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Abstract. In the present paper we introduce and study some generalized Lacu-
nary sequence spaces of Musielak-Orlicz function using infinite matrix over n-normed
spaces. We also make an effort to study some inclusion relations, topological and ge-
ometric properties of these spaces. Finally, we study statistical convergence on these
spaces.
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1 Introduction and Preliminaries

Let w be the set of all real or complex sequences and l∞, c and c0 respectively,
be the Banach spaces of bounded, convergent and null sequences x = (xk), normed
by ‖x‖ = sup

k

|xk|, where k ∈ N. Let X and Y be two sequence spaces and A = (aik)

be an infinite matrix of real or complex numbers aik, where i, k ∈ N. Then we say
that A defines a matrix mapping from X into Y if for every sequence x = (xi) ∈ X,
the sequence Ax = {Ai(x)}, the A-transform of x, is in Y , where

Ai(x) =

∞
∑

k=1

aikxk (i ∈ N). (1)

The matrix domain XA of an infinite matrix A in a sequence space X is defined by

XA = {x = (xk) : Ax ∈ X}. (2)

The approach of constructing a new sequence space by means of the matrix domain
of a particular limitation method has been employed by several authors (see [24]
and references therein).

The notion of difference sequence spaces was introduced by Kızmaz [14], who
studied the difference sequence spaces l∞(∆), c(∆) and c0(∆). The notion was
further generalized by Et and Çolak [7] by introducing the spaces l∞(∆n), c(∆n)
and c0(∆

n). Another type of generalization of the difference sequence spaces is
due to Tripathy and Esi [27], who studied the spaces l∞(∆m), c(∆m) and c0(∆m).
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Tripathy et al. [26] generalized the above notions and unified these as follows:
Let m, n be non-negative integers, then for Z = l∞, c and c0, we have sequence
spaces

Z(∆n
(m)) = {x = (xk) ∈ w : (∆n

(m)xk) ∈ Z},

where ∆n
(m)x = (∆n

(m)xk) = (∆n−1
(m) xk − ∆n−1

(m) xk−m) and ∆0
(m)xk = xk for all k ∈ N,

which is equivalent to the following binomial representation

∆n
(m)xk =

n
∑

i=0

(−1)i
(

n
i

)

xk+mi.

Let m and n be non-negative integers and v = (vk) be a sequence of non-zero scalars.
Then for Z, a given sequence space, we have

Z(∆n
(mv)) = {x = (xk) ∈ w : (∆n

(mv)xk) ∈ Z}, for Z = l∞, c and c0,

where ∆n
(mv)xk = (∆n−1

(mv)xk − ∆n−1
(mv)xk−m) and ∆0

(mv)xk = vkxk for all k ∈ N, which
is equivalent to the following binomial representation:

∆n
(mv)xk =

n
∑

i=0

(−1)i
(

n
i

)

vk−mixk−mi.

In this expansion it is important to note that we take vk−mi = 0 and xk−mi = 0
for non-positive values of k − mi. Dutta [6] showed that these spaces can be made
BK-spaces under the norm

||x|| = sup
k

|∆n
(mv)xk|.

For n = 1 and vk = 1 for all k ∈ N, we get the spaces l∞(∆m), c(∆m) and c0(∆m).
If m = 1 and vk = 1 for all k ∈ N, we get the spaces l∞(∆n), c(∆n) and c0(∆

n).
Taking m = n = 1 and vk = 1 for all k ∈ N, we get the spaces l∞(∆), c(∆) and c0(∆).

Parasar and Choudhary [20], Güngör et al. [12], Çolak et al. [4], and others used
Orlicz functions for defining some new sequence spaces.

