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Shape dimension of maps

P. S.Gevorgyan, I. Pop

Abstract. In this paper we define a numerical shape invariant of a continuous
map called shape dimension of a map, which generalizes the shape dimension of
a topological space. Some basic properties and applications of this invariant are
given. The question of raising the shape dimension by shape finite-dimensional maps
is solved. An example of a shape finite-dimensional surjective map between shape
infinite-dimensional spaces is given.

Mathematics subject classification: 55P55, 54C56.
Keywords and phrases: Dimension of a morphism of inverse systems, of a pro-
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1 Introduction

This paper continues the study of shape invariant properties of maps initiated
by the authors in [4,5]. We define a numerical shape invariant of a continuous map
f : X → Y called shape dimension of a map and denoted by sd f , which generalizes
the shape dimension of a topological space.

We denote the shape category of topological spaces by Sh(HTop, HPol), where HTop
is the homotopy category of spaces and HPol is the homotopy category of polyhedra.
Recall that the objects of HTop are all topological spaces and the morphisms are
the homotopy classes [f ] of continuous maps f : X → Y , which are called H-maps.
By HPol we mean the full subcategory of HTop whose objects are all spaces having
the homotopy type of a polyhedron. The full subcategory of HTop whose objects
are all spaces X, which are homotopy dominated by n-dimensional polyhedron P ,
is denoted by HPoln.

Recall that for a simplicial complex K, dimK ≤ n means that every simplex
of K has dimension ≤ n. Then a covering U of a space X is of order ordU ≤ n

provided the nerve N(U) has dimension ≤ n, i.e., whenever U0, . . . , Uk are members
of U , and U0 ∩ . . .∩Uk 6= ∅, then k ≤ n. By this, a topological space X has covering
dimension dimX ≤ n provided every normal covering U of X admits a normal
refinement V with ordV ≤ n. If P is a polyhedron P = |K|, then dimX ≤ n if
and only if dimK ≤ n. The covering dimension dimX has a number of interesting
properties but obviously it is not a homotopy invariant. This inconvenience has been
solved for compact metric spaces by K. Borsuk [1,2] under the name of fundamental

dimension. This notion was then studied in depth by S. Nowak [7]. Finally for
arbitrary topological spaces a convenient notion of dimension was given by J. Dydak
[3] as follows.
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In the shape theory based on inverse systems (see [6], Chapter II, §1) a system
X = (Xλ, pλλ′ ,Λ) ∈ pro-HPol is said to be of dimension dimX ≤ n provided X ∈
pro-HPoln, i.e., each Xλ is homotopy dominated by a polyhedron P with dimP ≤ n.
Then a space X has shape dimension sdX ≤ n provided X admits an HPoln-
expansion p : X → X, i.e., an H-Pol-expansion with dimX ≤ n. This property of
topological spaces is a shape invariant and thus a homotopy invariant.

In the second section of this paper we define the dimension of a morphism of
inverse systems and of a pro-morphism in the category HPol, which generalizes the
dimension of an inverse system in HPol (Definition 1), and then the shape dimension
of a continuous map is defined (Definition 3). This notion generalizes the shape
dimension of a topological space. It is proved that a topological space X has the
shape dimension ≤ n if and only if the identity map 1X has the shape dimension
≤ n (Theorem 1). If the topological space X or Y has the shape dimension ≤ n

then any shape morphism between these spaces has the shape dimension ≤ n as well
(Theorem 2). The converse is true for a shape morphism which has a left or right
inverse (Theorems 3 and 4). In particular, if F : X → Y is a shape isomorphism of
topological spaces and has the shape dimension sdF = n then X and Y are shape n-
dimensional spaces (Theorem 5). When sdX = ∞ then the shape dimension of the
identity map 1X is infinite. Example 5 shows that there are shape finite-dimensional
surjective maps between shape infinite-dimensional spaces. This means that the
shape dimension of a map f : X → Y in general does not depend on the shape
dimensions of spaces X and Y . Consequently, the notion of the shape dimension of
maps is of particular interest in the class of all shape infinite-dimensional spaces.

In the third section it is proved that the notion of the shape dimension of map
can defined by means of level morphisms of inverse systems in the category HPol
(Theorem 7). A characterization of the shape dimension of maps is given in Theorem
8. Some applications of shape dimension of maps to homology pro-groups and Čech
homology are established (Theorem 9 and Corollary 5).

