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Abstract. In this work we show that in the class of quartic differential systems the
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1 Introduction

We consider the real polynomial system of differential equations

dx dy
i A 1
w =Py, =0y, (1)
and the vector field X = P (z,y) 8% +Q (z,y) 6% associated to system (1).
Denote n = max {deg(P), deg(Q)}. If n = 4 then system (1) is called quartic.
A curve f(x,y) =0, f € C[z,y] is said to be an invariant algebraic curve of (1)
if there exists a polynomial K; € C[z,y], deg(K¢) < n — 1 such that the identity

X(f) = f(z,y)K(z,y) holds.

Definition 1. An invariant algebraic curve f of degree d for the vector field X is
said to have algebraic multiplicity m if m is the greatest positive integer such that
the m-th power of f divides F4(X), where

(%] (%)) (A
Ey(X) = det X(v1) X(vg) o X(vg) 7
XEl(u1) XFL(ug) .. XEL(up)

and vy, vs, ..., vk is a basis of Cylx, y] [3].

If d=1then vy =1, vy =2, v3 =y and F1(X) = P-X(Q) — Q - X(P).

At present, a great number of works are dedicated to the investigation of poly-
nomial differential systems with invariant straight lines.

The problem of the estimation of the number of invariant straight lines which a
polynomial differential system may have was considered in [1].
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An interesting relation between the number of invariant straight lines and the
possible number of directions for them is established in [2].

In [4] the estimation 3n —2 < M,(n) < 3n — 1 of maximal algebraic multiplicity
M, (n) of an invariant straight line is given for the class of two-dimensional polyno-
mial differential systems of degree n > 2 and it was shown that in the class of cubic
differential systems the maximal multiplicity of an affine real straight line (of the
line at infinity) is seven.

In this paper we show that in the class of quartic differential systems the maximal
algebraic multiplicity M, of an invariant straight line is equal to 10.

2 Maximal algebraic multiplicity of a real invariant straight line
for the quartic differential systems

We consider the quartic differential system

$:P0+P1(x,y)+P2(x,y)+P3($,y)+P4($,y) EP(‘Tay)y

J= Qo+ Qi) + Qa(z,y) + Qs y) + Qalz,y) = Q(z.1), @)

where P, and Qx, k =0, 1,2, 3,4, are homogeneous polynomials in x and y of degree
k.
Suppose that

yP4($7y) - $Q4(ﬂj‘,y) §é 07 ng(Pv Q) = 17 (3)

i.e. at infinity the system (2) has at most five distinct singular points and the
right-hand sides of (2) do not have the common divisors of degree greater than 0.

Let the system (2) have a real invariant straight line {. By an affine transfor-
mation we can make [ to be described by the equation z = 0. Then, the system (2)
looks as:

i = x(ay + asx + azy + aqx? + aswy + agy® + arxd+

+a8x2y + agxy2 + aloyg), 4
= by + bz + boy + bax? + byxy + bsy® + bex> + brxy+ )
+bszy? + boy® + broa? + b1y + braw?y? + biszy® + by’

For (4) the determinant F;(X) is a polynomial in z and y of degree 11. We write it
in the form:

E1(X) = 2(A1(y) + Az(y)x + Az(y)z? + Ag(y)x® + As(y)zt+ (5)
+A6(y)z” + A7(y)z® + As(y)a” + Ag(y)2® + Aro(y)z” + Ani(y)z'?).

The algebraic multiplicity mq(l) of the invariant straight line = 0 of the system
(4) is greater than or equal to two if the identity A;(y) = 0 holds. Here we have
Ai(y) = —An(y) - Awa(y), where

A11(y) = bo + bay + bsy® + boy® + biay?,
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A12 (y) = a% +a3b0 — a1b2 —|—2a1a3y —|—2a6b0y — 2a1b5y —I—a§y2 + 2a1a6y2 —|—3a10b0y2 +
a662y2 — a3b5y2 — 3a1bgy2 + 2a1a10y3 + 2a3a6y3 — 4albl4y3 + 2a10b2y3 — 2a359y3 +
2a10a3y* +agy —3azbiay* +a10bsy* —asboy® +2a10a6y° — 2a6b14y° +aZgy’® —a10b14y°).

From conditions (3) the polynomial Ay;(y) is not identically equal to zero, there-
fore it is necessary that Aj2(y) be identically zero. The identity Aj2(y) = 0 holds if
one of the following five sets of conditions is satisfied:

a1 = a3 = ag = ajg = 0; (6)

az = ag = a1 = by — a1 = bs = bg = b14 =0, a1 # 0; (7)
ag = aig =0, by = (—a% + a1by)/as, bs — az = bg = b1y = 0; (8)
a0 =0, by = a1(bs — az)/ag, by = (—a3 + aras + azbs)/ae, ()

by —ag = b1y = 0;

bo = a1(bg — ag)/aio, b2 = (a1a190 — agae + asbg)/a1o, (10)
bs = (ar0as — a2 + agbg)/aio, b1a = ayo.

In this way we have proved the following lemma.

Lemma 1. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to two if and only if at least
one of the following five sets of conditions: (6), (7), (8), (9), (10) is satisfied.

The algebraic multiplicity of the invariant straight line x = 0 is greater than
or equal to three if the identity As(y) = 0 holds. Putting each of the conditions
(6)—(10) in the polynomial As(y) we have respectively:

As(y) = —A11(y) - (asby — azba + 2(agby — azbs)y + (aghs — asbs— (11)
—3asby)y? — (4asbig + 2a5be)y® — (3asbia + agbe)y* — 2agb14y°);

Ag(y) = —2&1&2()0 — a5bg + a%bl + a1b0b4 — (2&%&2 + 4a1a5b0+
+2a9b3 — 2a%b4y — 2albobg)y — (3&%&5 + 6ajagby — 3a1bgbi3— (12)
—3a2bg)y? — (4a?ag — 4a3b13)y?;

As(y) = —(a1 + asy)(—3a3asas + atas — 2a1a3by + 4ajazazbs—
—2a%a5b2 + a%blbg — agagb% + a1a5b§ + a%a3b4 — ajagbsby + 2a4-
(agag — 2aiazas + a%ag + 2asasbs — 2a1a9bgy + agb% + ajazbg— (13)

—a3by — agbobs)y + az(aza? + arazas — 5a3ag + 3a3bys + 2azasba+
+4aqa9by — 3a1b13bs + agb% — a§b4 — 2a1a3bg — a3b2b8)y2 + 2&%'
(a3a5 — alblg + 2(19[)2 — blgbg — agbg)y3 + 3(1%(&9 — blg)y4)/a§
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As(y) = —(a1 + asy + a6y2)(—a2a§ + a1a§a5 — 2a1a0a306 — a%aﬁbl—
—ala%bl + aragaghy + 2a2a§b5 — 2ajazasbs + 2a1asa6bs + agagbibs—
—ajagbsbs — CLQ&gb% + a1a5b§ — 2((12(1%(16 + 2a1a3a5a6 — alaga%—
—a1a§a9 + aga%bl + a1a§b4 — 2asazagbs — 2a1asa6bs + 2a1a3a9bs—
—a%blbg, + CLQCLGbg — alagbg — ajasagbg + ayagbsbs)y + (3a2a3a(25—
—3&%&5&6 + 3(11(15&% + a%ag - 6&1&3&6(19 + a%b1 + 3a1a3a6b13—
—2&3&%[)4 + 4a3a5aﬁb5 — 2(12@%[)5 — 2(1%@9[)5 + 6a1a6a9b5 — a5a6b§—
—3a1a6b13b5 + a%b4b5 + a3a9b§ + a%aﬁbg - 3&1&%()8 - a3a6b5b8)y2—
—2ag(—asasas + 2&%&9 — 2a1aga9 — a%blg + 2a1aeb13 — 2agagbs+
+agbisbs + azasbs)y® + ag(asas + azag — 2azbiz + 2agbs — byzbs—
—agbg)y* + 2a3(ag — b13)y°)/ag;