The concept of 2-normed spaces was initially developed by Gähler [11] in the mid
of 1960’s, while that of n-normed spaces can be seen in Misiak [16]. Since then many
others have studied this concept and obtained various results (see [13]). Let n ∈ N

and X be a linear space over the field R of reals of dimension d, where d ≥ n ≥ 2.
A real valued function ||·, · · · , ·|| on Xn satisfying the following four conditions:

1. ||x1, x2, · · · , xn|| = 0 if and only if x1, x2, · · · , xn are linearly dependent in X,

2. ||x1, x2, · · · , xn|| is invariant under permutation,

3. ||αx1, x2, · · · , xn|| = |α| ||x1, x2, · · · , xn|| for any α ∈ R, and
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4. ||x + x′, x2, · · · , xn|| ≤ ||x, x2, · · · , xn|| + ||x′, x2, · · · , xn||

is called an n-norm on X and the pair (X, ||·, · · · , ·||) is called a n-normed space
over the field R.

Example 1. We may take X = R
n being equipped with the n-norm ||x1, x2, · · · , xn||E

= the volume of the n-dimensional parallelepiped spanned by the vectors x1, x2, · · · , xn

which may be given explicitly by the formula

||x1, x2, · · · , xn||E = |det(xij)|,

where xi = (xi1, xi2, · · · , xin) ∈ R
n for each i = 1, 2, · · · , n. Let (X, ||·, · · · , ·||) be an

n-normed space of dimension d ≥ n ≥ 2 and {a1, a2, · · · , an} be linearly independent
set in X. Then the function ||·, · · · , ·||∞ on Xn−1 defined by

||x1, x2, · · · , xn−1||∞ = max{||x1, x2, · · · , xn−1, ai|| : i = 1, 2, · · · , n}

defines an (n − 1)-norm on X with respect to {a1, a2, · · · , an}.

A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to converge to some
L ∈ X if

lim
k→∞

||xk − L, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.

An Orlicz function M is a function which is continuous, non-decreasing and convex
with M(0) = 0, M(x) > 0 for x > 0 and M(x) −→ ∞ as x −→ ∞. If the convexity
of an Orlicz function is replaced by subadditivity, we call it a modulus function
introduced by Nakano [19].

Lindenstrauss and Tzafriri [15] used the idea of Orlicz function to define the
following sequence space,

ℓM =
{

x = (xk) ∈ w :
∞

∑

k=1

M
( |xk|

ρ

)

< ∞, for some ρ > 0
}

,

which is called an Orlicz sequence space. The space ℓM is a Banach space with the
norm

||x|| = inf
{

ρ > 0 :
∞
∑

k=1

M
( |xk|

ρ

)

≤ 1
}

.

A sequence M = (Mi) of Orlicz functions is called a Musielak-Orlicz function. A
Musielak-Orlicz function M = (Mi) is said to satisfy ∆2-condition if there exist
constants a, K > 0 and a sequence c = (ci)

∞
i=1 ∈ l1+ (the positive cone of l1) such

that the inequality

Mi(2u) ≤ KMi(u) + ci
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holds for all i ∈ N and u ∈ R
+, whenever Mi(u) ≤ a. For more details about se-

quence spaces see [2, 17,21–23] and references therein.

An increasing sequence of non-negative integers hr = (ir − ir−1) → ∞ as r → ∞
can be made through lacunary sequence θ = (ir), r = 0, 1, 2, · · · , where i0 = 0. The
intervals determined by θ are denoted by Ir = (ir−1, ir] and the ratio ir/ir−1 will
be denoted by qr. Freedman [9] defined the space of lacunary strongly convergent
sequences Nθ as:

Nθ =
{

x = (xk) : lim
r→∞

1

hr

∑

k∈Ir

|xk − L| = 0 for some L
}

.

Let X be a sequence space. Then X is called

(i) Solid (or normal) if (αixi) ∈ X whenever (xi) ∈ X and for all sequences (αi)
of scalars with |αi| ≤ 1, for all i ∈ N;

(ii) Monotone provided X contains the canonical preimages of all its step spaces.
If X is normal, then X is monotone.

Let A = (aik) be an infinite matrix of complex numbers. Let M = (Mi) be a
Musielak-Orlicz function, p = (pi) be a bounded sequence of positive real numbers,
u = (ui) be a sequence of strictly positive real numbers. We define the following
sequence spaces in the present paper:
ν[A,u,∆n

(mv), θ, p,Mi, ||., ..., .||] =

{

x : lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0 for some s, ρ > 0
}

,

ν0[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] =

{

x : lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0, for some ρ > 0
}

and
ν∞[A,u,∆n

(mv), θ, p,Mi, ||., ..., .||] =

{

x : sup
r

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

< ∞, for some ρ > 0
}

.