2 Shape dimension of a map: definitions, properties, examples

It is known [6] ( Ch.II, §1.1, Th. 2, p. 96) that the relation sdX ≤ n, for the
shape dimension of a space X, can be characterized by the following condition:

D3. If p : X → X = (Xλ, pλλ′ ,Λ) is an HPol-expansion, then every λ ∈ Λ
admits a λ′ ≥ λ such that pλλ′ factors in HPol through a polyhedron P with

dimP ≤ n.

If (fµ, φ) : X = (Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M) is a morphism of inverse
systems in HPol, and if (λ, µ) ∈ Λ ×M , with λ ≥ φ(µ), denote

fµλ := fµ ◦ pφ(µ)λ.

Definition 1. We say that a morphism of inverse systems (fµ, φ) : X =
(Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M) in the category HPol has dimension dim(fµ, φ) ≤
n if every µ ∈ M admits a λ ≥ φ(µ) such that the H-map fµλ : Xλ → Yµ factors in
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HPol through a polyhedron P with dimP ≤ n, i.e., there are H-maps u : Xλ → P ,
v : P → Yµ such that fµλ = v ◦ u

Xλ

fµλ
//

u
  A

AA
AA

AA
A

Yµ

P

v

??~~~~~~~

Remark 1. It is obvious if fµλ factors through P , and λ′ ≥ λ, then fµλ′ also factors
through P . Indeed, if fµλ = v ◦ u, then fµλ′ = fµλ ◦ pλλ′ = v ◦ u′, with u′ = u ◦ pλλ :
Xλ′ → P .

Proposition 1. Let (fµ, φ) : X = (Xλ, pλ,λ′ ,Λ) → Y = (Yµ, qµµ′ ,M) be a morphsim
of inverse systems in the category HPol. If dimX ≤ n or dimY ≤ n then
dim(fµ, φ) ≤ n.

Proof. If dimX ≤ n and µ ∈ M , then for φ(µ) ∈ Λ there exist λ ∈ Λ, λ ≥ φ(µ),
a polyhedron P with dimP ≤ n and two morphisms u : Xλ → P , v : P → Xφ(µ)

in HPol such that pφ(µ)λ = v ◦ u. Then fµλ = fµ ◦ pφ(µ)λ = (fµ ◦ v) ◦ u, with
fµ ◦ v : P → Yµ.

If dimY ≤ n and µ ∈ M , then there exist µ′ ∈ M, µ′ ≥ µ, a polyhedron P ′

with dimP ′ ≤ n, and two morphisms u′ : Yµ′ → P ′, v′ : P ′ → Yµ in HPol such that
qµµ′ = v′ ◦u′. Consider λ ∈ Λ satisfying λ ≥ φ(µ), φ(µ′) and fµλ = qµµ′ ◦ fµ′λ. Then
fµλ = v′ ◦ (u′ ◦ fµ′λ), with u′ ◦ fµ′λ : Xλ → P ′. Therefore in both cases Definition 1
is satisfied.

Example 1. It follows from Proposition 1 that if X = (Xλ, pλλ′ ,Λ) is an inverse
system in HPol with dimX ≤ n then dim1X ≤ n.

Example 2. Let (fµ, φ) : (Xλ, pλλ′ ,Λ) → (Yµ, qµµ′ ,M) be a a morphism of inverse
systems in the category Pol of polyhedra. For µ ∈M denote by Y n

µ the carrier of the
n-skeleton of a triangulation of the polyhedron Yµ. Suppose that for every µ ∈ M

we have fµ(Xφ(µ)) ⊆ Y n
µ . Then the morphism in the category HPol, ([fµ], φ) : X =

(Xλ, [pλλ′ ],Λ) → Y = (Yµ, [qµµ′ ],M) has dim([fµ], φ) ≤ n.

Proposition 2. If (fµ, φ), (f ′µ, φ
′) : X = (Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M) are two

equivalent morphisms in the category HPol, (fµ, φ) ∼ (f ′µ, φ
′), and if dim(fµ, φ) ≤ n,

then dim(f ′µ, φ
′) ≤ n.

Proof. For µ ∈ M , there exists λ ∈ Λ, λ ≥ φ(µ), φ′(µ) such that fµλ = f ′µλ. Now
by Remark 1, we can suppose that fµλ = v ◦ u, for some H-maps u : Xλ → P ,
v : P → Yµ, with dimP ≤ n. Then f ′µλ = v ◦ u, so dim(f ′µ, φ

′) ≤ n.

Based on Proposition 2, we can give the following definition.