2

As(y) = —(a1 + azy + agy® + a10y®)(—2a1a10a2a6 — azaza? + ajasa’
—ala%Obl — aloagaﬁbl + a1a10a664 + 2&1&10@21)9 + 2a2a3a6b9 — 2&1&5-
CLGbg + a10a3b1b9 — alalob4bg — agagbg + a1a5b3 + 2(@1@%()&2 — 2a1a10-
asag — CLQ&% + ala%ag — aloa%bl — ala%0b4 + ajajpgagbs + 2a1a1p9asbg+
+2a2a§bg — 2a1a6agbg + aloaﬁblbg — alalobgbg — agagbg + alagbg)y—i-
+(a%0a2a3 + 3a1a%0a5 — 2ajpa3a5a6 — aloagag — a5a§ — bajaipagag+
‘HJ{),CL%CLQ — 2a%0a6b1 + 3&1&10@61)13 — a%0a3b4 — a10a§b4 — 3&1&%01)84-
+aigasagbs + 2a1gazasbg + 4ajgasagbg + 2&5&%[)9 + 6ajaigagby — 2az-
agagbg + 3(1%0[)1[)9 — 3aiaigbi3bg + apagbsbg — aigazbgby — 3(110&21)5—
—a5a6b§ + agagbg)yQ + 2(110((110(13&5 + 2a19a0a6 — a5a(2; + 2a1a19a9—
—2azagag + a3ybr — 2a1a10b13 + azagbiz — arpasbs — apasbs — 2aio-
asby + 2asagby + 2azagby — azbizby + a10baby — asbd)y® — aio(aiyas—
—3ajpasag — 3aipasag + 3&%&9 + 3aipasbiz — a%blg — a%0b4 + 2a10-
CLGbg + 2&10@5[)9 — 4a6agbg + CLGblgbg — a10b8b9 + agbg)y‘l + 2&%(]&6'
(ag — bi3)y® + afg(ag — bi3)y®)/aiy

79

(14)

Taking into account (3) the identity As(y) = 0 gives, in each of the cases (11)-

(15), the following series of conditions:

(11) =
az = as = ag = 0;
as =ag =0, ag # 0, by = b5 = by = by = 0;
ag =0, by = asby/as, bs = by = bi4 = 0;
by = asbs/ag, by = asbs/ag, by = b1y = 0;
(12) =
as = (—a5b0 + alb4)/a1, by = bo(—ag,b() + a1b4)/a%,
bs = (a1as + agbp) /a1, b1z = ag;
(13) =

by = 2a1, by = (aza3 + aras) /a3, bg = (azas + a1ag)/as, b1z = ag;

b1 = az(by — ay)/as, by = (agasz — ajas + asb)/as,
bs = (azas — ajag + agb)/as, b1z = ayg;
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by = az(bs — a3)/ag, by = (—azas + azae + asbs)/ag, (23)
bg = (asas — agag + agbs)/ag, b1z — ag = 0;

a; = ((b5 — CL3)(26L3 — b5))/a6, bl = (2&%&5 — 3&2&3@6 + 2a3a6b4—

—3asasbs + 2a0agbs — agbybs + %bé)/a%, bg = (a5a6 — as3ag+ (24)
+agbs)/ag, b1z = ao;
(15) =
a; = (bg — aﬁ)(a10a3 + 2(1(2; — 3a6b9 + bg)/a%O,
by = —(a%0a3a5 + a%oagag + 2a10a5a% — aipasagay — 2a%a9—
—a%oagbg — 2(110&%1)8 — a%oagbg — 3a10a5a6b9 + CL106L36L9[)9+ (25)

—|—5a§a9bg + 3aigagbgbg + a10a5b§ — 4a6a9b§ — alobgbg + agbg)/ai’o,
by = (a%oag — 3aipasag + 2a(25a9 + 2a19agbg + 2a10as5bg — 3agagbg—
—a0bsby + agb3) /a3y, biz = ag;

b1 = az(by — ag)/a10, ba = (ar0az — asae + asbg)/aio, (26)
bg = (a10as — agag + agbg)/aig, big = ay;

Lemma 2. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to three if and only if at
least one of the following eleven sets of conditions holds:

1) (6), (16),  2) (6), (17),  3) (6), (18),  4) (6), (19),

5)(7), (20),  6) (8), (21), 7)(8), (22), &) (9), (23),

9) (9), (24), 10) (10), (25), 11) (10), (26).

The invariant straight line x = 0 has algebraic multiplicity m, > 4 if in each of
the cases 1)-11) of Lemma 2 the identity As(y) = 0 holds. Taking into account (3)
we have:

1) (6), (16) = Ag(y) = _All . (CLng — a4b2 — 2a4b5y — (a8b5 + 3a4bg)y2 —
2(2a4b14 + agbg)y?’ — 3a8b14y4) =0=

as = ag = 0; (27)
ag =0, ag # 0, by = b5 = bg = b4 = 0; (28)
bo = asba/ag, bs = by = b1y = 0; (29)

2) (6), (17) = Ag(y) = —b(](QCL% + agbg — asby — 2a2b8y — 3a2b13y2) =0=
ag = ag(by — 2a2)/bg, bg = b1z = 0; (30)

3) (6), (18) = A3(y) = —bg(ag +a5y)(2a%a5 —I—agbl — agasbs + asagbe — asasby +
2(12(15(2&5 — bg)y + CL5(2CL§ — 3&21)13 — a5bg)y2 — 2a§b13y3)/a§ =0=

bl = (—2@%@5 + a4a5bg — CLQCLng + a2a5b4)/a§, bg = 2(15, b13 = 0; (31)
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4) (6), (19) = As(y) = —bs(az +asy+agy®)(2a5a9 + asagbi — agaghs — asasbs +
asagbs + 2a9(2a2a5 + agb; — agbs — agbg)y + a9(2a§ + 4asag — 3asbi3 + agby — agbs —
asbs)y® + 2azag(2ag — biz)y® + aj(2ag — biz)y*) /a5 = 0 =

by = (—2(12(15 + asbs + agbg)/ag, by = (—2(1% + 2asag + agbs+

(32)

+asbs)/ag, b1z = 2ag;

5) (7), (20) = As(y) = —3aiasby — agbg + 2a%b3 + a1boby — a1(3aiaq + Hagby —
2bobra — 3a1br)y — 4ai(ag — bia)y? =0 =

by = asbo/ai, by = (araq + agbp) /a1, b1z = as; (33)

6) (8), (21) = As(y) = —(a2a3a3 + 2a3azay — alazas + ajas — 2a1a9a3by +
a%agag)bl + agbf — a%agbg — a%a3b7 + 2a1(3a1a§a4 — ajaza3as + 3a%a3a8 — a%agag +
a§a5bl 4+ araszagby — a%agblg — a%bg — 2a1a§b7)y + a3(6a1a§a4 —aiaga3as + 12a%a3a8 —
4(1%(12&9 + a§a5b1 + 4aiazagby — 7&%&3()12 — agbg — 5&1&%()7)3}2 + 2&:23(61523&4 + 5aiaszag —

ajaza9 + agagbl — 4a1a3b12 — a§b7)y3 + 3&%(@8 — blg)y4)/a§ =0=

b1 = alag/ag, b3 = (a1a§a4 — aijaa3a5 + G%GQGQ + a§a5b1 — a1a3-
3 2 2 (34)
aghby) /a3, by = (a5a4 + a1azag — ajazag + asagby) /a3, bi2 = as;