The following inequality will be used throughout the paper. If 0 < pi ≤ sup pi = H,
K = max(1, 2H−1), then

|ai + bi|
pi ≤ K{|ai|

pi + |bi|
pi} (3)
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for all i and ai, bi ∈ C. Also, |a|pi ≤ max(1, |a|H ), for all a ∈ C.

The main objective of this paper is to introduce the concept of generalized Lacu-
nary sequence spaces of Museilak-Orlicz function using infinite matrix over n-normed
spaces. We also make an effort to study some topological properties and prove some
inclusion relations between these sequence spaces. Finally, by using these concepts
we study statistical convergence of these spaces.

2 Main Results

Theorem 1. Let M = (Mi) be a Musielak-Orlicz function, p = (pi) be a
bounded sequence of positive real numbers, u = (ui) be a sequence of strictly
positive real numbers and A = (aik) be an infinite matrix of complex numbers.
Then, the spaces ν[A,u,∆n

(mv), θ, p,Mi, ||., ..., .||], ν0[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]

and ν∞[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] are linear spaces over the complex field C.

Proof. Let x and y ∈ ν0[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] and α, β ∈ C. Then there exist

positive real numbers ρ1 and ρ2 such that

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0

and

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(y)

ρ2
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Since ||., ..., .|| is a n-norm on X and M = (Mi) is
non-decreasing and convex function for each i, so by inequality (3), we have

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(αx + βy)

ρ3
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(αx)

ρ3
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
+

∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(βy)

ρ3
, z1, ...,

zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ K lim
r→∞

1

hr

∑

i∈Ir

1

2pi

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

+ K lim
r→∞

1

hr

∑

i∈Ir

1

2pi

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(y)

ρ2
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0.
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Thus, we have αx+βy ∈ ν0[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]. Hence, ν0[A,u,∆n

(mv), θ, p,

Mi, ||., ..., .||] is a linear space. Simultaneously, it can be proved that ν[A,u,∆n
(mv), θ,

p,Mi, ||., ..., .||] and ν∞[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] are linear spaces.

Theorem 2. Let M = (Mi) be a Musielak-Orlicz function, p = (pi) be a bounded
sequence of positive real numbers, u = (ui) be a sequence of strictly positive real num-
bers and A = (aik) be an infinite matrix of complex numbers. If sup

i
(Mi(x))pi < ∞ ∀

fixed x > 0, then ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] ⊂ ν∞[A,u,∆n

(mv), θ, p,Mi, ||., ..., .||].

Proof. Let x ∈ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]. Then there exists some positive ρ1

such that

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0.

Define ρ = 2ρ1. Since (Mi) is non-decreasing, convex and by using inequality (3),
we have

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s + s

2ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ K lim
r→∞

1

hr

∑

i∈Ir

1

2pi

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

+ K lim
r→∞

1

hr

∑

i∈Ir

1

2pi

[

uiMi

(∣

∣

∣

∣

∣

∣

s

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

< K lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

+ K lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

s

ρ1
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

< ∞.

Hence, x ∈ ν∞[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]. This completes the proof.

Theorem 3. The sequence spaces ν0[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] and ν∞[A,u,∆n

(mv),

θ, p,Mi, ||., ..., .||] are solid and so monotone.

Proof. Suppose x ∈ ν∞[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]. Then

sup
r

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

< ∞, for some ρ > 0.
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Let α = (αi) be a sequence of scalars such that |αi| ≤ 1 for all i ∈ N. Then, we have

sup
r

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(αx)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ sup
r

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

< ∞,

which leads us to the desired result.

Theorem 4. Let M′ = (M ′
i) and M′′ = (M ′′

i ) be Musielak-Orlicz functions. Then
ν0[A,u,∆n

(mv), θ, p,M ′
i , ||., ..., .||] ∩ ν0[A,u,∆n

(mv), θ, p,M ′′
i , ||., ..., .||] ⊆ ν0[A,u,∆n

(mv),

θ, p, (M ′
i + M ′′

i ), ||., ..., .||].