Definition 2. A pro-morphism f : X = (Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M), in pro-
HPol, has the dimension dim f ≤ n provided f admits a represenation by a morphism
(fµ, φ) : X → Y with dim(fµ, φ) ≤ n.
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Proposition 3. Let f : X → Y and g : Y → Z be pro-morphisms in HPol. If
dim f ≤ n, then dim(g ◦ f) ≤ n.

Proof. Suppose that f and g are represented by the morphisms (fµ, φ) : X =
(Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M) and respectively (gν , ψ) : Y → Z = (Zν , rνν′ , N).
Then h := g ◦ f : X → Z is represented by the morphism (hν , χ) : X → Z, with
χ = φ ◦ ψ and hν = gν ◦ fψ(ν).

If ν ∈ N , then for ψ(ν) ∈ M there exist λ ∈ Λ, λ ≥ φ(ψ(ν)) = χ(ν) and some
H-maps u : Xλ → P , v : P → Yψ(ν), with dimP ≤ n, such that

fψ(ν)λ = v ◦ u. (1)

But hνλ = hν ◦ pχ(ν)λ = gν ◦ fψ(ν) ◦ pψ(φ(ν))λ = gν ◦ fψ(ν)λ. So by the relation (1) we
have hνλ = (gν ◦ v) ◦ u, with gν ◦ v : P → Zν . And this shows that dimh ≤ n.

Proposition 4. Let f : X → Y and g : Y → Z be pro-morphisms in the category
HPol. If dimg ≤ n, then dim(g ◦ f) ≤ n.

Proof. We use the same notations as in the above proof. Now for ν ∈ N , there
exist µ ≥ ψ(ν), a polyhedron P ′ with dimP ′ ≤ n and some H-maps u′ : Yµ → P ′,
v′ : P ′ → Zν , satisfying

gνµ = v′ ◦ u′. (2)

Now conider λ ∈ Λ, λ ≥ φ(µ), λ ≥ φ(ψ(ν)), such that qψ(ν)µ ◦ fµ ◦ pφ(µ)λ = fψ(ν) ◦
pφ(ψ(ν))λ, that is qψ(ν)µ ◦ fµλ = fψ(ν)λ. By this and by the relation hνλ = gν ◦ fλψ(ν),
above deduced, we have hνλ = gν ◦ qψ(ν)µ ◦ fµλ = gνµ ◦ fµλ = (v′ ◦ u′) ◦ fµλ =
v′ ◦ (u′ ◦fµλ), with u′ ◦fµλ : Xλ → P , by which we conclude that dim(g ◦ f) ≤ n.

Proposition 5. Suppose a commutative diagram is given in pro-HPol

X

α

��

f // Y

β

��
X′

f
′

// Y′

with α and β isomorphisms. If dim f ≤ n, then dim f ′ ≤ n.

Proof. Because dim f ≤ n, by Proposition 4 dim(β ◦ f) ≤ n, so dim(f ′ ◦α) ≤ n. But
f ′ = (f ′ ◦ α) ◦ α−1, and then by Proposition 3, we obtain that dim f ′ ≤ n.

Example 3. Let f : X → Y = (Yµ, qµµ′ ,M) be a pro-morphism of the category
HPol. Suppose that (M ′,≤) is a cofinal subset of (M,≤). Denote by Y′ the sub-
sistem of Y defined by (M ′,≤), i.e., Y′ = (Yµ′ , qµ′µ′′ ,M

′) and let i : Y → Y′ be
the restriction morphism and f ′ : X → Y′ the pro-morphism induced by f and the
inclusion M ′ →֒ M . Then f ′ = i ◦ f and because i is an isomorphism in pro-HPol
([6], Ch.I, §1.1, Th. 1), we have that dim f = dim f ′.

Because of Proposition 5 we can give the following definition.
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Definition 3. A shape morphism F : X → Y between topological spaces has shape
dimension sdF ≤ n, n ≥ 0, provided F admits a representation f : X → Y with
dim f ≤ n.

In particular, an H-map f : X → Y has shape dimension sd f ≤ n if its shape
image by the shape functor S : HTop → Sh has sd(S(f)) ≤ n. If f ∈ Top(X,Y ),
we write sd f ≤ n if sd([f ]) ≤ n.

We put sdF = n (or sd f = n) provided n is the least m for which sdF ≤ m

(resp. sd f ≤ m).

If we combine the above mentioned characterization D3, Example 1, Definitions
1, 2 and 3, we obtain the following theorem.

Theorem 1. A topological space X has shape dimension sdX ≤ n if and only if
the identity map of X has shape dimension sd(1X) ≤ n.

By Propositions 3 and 4 we have the following corollary.