7) (8), (22) = Asz(y) = —(al + agy)(—4a%a3a4 + a:])fag + bajagagshs — Qa%agbg —
a3a4b% + alagb% — 3&1&%()3 + a§b2b3 + a%a3b7 — ajagbaby — ag(—2a1a3a4 + 5(1%(18 —
20,%[)12 — agagby — bajagbs + 2a1b19b2 + a%bg + 3a1a3b7)y + a§(2a3a4 +ajag — 3a1b12 +
3agby — biaby — 2a3br)y? + 3a3(as — bi2)y?) /a3 =0 =

bz = as(ba — a1)/as, by = (azas — ajag + agbz)/as, bz = as; (35)

8) (9), (23) = As(y) = (a1 +azy + aey?)(a3aq + 3a1asasa6 — araias + adaghs +
2(11(1%()3 — 2&%&4()5 — 3ajagaebs + 2a1a3agbs — azaghzbs + a3a4b§ — alagbg —aiasaghr +
aiagbsby + a6(3a§a4 — 3ajagae + bajaszag — 2a1a3bi2 + 3agagbs — bazasbs — bajagbs +
2a1b12b5 — 2agb3bs + 2a4b§ + 3a1a6b7)y + CL6(—3(13(14CL6 + 4&:23(18 — 4aqagag — a%bm +
4a1aeb12 + agaebs — bagagbs + agbi2bs + agbg +3agaghr — a6b5b7)y2 — CL%(CL4CL6 +2azag —
3azbio + agbs — a6b7)y3 — 2&%(&8 — blg)y‘l)/a% =0=

bs = a4(b5 — CL3)/CL6, by = (CL4CL6 — asag + a8b5)/a6,

bi2 = as; (36)
a] = a%/(élaﬁ), b5 = 3&3/2, b7 = (a4a6 — asas + a8b5)/a6, b12 = as; (37)
9) (9), (24) = As(y) = —(2a3 — bs + agy)(6a3a? — Sajasas — 1lazajasas +

5a3a%a+2a3as—3a3abs+10a3asaghs—9asa3adbs+4a3adbi—19a3albs+18a3asasbs+
24a2a§a5a6b5 — 6&%&3&%()5 — 9a§a8b5 + 8a§a%b3b5 — 21a§a5a6b4b5 + 10a2a3a%b4b5 —
4azadbibs +22a3a?b? — 24a3asa6b? — 1Tasazasagh? +2a3a2b? + 16a3agb? — Tazalbsb? +
14a3a5a664b§ — 3a2a%b4b§ + a%bibg — 11a3a§b§ + 14a3a4aﬁbg’ + 4a2a5aﬁbg’ — 14a§a8b§ +
2&%()3()? — 3a5a6b4b§ + QCLgbé — 3(14(1655l + 6(13(15;()45l — agbg + 2a§a6b7 — 7a§a6b5b7 +
9a3agbibr —bazagb3br+agbibr —2(—Ta3asai +asa3asa? —a3azai+6a3agas —2aiasag+
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2a2a3asa9 — 2ajagb1a — 3a3adbs — 2a3azaby + 3azazaibs — 2a3agaghy — 2a3a%b421 +
18a§a4a%b5 — a2a3a5a§b5 — 21a§a6a8b5 + 7a§a5agb5 — 5a2a§a6a9b5 + 7a3a6612b5 +
5a3a%b3b5+3a3a5a%b4b5—aga%b4b5+5a§a6a9b4b5+a%bib5—15a3a4a6b5+27a3a6a8b5
9a§a5a9b§ + 4a2a3a6a9b§ — 9a§a66126§ — 2agbgb§ — a5a§b4b5 4a3a6agb4b5 +4asag b3
15a3a6a8bg’+5a3a5agbg’—agaﬁagbg’+5a3a6blgbg+a6agb4bg’+3a6a8b§—a5agb§—a6blgb§+
4a3a6b7— 10a3a665b7+8a3aﬁb2b7 2a2b3b7)y —ae(— 3a3a5a6+12a3a4a6+5a2a3a5a6
2a2a6 22a3a6a8+7a3a5a9—7a2a3a6a9+13a3a6b12+3a3a6b3—4a3a5a6b4—|—3a2a6b4+
7a3a6a9b4 — a6b4 + 5a3a5a6b5 — 18a3a4a6b5 — 4a2a5a6b5 + 54a3a6a8b5 — 17a3a5a9b5 +
10a2a3a6agb5—32a§aﬁblgb5—2agb3b5+3a5a§b4b5—1Oa3a6agb4b5—2a§a6b§+6a4a§b§—
42&3&6618()% + 13(13&5(19()% — 3a2a6a9b2 + 25a3a6b12 bg —1—3(16(19()4()% + 10(16(18()% — 3&5&9()? —
6agb12b3 — 9a3adbr + 13a3adbsby — 4a2b2br)y? — 2a2(—asasal + Taiagas — aZasag +
aga3aedy — 6a§a6b12 — azagagby — azagagbs + azasagbs + 8azagbiabs + 2(16(18()% —
20,6[)121)% + a3a§b7)y3 + ag(a4a% + asasag — asagag — agagbia + agagby + 3agagbs —
asagbs — 2agb12bs — a%b7)y4 + 2(1(5;(618 — blg)yE’)/aé =

by = (a3a5 + 2(12(16)/(2&6), bs = 3a3/2, by = (a4a% — aszagag—+

38
+CL36L5CL9 — 2009 + a6a964 + a6a8b5 — a5agb5)/a(25, b12 = as; ( )
by = (8&2(1(2; + a%ag)/(4a%), bs = 3&3/2, by = (a4a% — azagag—+ (39)
+agasag — asasay + agagbs + agasbs — asagbs)/at, bz = as;
bs = —as(az — bs)/ag, bs = (—agas + asag + asbs)/ag, by = (asaf—
—asagag + a3a5a9 — A2a609 + a6a9b4 + a6a8b5 — a5a9b5)/a(23, (40)
bi2 = as;