Proof. Suppose that x ∈ ν0[A,u,∆n
(mv), θ, p,M ′

i , ||., ..., .||] ∩ ν0[A,u,∆n
(mv), θ, p,M ′′

i ,

||., ..., .||]. Then

lim
r→∞

1

hr

∑

i∈Ir

[

ui(M
′
i + M ′′

i )
(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= lim
r→∞

1

hr

∑

i∈Ir

[

uiM
′
i

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

+ lim
r→∞

1

hr

∑

i∈Ir

[

uiM
′′
i

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ K lim
r→∞

1

hr

∑

i∈Ir

[

uiM
′
i

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

+ K lim
r→∞

1

hr

∑

i∈Ir

[

uiM
′′
i

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

→ 0 as r → ∞.

Thus, x ∈ ν0[A,u,∆n
(mv), θ, p, (M ′

i +M ′′
i ), ||., ..., .||]. Hence, the proof is complete.

Theorem 5. Let M = (Mi) and M′ = (M ′
i) be two Musielak-Orlicz functions

satisfying ∆2− condition. Then
(i) ν0[A,u,∆n

(mv), θ, p,M ′
i , ||., ..., .||] ⊆ ν0[A,u,∆n

(mv), θ, p,Mi ◦ M ′
i , ||., ..., .||].

(ii) ν[A,u,∆n
(mv), θ, p,M ′

i , ||., ..., .||] ⊆ ν[A,u,∆n
(mv), θ, p,Mi ◦ M ′

i , ||., ..., .||].

(iii) ν∞[A,u,∆n
(mv), θ, p,M ′

i , ||., ..., .||] ⊆ ν∞[A,u,∆n
(mv), θ, p,Mi ◦ M ′

i , ||., ..., .||].

Proof. We consider the first case only. Rests can be proved in a similar way. Let
x ∈ ν0[A,u,∆n

(mv), θ, p,M ′
i , ||., ..., .||]. Then

lim
r→∞

1

hr

∑

i∈Ir

[

uiM
′
i

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= 0.
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Let ǫ > 0 and choose δ with 0 < δ < 1 such that Mi(t) < ǫ for 0 ≤ t ≤ δ.

Let yi =
[

uiM
′
i

(
∣

∣

∣

∣

∣

∣

∆n
(mv)

Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]

. Thus, we can write

lim
r→∞

1

hr

∑

i∈Ir

[Mi(yi)]
pi = lim

r→∞

1

hr

∑

yi≤δ

[Mi(yi)]
pi + lim

r→∞

1

hr

∑

yi>δ

[Mi(yi)]
pi .

Since M = (Mi) satisfies ∆2− condition, we have

lim
r→∞

1

hr

∑

yi≤δ

[Mi(yi)]
pi ≤ max{1,Mi(1)

H} lim
r→∞

1

hr

∑

yi≤δ

[(yi)]
pi . (4)

For yi > δ, we use the fact that yi < yi

δ
< 1 + yi

δ
. Since M = (Mi) is non-decreasing

and convex, it follows that

Mi(yi) < Mi(1 +
yi

δ
) <

1

2
Mi(2) +

1

2
(
2yi

δ
).

Since M = (Mi) satisfies ∆2− condition and yi

δ
> 1, there exists K > 0 such that

Mi(yi) <
1

2
K

yi

δ
Mi(2) +

1

2
K

yi

δ
Mi(2) = K

yi

δ
Mi(2).

Therefore, we have

lim
r→∞

1

hr

∑

yi>δ

[uiMi(yi)]
pi ≤ max{1, (K

Mi(2)

δ
)H} lim

r→∞

1

hr

∑

yi>δ

[(yi)]
pi . (5)

Hence, by equations (4) and (5), we have

lim
r→∞

1

hr

∑

i∈Ir

[

ui(Mi ◦ M ′
i)

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x)

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= lim
r→∞

1

hr

∑

i∈Ir

[uiMi(yi)]
pi

≤ D lim
r→∞

1

hr

∑

yi≤δ

[yi]
pi

+ G lim
r→∞

1

hr

∑

yi>δ

[yi]
pi ,

where D = max{1,Mi(1)
H} and G = max{1, (K Mi(2)

δ
)H}.