Corollary 1. Let F : X → Y , G : Y → Z be two shape morphisms of topological
sapces. If sdF ≤ n or sdG ≤ n, then sd(G ◦ F ) ≤ n.

Theorem 2. Let F : X → Y be a shape morphism of topological spaces. If sdX ≤ n

or sdY ≤ n then sdF ≤ n.

Proof. Suppose that p = (pλ) : X → X = (Xλ, pλλ′ ,Λ) and q = (qµ) : Y → Y =
(Yµ, qµµ′ ,M) are HPol-expansions for X and Y respectively, and let f = (fµ, φ) :
X → Y determine a shape morphism F : X → Y .

Since sdX ≤ n (sdY ≤ n) means dimX ≤ n (dimY ≤ n) and sdF ≤ n means
dim(fµ, φ) ≤ n, it only remains to apply Proposition 1.

Corollary 2. For a continuous map f : X → Y , sd f ≤ min(sdX, sdY ).

Since for a topological space X one has the inequality sdX ≤ dimX ([6], Ch.II,
§1.1, Th. 3), by Theorem 2, we obtain the following corollary.

Corollary 3. Let f : X → Y be a continuous map. If dimX ≤ n or dimY ≤ n,
then sd f ≤ n.

Corollary 4. If a shape morphism F : X → Y of topological spaces factors in the
shape category Sh(HTop,HPol) by a topological space Z of shape dimension sdZ ≤ n

then sdF ≤ n.
In particular, if a continuous map f : X → Y factors in the category Top by a

topological space Z of shape dimension sdZ ≤ n then sd f ≤ n.

Proof. Suppose that F = H ◦G, for shape morphisms G : X → Z and H : Z → Y ,
where sdZ ≤ n. It follows from Theorem 2 that sdG ≤ n and sdH ≤ n. Hence, by
Corollary 1 sdF ≤ n.

Example 4. Using the last corollary one can easily see that if f : X → Y is
nullhomotopic then sd f = 0.
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Example 5. Let Q be the Hilbert cube, seen as the product of countably infinitely
many copies of the unit interval [0, 1], and T

ω the infinite-dimensional torus, as the
product of countably infinitely many copies of the unit circle S1. Consider the maps
g : Q→ T

ω, defined as the product of countably infinitely many copies of the usual
exponential map exp : [0, 1] → S1, exp(t) = e2πit, and, for n ≥ 0, hn : T

ω → T
ω

the projection on the n-dimensional torus hn((zk)k) = (z1, . . . , zn, 1, 1, . . .) (h0 is the
constant map (zk)k → (1, 1, . . .)). Then if X is the topological sum X := Q ⊕ T

ω,
define the map f : X → T

ω by f |Q = g and f |Tω = hn. Now we have sdX = ∞,
sd T

ω = ∞. Since Q is contractible it follows that sdQ = 0, so sd g = 0 (see Theorem
2). Then by Example 2 we have sdh = n. In this way we obtain sd f = n.

Remark 2. Example 5, the underlined relations together with the fact that the map
f is surjective show that the notion of shape dimension of a map f : X → Y is
consistent, independent of shape dimensions of X and Y . This enables us to give
some important new shape properties of f .

The next two theorems show that the converse of Theorem 2 is true for a shape
morphism which has a left or right inverse.

Theorem 3. Let F : X → Y be a shape morphism of topological spaces which has
a left inverse. If sdF ≤ n then sdX ≤ n.

Proof. Let G : Y → X be a left inverse of F : X → Y , i.e., G ◦ F = 1X . If sdF ≤ n

then by Corollary 1 sd(G ◦ F ) ≤ n, i.e., sd 1X ≤ n. Therefore, by Theorem 1,
sdX ≤ n.

The following theorem is proved in the same way.

Theorem 4. Let F : X → Y be a shape morphism of topological spaces which has
a right inverse. If sdF ≤ n then sdY ≤ n.

By Theorems 2, 3 and 4 one can obtain the following result.

Theorem 5. Let F : X → Y be a shape isomorphism of topological spaces. If
sdF = n then sdX = sdY = n.

Note that Theorem 5 gives a new proof of the shape invariance of the shape
dimension of a space.