10) (10), (25) = A3(y) = —(a10a3 + 2&% — 3agbg + bg + 2a19a6y — a10boy +
atoy?)(Bo + By + Bay® + By’ + Bay' + Bsy® + Bey° )/a107 where
By = ajya3a? + 3a10a3a§a6 2a3yazasad + 2a3yazazaf + 2a10a5a6 6a10a4ag +
a10a3a6a8 + 2a10aga8 2a10a3a5a6a9 7a10a3a5a%a9 — 2a10a2a6a9 — 6a10a5a6a9 +
a3gadaal + dapazagal + 4aga§ - a‘lloaga%bg — dadyagbs + adyazadb; + 2a3,adb; —
2a,a3asbs — Taj,azasadbs — 2a10a2a6b8 6a10a5a§b8+2ai}’0a§a6agbg+8a%0a3agagbg+
8(110&2@9[)8 + a%0a§b2 + 4a10a3a6b8 + 4a10a bg — 4a:1)’0a3a§a669 + 6a§’0a3a4a§bg -
5a3yazazaiby—5alya2aiby+27a3 asagbo—4al azaiagbo—11argagagbo+2a3,a3asagbo+
17a%0a3a5a§agbg + 7a%0a2agagbg + 23a10a5aéagbg — 2a%0a§a6agbg — 14a10a3a%agbg -
ZOagagbg—|—2a‘110a3a6b3b9+14ai{’0agb3bg—3ai{’0a3a§b7bg—9a%0a§b7bg+10a1{’0a3a5a6b8b9+
Sa%oaga?jbgbg + 17&%0(15@%1)8[)9 — 2a:1)’0a§a9b8bg — 20a%0a3a%agbgbg — 32a10a6a9b8b9 —
6a§’0a3a6b§b9 - 12&%()&%()%()9 +ayaza2bd — 6a%0a3a4a6b3 +4a3yazasa6bd +4a3 a2albi —
48a10a4a6b9 + 6a10a3a6a8b9 + 25ai0agashy — 13a3jazasagaghy — 9aijazaiaghy —
34a10a5a6a9b9 + aloagagbg + 18a10a3a6a9b2 + 4laga3b3 — afyasbsb3 — 18a3,adbsb3 +
3a3yazachbrby + 16a3,adbrbd — 3a3jaszasbsby — 4a3jasacbsbi — 17a3 aza2bshd +
16a3yazagagbsbd+50a10adagbsbd+2a3,a3b3b3+13a3a2bibi +2a3,asasbi —adyazasb3 —
a3gataghd+42a3a,a2b3 —4a3jazasasbiy —30a10adashy +3a3 azasagbi+5a3,asasagbi+
24a10a5a(23a9b8 — 10a10a3a6a3b8 — 44aéagbg + 1Oa§’0a6bgbg — ai’oagb7bg — 14a%0a%b7b8 +
adgazbsbi +7a3 asasbsby —4a3azagbsbi — 38aipadagbsbs —6a3,asb3bs — 18a3,asasby +
a%oagagbé + 20(110a(25a8b§l — a%oagagbg — 8a10a5a6a9b§l + 2(110a3a§b§1 + 26a6a9b4
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ZG%Obgbé + 6(1%0(16()7()3 — a%oag)bgbé + 14a10a6a9b8b3 + a%obgbé + 3a%0a4b8 — 7a10a6a8b3 +
a10a5a9bg — 8a6a3bg — a%0b7bg — 2a10a9b8b8 + aloagbg + 0%1)6,

By = 2a10(3a3yazaas + 3adjasasal — aiyacasad + 6aijaiad + Ta,asaq —
3a2yazadas—6aipagas—6atyazasaiag+alyasaiag—12a1pasagag+3arpazaiaid+6agal+
a%oaga%blg+2a10a2b12+a‘110a3a663+3a:1)’0a§bg—2a‘i’0a3a%b7—4a%0a§b7—5ai}’0a3a5a668+
adpazadbs — 10aiyasaibs + Safyazadagbs + 10aigagagbs + 2a3;azash? + 4adjadvy —
2a3,azatby—6a3,azasacbe+a3asasasby—13a3,atadby —24a3asaiby+9a3,azadasby +
27a10aéa8b9 + 10&%(]&3(15(16&9()9 - 2&%0(12(1(2;&9{)9 + 38&10&5&%&9()9 - 8&10&3&%&3()9 —
25&%&31)9 — 3&%00,3@%1)121)9 — 9&10@%[)121)9 — a‘lloagbgbg — 70,%0&(23[)31)9 + 4&51500,3@61)7[)9 +
14&%0(1%137()9 + 3a:{’0a3a5b8b9 — ai{’oagaﬁbgbg + 21a%0a5a%b8b9 — 8&%0a3a6a9b8b9 —
3lajpagagbsby — ayasbiby — 8a?yagbiby + 3a3jazasbd + 9aijaachd + 30a3,asaibl —
9a%0a3a6a8b3 — 48a10aga8b3 — 4a%0a3a5a9b3 + a%oagaﬁagbg — 44a10a5a(2;a9b3 +
7a10a3a6a§b§ + 41&%&3()3 + 3a%0a3a6b12b3 + 16&10&%()12()3 + 5ai{’0a6b3b§ — 2a%0a3b7b§ —
18a%0aéb7bg — 14@%0a5a6b8b3 + 3a%0a3a9b8b3 + 35a10a(23a9b8b3 + 5@%0@6[)3[)3 — 2a%0a§ bg -
16a2,a4a6b3 + 3a3yazashs + 42a19a2aghiy + 22a10a5asa9by — 2a1pazaiby — 33a2alb3 —
a%oagblgbg — 14&10&%[)1258 — a%obgbg + 10a%0a6b7bg + 3(1%0&51)81)8 — 17a10a6agbgb3 -
a%obgbg + 3(1%0&4()3 — 18&10&6(18()3 — 4(110&5(19()3 + 13a6a3b§1 + 6a10a6b12b3 — 2&%0b7bg +
3(110&9[)81)3 + 3(110&8[)3 — QCLSbg — aloblgbg),

By = —a}y(—alpasai + 6aijasasas + 2aijasasa6 — Taijaia? + 6a3jasal —
12a%0a3a%a8 — 19a10a§a8 — a%0a3a5a6ag — 2a%0a2a%ag + 9a10a5a%a9 + 2a10a3a%a3 —
2aga + Ta3yazadbia + 12a10aibiz + ajpasbs — ajgadbs — badyasacbr — Taiyadbr +
3a§’0a3a5b8 — Za%oagaﬁbg + 15(1%0&5&(231)8 — 10a10a%a9b8 — Za%oagbg — Sa%Oa%bg —
6a§0a3a4bg — 3a§0a2a5bg + Qa%()aga@bg — 12a%0a4a%bg + 24a%0a3a6agbg + 66a10a§a8b9 +
a%0a3a5a9b9—|—5a%0a2a6agbg—19a10a5a%a9b9—4a10a3a6a§b9+5a%agbg—14a%0a3a6b12b9—
42a10agblgbg + 4a:1)’0a6bgbg + 5a:1)’0a3b7bg + 17a%0a§b7bg + 3&5150(121)8[)9 — 19a%0a5a6b8b9 +
21ajpadagbsby + 10a3yasbiby — 3a3ya2bi + 6a3yasachi — 12a3,a3asb3 — 84ajpalaghi —
3(1%()&2(19()3 + 13&10&5&6(19()3 + 2(110(13&3()5 — 4&%&3()5 + 7a%0a3b12b3 + 54&10&%()12()3 —
30,%01)31)3 — 130,%0@61)71)3 + 6a%0a5b8b3 — 14&10&(3@91)81)3 - 30,%01)%[)3 + 460,10@6&81)8 —
3&10&5&9()3 + aﬁagbg - 30a10a6b12b3 + 3&%0b7bg + 3a10a9b8bg - 9a10a8b§ + 6&10b12b3),

Bs = 2a3,(a3yazas + adyazas + adgalas — 3a3yasa? — 5a3,asagas — 3apaias —
a%oagag,ag — CL%OCLQCLGCLQ — 3&10@5&%&9 + a10a3a6a3 + 20,%&3 + 4(1%0&3@6[)12 + 4&10@%[)12 —
2&%0616()3 — a%0a3b7 + a%oa%lh — a%oagbg — 3a%0a5a6b8 + a%0a3a9b8 + 4&10&%&9()8 +
QG%OCLGbg + 6&%00,4@61)9 + 50,%0&3&8[)9 + 7&100,(23&81)9 + a%oagagbg + 4ajgasagagby —
aloagagbg — 5&%&3()9 —4&%0613()12 bg — 10(110(1%()12 bg —|—2a:{’0b3b9 — 2a%0a6b7b9 +a%0a5b8b9 —
6a10a6a9b8b9 — a%obgbg — 3a%0a4b5 — 5&100,6&81)5 — a10a5agb§ + 4(16&31% + 8&10@61)12 bg +
a%0b7b3 + 2&10(19()8()3 + aloagbg — agbg — 2&10()12()3),

By = a‘llo(2a%0a§ + 4a%0a4a6 + 3a%0a3a8 — 6a10a%a8 — dajpasagty + 3a%a3 —
Sa%()agblg + 3a10a%blg + a:{’obg — 3a%0a6b7 — 3a%0a5b8 + 4daqpagagbg + a%obg — 3a%0a4bg +
9(110&6(18()9 + 4(110(15(19()9 — 5a6a3b9 — 4a10a6b12b9 + 2a%0b7b9 - 3a10a9b8b9 — 3a10a8b§ +
2a§b§ + aloblgbg),

B5 = 2a?0a6(a8 — blg), BG = CLIO(CLg — 512).