Hence, ν0[A,u,∆n
(mv), θ, p,M ′

i , ||., ..., .||] ⊆ ν0[A,u,∆n
(mv), θ, p,Mi ◦ M ′

i , ||., ..., .||].

Theorem 6. Let 0 ≤ pi ≤ qi for all i and ( qi

pi
) be bounded. Then ν[A,u,∆n

(mv), θ, q,

Mi, ||., ..., .||] ⊂ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||].
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Proof. Let x ∈ ν[A,u,∆n
(mv), θ, q,Mi, ||., ..., .||]. Write ti =

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)

Ai(x)−s

ρ
, z1,

..., zn−1

∣

∣

∣

∣

∣

∣

)]qi

and µi = pi

qi
for all i ∈ N. Then 0 < µi ≤ 1 for every i ∈ N. Take

0 < µ < µi for every i ∈ N. Define the sequences (ai) and (bi) as follows:
For ti ≥ 1, let ai = ti and bi = 0 and for ti < 1, let ai = 0 and bi = ti. Then clearly
for all i ∈ N, we have ti = ai + bi, t

µi

i = aµi

i + bµi

i . Now, it follows that aµi

i ≤ ai ≤ ti
and bµi

i ≤ bµ
i . Therefore,

lim
r→∞

1

hr

∑

i∈Ir

tµi

i = lim
r→∞

1

hr

∑

i∈Ir

(aµi

i + bµi

i )

≤ lim
r→∞

1

hr

∑

i∈Ir

ti + lim
r→∞

1

hr

∑

i∈Ir

bµ
i .

Now for each i,

lim
r→∞

1

hr

∑

i∈Ir

bµ
i = lim

r→∞

∑

i∈Ir

( 1

hr
bi

)µ( 1

hr

)1−µ

≤ lim
r→∞

(

∑

i∈Ir

[( 1

hr
bi

)µ]
1
µ
)µ

. lim
r→∞

(

∑

i∈Ir

[( 1

hr

)1−µ]
1

1−µ
)1−µ

= lim
r→∞

( 1

hr

∑

i∈Ir

bi

)µ

and so

lim
r→∞

1

hr

∑

i∈Ir

tµi

i ≤ lim
r→∞

1

hr

∑

i∈Ir

ti + lim
r→∞

( 1

hr

∑

i∈Ir

bi

)µ

.

Hence, x ∈ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||].

Theorem 7. (i) If 0 ≤ inf pi ≤ pi ≤ 1 for all i, then ν[A,u,∆n
(mv), θ,Mi, ||., ..., .||] ⊂

ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||].

(ii) If 1 < pi ≤ sup pi = H < ∞, then ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||] ⊂

ν[A,u,∆n
(mv), θ,Mi, ||., ..., .||].

Proof. (i) Let x ∈ ν[A,u,∆n
(mv), θ,Mi, ||., ..., .||]. Since 0 < inf pi ≤ 1, we get

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]

≤ lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

and hence x ∈ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||].

(ii) Let 1 ≤ pi ≤ sup pi = H < ∞ and x ∈ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]. Then for
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each 0 < ǫ < 1, there exists a positive integer s0 such that

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ ǫ < 1 for all r ≥ s0.

This implies that

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]

.

Therefore, x ∈ ν[A,u,∆n
(mv), θ,Mi, ||., ..., .||].

3 Statistical Convergence

The notion of statistical convergence was introduced by Fast [8] and Schoen-
berg [25] independently. Over the years and under different names, statistical con-
vergence has been discussed in the theory of Fourier analysis, ergodic theory and
number theory. Later on, it was further investigated from the sequence space point
of view and linked with summability theory by Fridy [10], Connor [3], Mursaleen et
al.[18] and many others. In recent years, generalizations of statistical convergence
have appeared in the study of strong integral summability and the structure of ideals
of bounded continuous functions on locally compact spaces. Statistical convergence
and its generalizations are also connected with subsets of the Stone-Cech compact-
ification of natural numbers. Moreover, statistical convergence is closely related to
the concept of convergence in probability.

