that
f—1 e LR LI (RT)x ... x LP*(R™).
N

From the properties (26), (27) of function v, as the solution of boundary problem
(12) and (28), the existence of numbers r; > 0, ¢ € {1,2,..., N} follows, such that

N
I .
Yi(rg) = ™} EZ’ ¢ = 7”{/%226%-, Vi=1,2,...,N. (55)
J:
Then there exists the value ro = max {ry, ro, ..., ry}, at witch the inequalities hold
at the same time
Gilro) = " Vi=1,2,.. N, (56)

Below we show that f; —v; € L(rg,+00). To do this, first by induction on s we
prove

F s € L(rg,+o0), s=0,1,2,..., i=1,2,...,N. (57)

In the case s = 0 the inclusion (57) is obviously satisfied. Suppose that (57) holds
for certain s € N. Then, in view of the monotonicity of iterations (49) with respect
to s, (12), (53), for any ¢ € {1,2,..., N} we get

m (@) (£ @) = i) < (£ @) = o) =

Jj=1

N o0
= (pilx) — 1)( +Z/ t) — Kij(z +1)) (f}s)(t) —¢j(t)) dt <
0

N o
< O M ) () ~ D+ [ (sl =) = K1) (5700 = 5 (0)
0

J=1
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If x € [rg, +00), then from the received inequality in view of the monotonicity of the
function v (see (26)), for any i € {1,2,..., N}, we have

0 < my" (o) (F°7V(@) = (@) < N + M)TT (13 (@) — palw) +

-
+3° [ Kite =)= Kolo+0) (£70) — v300)) .
0

Then by (56) and the monotonicity of the sequence { fi(s) (2)}2, on s we obtain
<o (£ () — < (N 4+ M) T (i) — 1)2 () —
O0<ei(fim (@) —dul@)) < (A + M) ( (pi(e) = 1) + (a(z) = 1) ) +

v o
#3° [ Ut =0~ Ko+ 0) (57700 ~ vy (0) a
=19

Using the conditions (4), (6), we get
F — (@) € L(rg, +00), s=0,1,2,..., i=12,...,N.

Then integrating both sides of the inequality (58) with respect to x from 7y to +oo,
for any i € {1,2,..., N} we obtain

e}

i [ (#@) = i) do <

r T 59
(/ (i(z) —1)? dx + / (i(x) — 1) dx) 143, = (59)

"0 To

<\ + M)mT

()‘* + M) <”:u'l 1“%2(7"0,4-00) + HMZ - 1HL1(7‘07+00)> + T,

where is denoted

v oo o
i= — Kij(w +0) (£ ) — () ) dtdz. (60)
>/ / G )

=1y

By (53), (3), (7), (8) for J; we obtain the following chain of inequalities

oo TQ

N
3i§2 (N + M)m—1 //wa—t,u] t) dt dz+

j=1

T i//Kij(fﬂ —t) (ffs“ (t) — %(t)) dtdzr <

jzlro 0
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B O i U
< (N M) Z(//K’J( £) (u;(t) — 1) dt d +7!0/K]( t)dtd)—i—

J=1
t

+§:7O(f(s+l j(t)) /Kij(u)dudt <

]:1
N o

<\ +M)FT Y /u] —1dt/K,] du+//Kw )du dz:
=1 \p ro T—T0

[e.e]

+Z% / (£ = vy at <
(\* + M) T f: (aw /OO —1)dt+ /OOuKU(u) du) +

=1 9

v e
2 / (790 ~ wy(0)) a <

=2

N 00

. s 1

(N 4+ M)m- 12 azj”:uj 1||L1(RJr +UZJ +Zaw/< ) (t) - T’Z)j( ))
Jj=1 L)

J=1

We substitute these inequalities for J; into (59). Then summing over i from 1 to N,
taking into account the notation ¢;, defined by formula (55), we get

N
0< mWZZw/( 15 (@) = i) dz < X+ M)A S =1 g ey +

=1 j=1 i=1

N N N
A+ M)TTY =1 1y (g, o0y T (A + M) 1ZZ(%’HM;’—1HL1(R+)+UU)+

=1 =1 j=1
N N o0

3 ay / (ff“)(t) _ %(t)) dt, s=0,1,2...,
i=1 j=1

T0

or

mYm - N ( min aij> iv: 7 ( FED () - Wz:)) dx <

N N
SN HM)TTY s = U o o0y T A+ M)TFT D it = 1|1y (g 400) +
i=1 i=1
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N N
+ X+ M) NS (agllg — Uiz, @) +vig) +
i=1 j=1

+N <12121axna”>2/<f(s+1 — it )) s=0,1,2... .
=1/

Whence, by the additional condition (31) for the matrix A = (alj)fvszjy , we get the
uniform estimate

N [o¢]
> [ (5406 - i) d <
=1 o

=z

<CO M) (i = Uy oroey + i = Ularo 00 ) +
i=1

N N
+ C (X + M) WZZ (asjllg — 1|y mey +vig), Vs =0,1,2...,

=1 j=1
here denoted 1
C= > 0.
N[ ™Ym- min a; max a;
1<ij<n 9 1<igj<n 9

Passing to limit as s — oo with applying the Levi theorem, we have

Z/fl x)) d <

2

< CO +M)TT Y (s = Uy oy + 1 = Ulnaroroo) ) +
i=1

N N
+C (N + M) mzz (aijliy — Uy ey +vig), ¥Vs=0,1,2... .
=1 j=1

Since f;(z) — ¢i(x) > 0, z € R*, then f; —¢; € L(rg,+0o0). On the other hand,
fi — ¢y € LI¢(RT), consequently, f; —; € L1(RT), i=1,2,..., N.
So, we have proved the following result.