In this case the identity As(y) = 0 holds if at least one of the following three
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series of conditions is satisfied:

as = (—50,10&5&6 + 3(1%@9 + 4(110&6[)8 + 4&10@5[)9 — 5a6agbg — 3(1101)8'

bg + 2&9()3)/&%0, az = (5&6 — 3b9)(b9 — a6)/a10, bs = (—2&%0(1%—

—4adyasas + 3ajpadas + bajpasagay — 3a2a3 + 3adyagbr + 3a2yazbs— (41)
—4a10a6a9b8 — a%obg + 3&%0(14139 - 5a10a6a8b9 — 4a10a5a9b9 + 5(16(15%‘

bg — 2&%0b7b9 + 3aqgagbgby + 2a10a8b§ — 2&5()3)/&%0, bis = ag;

bz = aa(bg — ag)/ai0, b7 = (a10a4 — agas + agby)/a1o,

42
bs = (a10a5 — agag + aghy)/aio, b1z = as; (42)
az = (5a6 — 3bg)(bg — a6)/a10, bg = ( 2a10a5 4a10a4a6 + 3a10a6a8
+5a10a5a6a9 — 3&%&3 + 3(1%0&61)7 + 3&106L5bg — 4a10a6a9b8 — a10b8
+3a2yasbg — Sarpagagby — 4ajpasagby + Sagaiby — 2a2,brbg + 3aipag- (43)
bgbg + 2a10a8b3 — 2&31)3)/@%0, bg = (a10a5 — agag + agbg)/alo,
b2 = as;

11) (10), (26) = Ag(y) = (CL1 + a3y + a6y2 + aloy?’)(3a1a10a4a6 + a3a4a§ —
ala%ag + 2(11(1%()()3 + ajgazagbs — aiaigagby — 3ajaipasbg — 2azasaebg + 2a1agagbg —
a10a3bsbg +a1a10b7bg+a3a4b3—a1a8b3+(a10a3a4a6—3a1a%0a4+2a4a%+5a1a10a6a8—
2a1a19agb12 + a%oagbg + 2&10&%()3 + 3&1&%0137 — ajpazagsbg — 4&4&%()9 — bajajpagbg +
2a1a10612b9—2a10a663b9+2a4a663)y+(2a10a4a(23—2a%0a3a4—4a1a%0a8+3a10a3a6a8+
a%ag + 4a1a%0b12 — ajpagagbia + 3&%06161)3 + 2a%0a3b7 + aloa%lﬁ — Bajgasagby —
3a10a3agbg — 20,%@8[)9 + aloagblgbg — 3&%01)31)9 — a10a667b9 + 3&10@4[)3 + agagbg)y2 —
aio (4&10&4&6 + 3(110(13&8 — 3&%&8 — 3(110(13b12 + a%obg - 3a10a6b7 — 3a10a4b9 + 5a6a8b9 +
2a10b7b9 — 2a8b3)y3 - a%o(ag — blg)(?)aﬁ — bg)y4 - a‘i’o(ag - 512)y5)/a%0 =0=

bz = —as(ag — bg) /a0, by = (ar0as — asag + agby)/aio, b1z = as; (44)

b = (—4&10@4@6 + 3&%&8 + 3aipagbr + 3aipasbg — bagagbg—
—2a19b7bg + 2(18()3)/&%0, az = (—561(23 + 8agbg — 3b3)/a10, (45)
= (3ag — 2by)(ag — by)*/aly, bi2 = as;

It is easy to see that the set of conditions {(8), (21), (34)} is a particular case for
the set of conditions {(8), (22), (35)}, the set {(9), (24), (40)} for {(9), (23), (36)}
and {(10), (25), (42)} for {(10), (26), (44)}. The sets of conditions: {(9), (24), (38)}
and {(9), (23), (37)}; {(10), (26), (45)} and {(10), (25), (43)} are the same.

Lemma 3. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to four if and only if at
least one of the following fourteen sets of conditions holds:

1) (6), (16), (27),  2) (6), (16), (28),  3) (6), (16), (29),
4) (6), (17), (30),  5) (6), (18), (31),  6) (6), (19), (32),
7) (7), (20), (33),  8) (8), (22), (35), 9) (9), (23), (36),
10) (9),(23), 37), 11) (9), (24), (39), 12) (10), (25), (41),
13) (10), (25), (43), 14) (10), (26), (44).
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The algebraic multiplicity m, > 5 if in each of the cases 1)-14) of Lemma 3 the
identity A4(y) = 0 holds. Proceeding as in the previous case (m, > 4) and taking
into account (3), we will examine each case separately.

1) (6), ( 6), (27) = A4(y) = a7(by + 2b5y + 3bgy2 + 4bl4y3)(b0 + boy + b5y2 +
boy® + bray*) =0 =

by = b5 = by = b1a = 0; (46)

2) (6), (16), (28) = Au(y) = asbo(bs + 2bgy + 3b13y*) =0 =
b4 = bg = b13 = 0, bo 75 0; (47)

3) (6), (16), (29) = Ay(y) = ba(as+agy)(—agby +arby+asbs+2a4bgy+3asbizy®+
agbgy + 2a8b13y )/ag =0=>

by = (a7b2 + a4b4)/a8, bg = 0, b1z = 0; (48)

4) (6), (17), (30) = A4(y) = —bagasby + 3a3by + asbobs — azbiby + azbobr +
10a2y + 2a9bgb12y — 4a%b4y =0=

b7 = (5&2&41)0 — 3&%1)1 — a4bob4 + agblb4)/(agbo), (49)
b12 = a2(2b4 — 5&2)/b0;

5) (6), (18), (31) = Au(y) = —(a2—|—a5y)(2a§a§+4a2a4a§b2—a%a5a8b2—a§a7bg+
a4a5a8b2 — a2a8b2 + a5b2b3 — a2a5b4 — a4a5bgb4 + asasagboby — a2a5bgb7 + 2a2a5y +
6a2a§agb2y — 2a2a§b12b2y — 2a2a5b4y — 2a2a y? + 3a5a8b2y — agb12b2y — a5b4y —

y®)/a3 # 0;

6) ( ) ( ) (32) = A4( ) (a2+a5y+agy2)(—2a§a5ag—2a4a§b5—|—2a2a5a8b5—
2a2a4a9b5 — a5a9b3b5 + a5a7b5 + a2a9b5b7 + a%agbg + a4a5b5b8 — a2a8b5b8 — 4a2a§a9y +
2a%a§y—4a4a5a9b5y—4a2a8a9b5y+2a2a9b12b5y—2a§b3b5y+2a7agb§y+2a2a5agb8y+
2a4a9b5b8y—2a§agy2—4a5a8a9b5y —|—2a4a9b5y +a5a9b12b5y2—a3b5b7y2+a§agbgy2+
2a2a§b8y2 + agagbsbsy® — 2a2ady® + 4azady® + 2a5a3bsy® + 2asadyt + adbsy? +

y®)/ag # 0

7) ( ) ( ) (33) = A4( ) = —a1(4a7b0 —bob11 — 3a1bg + dajary — 4a1b11y) =0

=
be = arbo/ay, b1 = az; (50)