A complex number sequence x = (xi) is said to be statistically convergent to the

number l if for every ǫ > 0, lim
n→∞

1

n
|K(ǫ)| = 0, where K(ǫ) denotes the number of

elements in K(ǫ) = {i ∈ N : |xi − l| ≥ ǫ}.

The set of statistically convergent sequences is denoted by S.

A sequence x = (xi) is said to be S[A,u,∆n
(mv), θ, ‖., ..., .‖]-statistically conver-

gent to s if

lim
r→∞

1

hr

∣

∣

∣

{

i ∈ Ir :
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
≥ ǫ

}∣

∣

∣
= 0.

In this section we introduce S[A,u,∆n
(mv), θ, ‖., ..., .‖]-statistical convergence and give

some relations between S[A,u,∆n
(mv), θ, ‖., ..., .‖]-statistically convergent sequences

and ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]-convergent sequences.
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Theorem 8. Let M = (Mi) be a Musielak-Orlicz function. Then ν[A,u,∆n
(mv), θ, p,

Mi, ||., ..., .||] ⊂ S[A,u,∆n
(mv), θ, ||., ..., .||].

Proof. Let x ∈ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||]. Take ǫ > 0,

∑

1

denotes the sum over

i ≤ n with
∣

∣

∣

∣

∣

∣

∆n
(mv)

Ai(x)−s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
≥ ǫ and

∑

2

denotes the sum over i ≤ n with

∣

∣

∣

∣

∣

∣

∆n
(mv)

Ai(x)−s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
< ǫ. Then for each z1, ..., zn−1, we obtain

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= lim
r→∞

1

hr

∑

1

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

+ lim
r→∞

1

hr

∑

2

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≥ lim
r→∞

1

hr

∑

1

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≥ lim
r→∞

1

hr

∑

1

[

uiMi(ǫ)
]pi

≥ lim
r→∞

1

hr

∑

1

min
[

{uiMi(ǫ)}
h, {uiMi(ǫ)}

H
]

= lim
r→∞

1

hr

∣

∣

∣

{

i ≤ n :
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
≥ ǫ

}
∣

∣

∣
min

[

{uiMi(ǫ)}
h,

{uiMi(ǫ)}
H

]

.

Hence, x ∈ S[A,u,∆n
(mv), θ, ||., ..., .||]. This completes the proof of the theorem.

Theorem 9. Let M = (Mi) be a bounded Musielak-Orlicz function. Then
S[A,u,∆n

(mv), θ, ||., ..., .||] ⊂ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||].

Proof. Suppose that M = (Mi) be bounded. For given ǫ > 0,
∑

1

denotes the sum

over i ≤ n with
∣

∣

∣

∣

∣

∣

∆n
(mv)

Ai(x)−s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
≥ ǫ and

∑

2

denotes the sum over i ≤ n

with
∣

∣

∣

∣

∣

∣

∆n
(mv)

Ai(x)−s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
< ǫ. Since M = (Mi) is bounded, there exists an

integer N such that Mi < N for all i. Then for each z1, ..., zn−1, we obtain

lim
r→∞

1

hr

∑

i∈Ir

[

uiMi

(∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

= lim
r→∞

1

hr

∑

1

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi
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+ lim
r→∞

1

hr

∑

2

[

uiMi

(
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣

)]pi

≤ lim
r→∞

1

hr

∑

1

max
[

{uiN
h}, {uiN

H}
]

+ lim
r→∞

1

hr

∑

2

[

uiMi(ǫ)
pi

]

≤ max
[

{uiN
h}, {uiN

H}
]

lim
r→∞

1

hr

∣

∣

∣

{

i ≤ n :
∣

∣

∣

∣

∣

∣

∆n
(mv)Ai(x) − s

ρ
, z1, ..., zn−1

∣

∣

∣

∣

∣

∣
≥ ǫ

}
∣

∣

∣

+ max
[

{uiMi(ǫ)
h}, {uiMi(ǫ)

H}
]

.

Hence, x ∈ ν[A,u,∆n
(mv), θ, p,Mi, ||., ..., .||].
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