Lemma 4. Under the conditions of Lemma 8 and (31), for the solution f(x) of the
system (47), constructed through the iterations (49), the inclusion hold

f—1e LIYRY) = Li(RY)x L1 (RY)x ... x Ly (RT),
N

where 1 (z) is solution of boundary problem (12) and (28) with the properties (35).
Corollary. From Lemma 4 and inclusion (35) it easy follows that \—f € L}N (RT).
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5 Properties of the solution of the system (47). Limit and odd
continuation on the negative semi-axis

First we show that for the constructed solution f(z), the limit relation (48) holds,
from which the basic result of the present paper will follow.
Thus, we prove that

lim (fi(z) —i(z)) =0, i=1,2,...,N. (61)

Tr——400

Using the two-sided estimate (54), from (12) and (47) at x € R™ we have

0< f™x) — () < N+ M)7T () (pie) — 1) +

7j=1
N o
+(A*+M)%Z/Km<w—t> “J(tl Lit < (V' + M) () (ua() — 1)+
=1} ;™ ()
N 00 . o ) 00
S (/Kij(wt)Wdt—k()\*—irM)m /Kij(ac—t) (u;(8) = 1) dt) .
J=1 \0 0

So, for all ¢ € {1,2,..., N} we have
0< fM(z) — " (x) < (N + M)aT () (ui(x) — 1)+

N [ .
—i—; (/Kz’j(wt)Mdt—i- (A" +M)ﬁ /Kij(x—t) (pj(t) — 1)dt) '
J=L N0

15 (t) )
(62)
Note that
% € Li(RT) N Loo(RT), j=1,2,...,N, (63)
J
because
< £l i) (X 4+ M) — 2 < (A 4 M) < oo
15 (t) ()
and £(8) = v(t)
0< =2 < fi(t) — (1)



THE SYSTEMS OF INTEGRAL EQUATIONS WITH POWER NONLINEARITY 71

(inclusion f; —4; € L1(RT) holds by Lemma 4).
But, on the other hand, K;; € Li(R) N Cu(R), 4,5 = 1,2,...,N (see (6)).
Therefore, according to (63) and Lemma 5 from the paper [14], we have

S PR DR 1)
xL—l-ooO Kijle =1) 115(t)

dt=0, Vi,j=1,2,..., N. (64)

On the basis of the above mentioned limit relation for the convolution operation we
have

o0

+oo
m [ Ky —t) (u() —1)dt = Tim (uy(z) — 1) / Ky(u)du=0.  (65)

Tr——+00 T— 400
0

Then by (64), (65) and (3) from (62) we obtain

lim (f"(z) —¢j"(x)) = 0,

r——+00
from which the validity of the statement (61) follows.
Further, since liIJIrl Yi(x) = A; (see (28)) then by the obvious inequality
0 < |fi(z) = Al < [fi(z) — di(@)] + |hi(2) — Ail
we get ligrl flx)=A.
So, based on the obtained results we can assert.

Theorem 2. Under conditions (2)—(8), (31) the odd extension of a nontrivial mea-
surable solution f(x) of boundary problem (47) and (48) on (—o0,0):

) fle) if >0,
Flo) = {—f(—a;) if <0 (66)

satisfies the system (1) almost everywhere on R and the boundary conditions

Moreover, this solution possess the properties

1
n

I fi(x)éFi(x)S()\*—l—M)ﬁui ()  for x>0, i=1,2,...,N,

1
— (N + M)mi i (z) < Fy(x) < fi(—z) for 2 <0, i=1,2,... N,
where A* = max{A1, A2, ..., AN},

1I. )\Z’—FiELl(R+), /\Z'—I-FZ'ELl(R_), i=1,2,...,N.

Proof. The proof of the theorem is implemented by direct checking with using
Lemma 3 and Lemma 4. O
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Remark. It is easy to see that

F;(+0) = liniloﬂ(a:) =400, i=1,2,...,N.

Indeed, taking into account that u;(x) > 1, x € R, K;i(x) > 0, * € R, and
fi(z) > F(z) >0, x eR" (i,5=1,2,...,N), from system (47) we get

fM@) > (pi(e) = 1) fl(2), = €RY,
which implies
fiz) > (ui(z) — Dn, zeRY, i=1,2,...,N. (67)

On the other hand, according to (54) we have

1
fix) <O+ M)mT pl (2), z€RT, i=1,2,...,N. (68)

Hence, from (67) and (68) taking into account u;(0) = 400, we get fi(+0) = +oc.
Then, bearing in mind (66), we obtain F;(+0) = +o0.
At the end of the paper we give some examples of functions {Ni}fil and

{Ki; fV]X:]Y, satisfying conditions (3), (4) and (5)—(8)

o ui(z) =1+ b‘gie_ﬁ, aiE(O,l), b; >0, zcRT;

E 2

o Nz’(az):l—i—‘;‘iZII ‘1z, % >0, zeRT

x2
o Kij(z) = Fe i, z€R, 0>0, A=(ay), L, r(4)=1

4o 1,g=1"

b
o Kij(z) = [ell5G ;(s)ds, = €R;
where a>0, b>+oco, Gij(s) >0, s€la, b, Gij € Li(a,b),

ij=1"

b
a;j = 2/ Gii(S) ds < oo, A= (ay)L, r(A)=1
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