8) (8), (22), (35) = Au(y) = —(a1 + asy)(—5atar + aibiy + 6ayarby — arbi1by —
a7b% — dayiagbg + azbobg + 2a1a3a7y — 4ara3bi1y + 2aza7boy — 2a§b6y + 3a§a7y2 —
3a3b11y?) /a3 =0 =

be = ar(by — a1)/az, b1y = ar; (51)

9) (9), (23), (36) = A4(y) = —(a1+asy+aey?)(—ajar —darazaar +arazaghis +
2a3a7b5 + 4a1a6a7b5 — a1a6b11b5 — a3a7b§ — a%agbﬁ — 3&1&%[)6 + a3a6b5b6 — 4a§a6a7y +
4a1a(25a7y — 4a1a%b11y + 6asagarbsy — 2a6a7b§y — 4a3a%b6y + 2a%b5b6y + 3a3a(25a7y2 —
4a3a§b11y2 + a%b11b5y2 — a%b6y2 + 2a%a7y3 — 2agb11y3)/a§ =0=

bg = az(bs — az)/ag, bi1 = ar; (52)
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10) (9),(23), (37)= A4(y) = —(az + 2a6y)?(—2a3asas + 4azazasas + 2a3ar; —
a%bll + 4asasagbs — 8&2&%[)3 — 2a§a6b6 + 12a§a6a7y — 4a§a4a9y — 8a§a6611y +
8agagagbsy — 8a3a(2;b6y + 24a3a(2;a7y2 — dasasagagy® — 20a3a%b11y2 + Sa%agb3y2 —
8adbey?® + 16agary® — 16a3b11y3) /3243 = 0 =

as = ag(2asa6 — azag)/(4af), (53)
bﬁ = (a3a6a7 — asaqag + 2a6agb3)/(2a§), bll = ar;

by = asas/(2a6), bg = azar/(2a6), b1 = ar; (54)

11) (9), (24), (39) = As(y) = (a3 +2aey)(—8a3aia} —16a3asasal +64asa3aiad +
32asa3asal —160a3azasal+128a3al —8ajagar+4asasaias —8azaiagas+12a3a2aZag+
12a3asaiag — T2asa3asaiag + 96a3a3agag — 2a3aasag — 6ajasasad + 20asaiaial +
agag + 4a§aébll + 32@%@5@263 — 64a2a3agbg — 24a§aéagb3 + 8a§a266 — 2a6(—8a§aga% +
16a3aqasag + 32azazaZag — 32asazasal — 32a3asay + 32a3agar — 12a3asaias +
24a2a§a§a8 + 2Oa§a§aéa9 — 20a§a4a%ag — 4Oa2a§a5aga9 + 6a§aéa8a9 — 14a§a5a6a3 +
12aza3a2a? + 3a3a3 — 20a3agbiy — 32aza5albs + 64azalbs +40a2agaghbs — 24a3adbe )y —
12a3a%(16a3a§a7 — 4a3a5aga8 + 8a2a§a8 + 4a3a§a§a9 — 4a3a4aga9 — 8a2a5a%a9 +
2a3akasag — 4a3asaga + dasazalal + adad — 12azagbi; + Sagagbs — 8adbe)y® —
8ag(32@3@%@7—4@3@5(1%(18+8a2a§a8+4a3a§a%ag—4a3a4aga9—8a2a5a%ag+2a§a§a8a9—
4a3azagal + 4dasazaiad + ajal — 28azagbiy + Sagagbs — 8adbs)y® — 128a§(ar —
bi1)yt)/(128af) =0 =

as = az(2asa6 — agag)/(éla%), (55)
be = (azasar — azasag + 2agagbs)/(2a2), b1 = ar;

as = az(2asag — azag)/(4a?),

bs = azas/(2a6), bs = azar/(2ag), b1 = ar;

12) (10), (25), (41) = A4(y) = (3ag — 2bg + a10y)(ag — bg — a10y)(Bo + Biy +
Bsy? + B3y + Byy* + Bsy®)/a$,, where

By = l4a}yada? — 21a3,asa5ai + Tajpadar + 23aipasagas — 29aipataiag +
22a10a4aéa9—24a2a8a9+15a5aéa§—3a10a2611+4a%0aébg+20a%0a5agb7—21a10aéagb7—
44a2,a2a2bs +20a3asa3bs — 22a10agasbs + 63a1pasaiagbs — 18agaibs — 19a3,adbrbs +
46a%0a5a(2;b§ — 34a10a%agb§ — 16a%0a§b§ — 18a%0aga6bg + 51a%0a4a5a(2;b9 — 33a10aéa7bg —
79&10(15(1%&8@) + 66&10&%&%&9()9 — 75&10&4&%&9()9 + 106a‘61a8a9b9 — 49&5&%&3()9 +
14&10@%[)11[)9 — 150,%0@%1)6[)9 — 48@%0(15&(231)71)9 + 71@10&%&9[)71)9 + 57a%0a§aﬁbgb9 —
48&%0(14(1(2#)8()9 + 75&10a%a8b8b9 — 145aloa5a(25a9b8b9 + 60a%a3b8b9 + 45a%0a%b7b8b9 —
60a?yasa6bibo+T79a10adagb3bo+21a3,asb3bo+6a3,aibi—41a3 asasasbi+62ar0aarbd+
10laipasadashy — 49aipalagaghy + 95a10asadaghy — 186aagaghy + 59azaZadbd —
26&10@%[)11[)3 + 21a%0a%b6b§ + 38a%0a5aﬁb7bg - 89@10@%&9[)71)5 — 19&%06%1)853 +
38a%0a4a6b8b3 — 95a10a%a8b8b3 + 109&10a5a6a9b8b3 — 74a%a3bgb§ — 35&%0a6b7b8b3 +
20a2,a5b3b3 —60a10aagbib3 — Tatyb3bi +11a3 asasb3 —58aipadarbl —5Tarpasasasby +
12a10a§agbg—53aloa4a6a9b8+162a%a8a9b8—31a5a6a§bg+24a10a%bllbg—13a%0a6b6b8—
10&%0(15137()3 + 49a10a6a9b7b3 — 10a%0a4b8b3 + 53&10a6a8b8bg — 27&10&5&9()8()3 +
40a6a3b8b8 + 9&%01)71)81)8 + 15(110@91)%58 + 27CL106L66L7b§l + 12(],1()CL5CL8b§l + 11(110@4&91)3 —

(56)
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70a6a8a9b3+6a5a3b3—11a10a6b11b3—|—3a%0b6b§1—10a10a9b7b3—11a10a8b8b3—8a3b8b§1—
5(110&7[)3 + 12a8agbg + 2&10[)111)8,

By = 12ai{’0aga6 + 15ai{’0a4a5a(25 — 27&%0(1%&7 — 21(1%0&5&%&8 — 45&%0a§a§a9 —
18a%0a4a%a9 + 24a10a§a8a9 + 57a10a5a%a3 — 24aéag + 15a%0aébll — 12a§’0a%b6 —
12a3yasa2br+15a3,adagb; —36a3 a2 acbs —12a3,asa2bs+18a2 agasbs+87a3 asaagbs —
Sdajpaiadbs + 9a3,adbrbs + 36a3,asaeb? — 42a3a2aghi — 12a3,a6bs — 6a3 azby —
22ai{’0a4a5a6b9 + 100a%0a%a7b9 + 52&%0a5a%a8b9 + 67&%(]&%(16(19{)9 + 43a%0a4a%a9b9 —
82aloaga8a9bg — 140&10&5&%@51)9 + 82@%&8[)9 — 55&%06%1)1159 + 33a:1)’0a(2366b9 +
16ai{’0a5a6b7b9 — 34a%0a%a9b7b9 + 19ai{’0a§bgb9 + 16ai{’0a4a6b8b9 — 43a%0a%a8b8b9 —
130@%0(15&6&9[)81)9 + 132&10&%&3[)81)9 - 100,%0&61)71)8[)9 — 20ai’0a5b§bg + 63a%0a6a9b§bg +
Ta3,b3bo+9a3,asasb3 —138a3,a2arb3 —43a3asasagbi —24a3,a2agbd —34a3asasagbi +
104a1pa2agaghy + 113ajpasaadb? — 104a2adb? + 75a3,a2b11b3 — 30a3,a6bsb3 —
60,%0&5[)71)3 + 25&%(]&6&9[)7[)3 — 60,%0&41)81)3 + 34@%()@6@8[)8[)3 + 47@%0a5agbgbg —
106a19asa3bsbi +3a3,brbsbd —23a2,agb3bi +84a% agarb3 +12a3,asashy + a3 asaghi —
58aloa6a8a9bg - 30(110@5&31)8 + 58a6agbg — 45&%0(16[)1158 + 9a§’0b6bg — 6a%0a9b7bg -
Qa%Oagbgbg + 28&10&3()8133 — 19a%0a7b3 + 12a10a8a9bé — 12&3()3 + 10&%0b11bg,

By = 12a:1)’0a:5)’a6 + 15a:1)’0a4a5a(23 — 27a%0aéa7 — 21a%0a5a%a8 — 45a%0a§a(25a9 —
18a2yasaiay + 24ajpagagag + 5Tajpasaia? — 24agad + 15a2,agb11 — 12a3,a3bs —
12a:1)’0a5a(25b7+15a%0a%agb7—36ai)’0a§a6b8—12a:1)’0a4a§b8+18a%0aga8b8+87a%0a5a§agbg—
5darpagazbs + 9a3ya2brbs + 36a3,asasb3 — 42a3,a2agb? — 12a3,a6b3 — 6a3,adby —
22a:1)’0a4a5a6b9 + 100a%0a%a7bg + 52a%0a5a%agbg + 67@%0a§a6agbg + 43a%0a4a%agbg -
82a10a%a8a9b9 — 140aloa5a%a§bg + 82&%&3()9 — 55a%0a%b11b9 + 33&?061%()61)9 +
16a:1)’0a5a6b7bg — 34@%0a§a9b7bg + 19a:1)’0a§bgbg + 16a:1)’0a4aﬁbgbg — 43&%00,%@81)8[)9 —
130&%0a5a6a9b8b9 + 132&10a%a3b8b9 — 10a§’0a6b7b8b9 — 20&?0615()%()9 + 63a%0a6a9b§b9 +
7a3,b3bo+9a3asa5b3 —138a3,akarb3 —43a3asasasbi —24a3,atagbd —34a3asasagbi +
104a1pa2agaghy + 113ajpasagadb? — 104a2adb? + 75a3,a2b11b3 — 30a3,a6bsb3 —
6a3,asbrb3 + 25a3,a6a9b7bi — 6adyasbsbd + 34aijasasbshy + 4Ta3,asagbsbi —
1060,100,6&31)81)3 + 3(1%0[)71)81)3 — 230,%0&91)%1)3 + 84@%0a6a7b8 + 120,%0&5&858 + 9a%0a4agbg —
58a10a6a8a9bg — 30&10&5&3()8 + 58(16(18()3 — 45&%0(16()11()3 + Qa%obﬁbg - 6a%0a9b7bg —
ga%OCLgbgbg + 28&10@3[)858 - 190,%0&71)3 + 12(],1()CL86L91)§l — 12&81)3 + 10&%01)11[)3,

Bs = a2y (5adyasas—22a3 a2ar—Ta3 asasas —3a3 atag—6a3,asaa9+8aipaasag+
7a10a5a6a3 — 4a§a8 + 18a%0a(2;bll — 4a:1)’0a6b6 — 4a:1)’0a5b7 + 5&%(]&6@9[)7 — 4a:1)’0a4bg +
6a%0a6a8b8—|—5a%0a5a9b8—6a10a6a3b8+3ai’0b7b8—2a%0agb§+36a%0a6a7b9+6a%0a5a8b9+
50,%0&4@91)9 — 14a10a6a8agbg — 6&10@5@31)9 + 7a6agbg — 290,%0&61)111)9 + 3(1%01)61)9 —
4a%0a9b57b9 — 5a%0a8b8b9 + 5a10a3b8b9 g 14&%0617()3 + 6a10a8a9b§ — 3&3()3 + 11a%0b11 bg),
B4 = alo(a7 — bll)(3a6 - bg), B5 = alo(a7 — bll)'

In this case the identity A4(y) = 0 holds if at least one of the following four
series of conditions is satisfied:

2
as = (agag + aipbs — agbg)/a10, b = (—4arpagar — arpasacag+

+a(25a8a9 + ajgagagby + a%0a4bg — ajpagagbg — a%obﬂ)g + Tajpagarbg— (57)
—aﬁagagbg + aloagbgbg — 3&10@71)5)/(&%0 (4&6 — 3bg)), b11 = ar,

ay = b7/2, ag — 3b9/4, bg = 3&5/2, bll = ary; (58)
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as = (4&10b7 — agbg)/(4a10), ag — 3b9/4,

59
bs = (daipas + agby)/(4aio), b1 = ar; (59)

a5 — agbg/(2a10), ag — 3b9/4, bg = 3a9b9/(4a10), b11 = ar; (60)

13) (10), (25), (43) = A4(y) = (3ag — 2bg + aloy)(% —bg — aloy)2(36 + B{y +
Bhy? + By3 + Bjy*)/a3,, where

B = 2a%0a2a4a6+3a10a4a5a§—7a§a7—2a10a2a%a8—3a5aga8+3a§b11—4a10a§66—
2(1%0&2(16()7 — 3&10&5&%()7 — a%0a2a4bg - 5a10a4a5a6b9 + 26&%&7[)9 + 3a10a2a6a8b9 +
8a5a§a8bg — lla%bllbg + 11a10a%66b9 + a%0a2b7bg + bajgasagbrby + 2a10a4a5bg —
36&%&7()3 — a10a2a8b3 — 7a5a6a8b§ + 15&%()11 bg — 10&10(16()6()3 — 2&10&5()7()3 + 22(16&7()3 +
2a5a8bg — 9a61)11bg + 3(1101)6[)8 — 5(17[)3 + 2b11b$,

B} = 2(ai{’0a2a4 + 10a10a%a7 — CL%O&Q(IGCZg + 3a10a4a%a9 — 3a%a8a9 — 6a10a%b11 +
4a%0a%b6—a‘i’oagb7—3a10a§agb7—27aloa§a7bg+a%0a2a8bg—5a10a4a6a9bg+8a(25a8agbg+
16&10&%()11()9 — 7&%0(16{)6()9 + 5a10a6a9b7b9 + 24&10&6(17133 + 2(110(14&9()3 — 7a6a8a9b3 —
14&10@61)11[)3 + 3(1%01)6[)3 — 2(110(191)7[)3 — 7a10a7bg + 2a8a9bg + 4&101)1158),

Bé = alo(a%0a4a5 — 18&10&%&7 —aipasaesag — 2&10&4&6619 + 2(1(23618&9 + 14&10&%()11 —
4a%0a666 — a%oag, b7 + 2a1p9agag9br + 30a19agarbg + arpasagbg + aipasagbg — 3agagagbg —
23a10a6b11b9 + 3a%0b6b9 — a10a9b7b9 — 12&10&7[)3 + agagbg + 9a10b11b§),

Bé = 2a:1)’0(a7 — bll)(2a6 — bg), BZL = a‘llo(cw — bll)-

In this case the identity A4(y) = 0 holds if at least one of the following four
series of conditions is satisfied:

ay = (40,10[)7 — agbg)/(4a10), ag — 3[)9/4, bll = ar; (61)
ay = (agag + aioby — agbg)/ag, bs = ar(bg — ag)/a10, b11 = ar; (62)
az = (by — ag)(aroas + agag — aghy) /a3y, b = (a?yasas—
—4a10a%a7 — a1005a6a8 — 2410040609 + 2a%a8ag — a%0a5b7+ (63)
+2a1g9agagby + Tajgagarbg + ajpasagbg + ajgasagby — 3agagagbg—
—a10a9b7b9 — 3(110@71)5 + agagbg)/(a%O (4&6 — 3bg)), b11 = ar,
as = agbg/(16a%0), as = agbg/(2a10), ag — 3b9/4, bll = ar; (64)

14) (10), (26), (44) = A4(y) = (a1 + azy + agy® + a10y>) (dararoagar + azaar —
araipagbil + 3(11&%056 + aygaszagbe —4aiaiparbg — 2asagarbg + ajaigbi1bg — argazbgbg +
a3a7b3 — 2(2a1a%0a7 — aipasagay — aga7 — 2&1&%01)11 — a%oagb(; — aloaébg + a10a3a7bg +
2&%&7()9 +aipagbgby —a6a7bg)y—a10(3a10a3a7 —3(1(2;(17 —3aypasbii —a%bn —4aygagbg +
6a6a7bg + aﬁbllbg + 3&101)61)9 — 3a7b§)y2 — 20,%0(@7 — bll)(2a6 — bg)y3 — a‘i’o(cw —
bu)y*)/aty =0 =

be = az(by — ag)/a10, b1 = az; (65)

[ bg/(64a%0), az = 3b§/(16a10), ag — 3b9/4, bll = ar; (66)

It is easy to see that:
— the sets of conditions {(10), (25), (43), (64)} and {(10), (25), (41), (60)}; {(9),
(24), (39), (55)} and {(9), (23), (37), (53)} are the same;
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— the set of conditions {(10), (26), (44), (66)} and {(10), (25), (43), (61)} are
equivalent.

— the set of conditions {(9), (24)
conditions {(9), (23), (37), (54)} and
{(10), (25), (43), (61)}.

Lemma 4. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to five if and only if at least
one of the following sizteen sets of conditions holds:

, (39), (56)} is a particular case for the set of
{(10), (25), (41), (59)} is a particular case for

1) (6), (16), (27), (46),  2) (6), (16), (28), (47),
3) (6), (16), (29), (48),  4) (6), (17), (30), (49),
5) (7), (20), (33), (50),  6) (8), (22), (35), (51),
7) (9), (23), (36), (52), &) (9), (23), (37), (53),
9) (9), (23), (37), (54),  10) (10), (25), (41), (57),
11) (10), (25), (41), (58), 12) (10), (25), (41), (60),
13) (10), (25), (43), (61), 14) (10), (25), (43), (62),
15) (10), (25), (43), (63), 16) (10), (26), (44), (65).

The algebraic multiplicity m, > 6 if in each of the cases 1)-16) of Lemma 4
the identity As(y) = 0 holds. Taking into account (3), we will examine each case
separately.

1) (6), (16), (27), (46) = As(y) = arbg(by + 2bgy + 3b13y?) =0 =

by =0bg =bi3 =0, ar #0, by # 0; (67)
2) (6), (16), (28), (47) = A5(y) = —a4b0(3a4 — b7 — 2b12y) =0=>
bi2 = 0, by = 3ay; (68)

3) ( ) ( ) (29) (48) = A5(y) = —b2(CL4 + agy)(?)ai + agbs — arby — aqb7 +
6aqasy — 2a4b10y + 3a8y — agbi2y?) Jag = 0 =

bs = (a7b4 + a4(b7 — 30,4))/&8, bio = 3ag, by 75 0; (69)

4) (6), (17), (30) (49) = As(y) = (2a2a3b3 — 6a3arbi — adasboby — a3b? +
a%bobu + 4a2b0b3 — a4b0b4 + a2a7bgb4 + agasbgb1by — a2b0b3b4 + 2&% (6(12(14()0 — 5&%()1 —
asboby + a2b164)y — 3(1%(4@2 — b4)y2)/(agbo) =0=

b1 = 2(14()0/(12, b4 = 4(12, b11 = 2(17. (70)

In each of cases 5)-16) of Lemma 4, the identity As(y) = 0 and the conditions
(3) are not compatible.

Lemma 5. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to siz if and only if at least
one of the following four sets of conditions holds:

1) (6), (16), (27), (46), (67),  2) (6), (16), (28), (47), (68),

3) (6), (16), (29), (48), (69),  4) (6), (17), (30), (49), (70).
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Taking into account (3) in each of the cases 1)-4) of Lemma 5 we have respec-
tively the implications:
1) (6)7 (16)7 (27)a (46)7 (67) = Aﬁ(y) = a7b0(b7 + 2b12y) =0=

b7 = b1z = 0; (71)
2) (6), (16), (28), (47), (68) = Ag¢(y) = as(—4arby + asby + bob11) =0 =
by = bo(4ar — b11)/ay; (72)

3) (6), (16), (29), (48), (69) = Aﬁ(y) = ((14 + agy)(—6a4a7b2 + a4b11b2 + a§b4 —
agbabg + a7bobr + 2a4a8bsy + a§b4y2)/a8 =0=

b4 = 0, b(; = (a4b11 — 6&4&7 + a7b7)/a8, b2 75 0; (73)

4) (6), (17), (30), (49), (70) = Ag(y) = (2a3b3 + 2arasarbl — 2a2asbbs + a3b2bs +
Ga%aibgy + 6a§a7bgy - 4a‘21bob3y + 6a§‘a4b0y2 + 4agy3)/(a2b(2)) £ 0.

Lemma 6. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line © = 0 is greater than or equal to seven if and only if at
least one of the following three sets of conditions holds:

1) (6), (16), (27), (46), (67), (71),  2) (6), (16), (28), (47), (68), (72),
3) (6), (16), (29), (48), (69), (73).

In the conditions 1) (6), (16), (27), (46), (67), (71) we have A7 = azbg(b11—4a7) =
0=
b1 = 4ar, (74)

but in the cases 2) and 3) of Lemma 6 A; # 0.

Lemma 7. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to eight if the following set
of conditions: (6), (16), (27), (46), (67), (71), (74) holds.

In the conditions of Lemma 7 we have Ag = a%bl =0=
b1 = 0. (75)

Lemma 8. For quartic differential system {(4), (3)} the algebraic multiplicity of
the invariant straight line x = 0 is greater than or equal to nine if the following set
of conditions: (6), (16), (27), (46), (67), (71), (74), (75) holds.

The conditions of Lemma 8 give us Ag = 2a2b3 = 0 =
bs =0 (76)

= A= 3a%(b6 + 4azy) # 0, m, = 10 and the quartic differential system (4) takes
the form
& =arxt, §=bg+ bex> + bzt + darz3y. (77)
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For system (77) we have F1(X) = a22'0(3b + 4biox + 12a7y).

Via the affine transformation of coordinates: = — =, y — (—3bg — 4bjpx +
12boy)/(12a7) and the rescaling of time ¢ = 7/a7 the system (77) can be written
into the form:

=2z §=1+423y. (78)

In this way we have proved the following theorem.

Theorem. In the class of quartic differential system {(4), (3)} the maximal alge-
braic multiplicity of an affine real invariant straight line is equal to 10. Via an affine
transformation of coordinates and time rescaling each quartic system which has an
invariant straight line of algebraic multiplicity 10 can be written in the form (78).
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