Definition 4. We say that a morphism of pointed inverse systems ((fµ, ∗), φ) :
(X, ∗) = ((Xλ, ∗)), pλλ′ ,Λ) → (Y, ∗) = ((Yµ, ∗), qµµ′ ,M) in the category HPol∗ has
dimension dim((fµ, ∗), φ) ≤ n if every µ ∈ M admits a λ ≥ φ(µ) such that the
pointed H-map (fµλ, ∗) : (Xλ, ∗) → (Yµ, ∗) factors in HPol∗ through a pointed
polyhedron (P, ∗) with dimP ≤ n, i.e., there are pointed H-maps (u, ∗) : (Xλ, ∗) →
(P, ∗), (v, ∗) : (P, ∗) → (Yµ, ∗) such that (fµλ, ∗) = (v, ∗) ◦ (u, ∗).

Remark 3. With this definition all other definitions and results from the unpointed
case remain valid in the pointed case.
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3 More properties and some applications

Theorem 6. Let f : X = (Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M) be a morphism in
the cagtegory pro-HPol. If dim f ≤ n then there exists a representation of f by a
morphism (f ′µ, φ

′) : X → Y with the property that for every µ ∈ M , the morphism
f ′µ : Xφ′(µ) → Yµ factors in HPol through a polyhedron P with dimP ≤ n.

Proof. Suppose that f is given by an arbitrary morphism (fµ, φ) : X → Y. Then by
hypothesis, every µ ∈ M admits an index λµ ∈ Λ, λµ ≥ φ(µ), a polyhedron P with
dimP ≤ n and two H-maps u : Xλµ

→ P , v : P → Yµ such that

fµλµ
= v ◦ u.

Then we define a new function φ′ : M → Λ by

φ′(µ) = λµ,

and consider the H-maps f ′µ : Xφ′(µ) → Yµ given by

f ′µ = fµλµ
.

Now we prove that the set of H-maps {f ′µ; µ ∈ M} defines a morphism of inverse
systems (f ′µ, φ

′) : X → Y. Indeed, if µ, µ′ ∈ M with µ′ ≥ µ, then because (fµ, φ) is

a morphism of inverse systems, there exists λ ≥ φ(µ), φ(µ′) such that

qµµ′ ◦ fµ′ ◦ pφ(µ′)λ = fµ ◦ pφ(µ)λ.

Now consider an index λ̃ ∈ Λ, λ̃ ≥ λµ, λµ′ , λ. Then we have:

qµµ′ ◦ f
′

µ′ ◦ pφ′(µ′)λ̃ = qµµ′ ◦ fµ′ ◦ pφ(µ′)λµ′
◦ p

λµ′ λ̃
=

qµµ′ ◦ fµ′ ◦ (pφ(µ′)φ′(µ′) ◦ pφ′(µ′)λ̃) = qµµ′ ◦ fµ′ ◦ pφ(µ′)λ ◦ pλλ̃ = fµ ◦ pφ(µ)λ ◦ pλλ̃ =

(fµ ◦ pφ(µ)φ′(µ)) ◦ pφ′(µ)λ̃
= f ′µ ◦ pφ′(µ)λ̃

.

Therefore (f ′µ, φ
′) is a morphism of inverse systems. In addition, obviously (f ′µ, φ

′) ∼
(fµ, φ) because for every µ ∈M , fµ ◦ pφ(µ)φ′(µ) = f ′µ ◦ pφ′(µ)φ′(µ). So, [(f ′µ, φ

′)] = f .
Finally, for every µ ∈ M , we have f ′µ = v ◦ u, with u : Xφ′(µ) → P , v : P → Yµ,

and dimP ≤ n, which ends the proof.

Using Theorem 6 and [6] (Ch.I, §1.3, Theorem 2) we obtain the following result.

Theorem 7. If F : X → Y is a shape morphism of topological spaces with sdF ≤ n

then there exist a cofinite directed ordered set (N,≤) and a level morphism of inverse
systems in the category HPol (fν) : X = (Xν , pνν′ , N) → Y = (Yν , qνν′ , N) defining
a pro-morphism f : X → Y which in turn is a representation of F , and such that
for every ν ∈ N the morphism fν : Xν → Yν factors in HPol through a polyhedron
P with dimP ≤ n.
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The following theorem characterizes the shape dimension of map.

Theorem 8. An H-map f : X → Y has shape dimension sd f ≤ n if and only if
for every H-map h : Y → P into a space P ∈ HPol, the composition h ◦ f factors
through a polyhedron P ′ with dimP ′ ≤ n, i.e., there are H-maps u : X → P ′ and
v : P ′ → P such that h ◦ f = v ◦ u.

Proof. Let sd f ≤ n. Consider a morphism f : X = (Xλ, pλλ′ ,Λ) → Y =
(Yµ, qµµ′ ,M) in the cagtegory pro-HPol, induced by an H-map f : X → Y . Let
(fµ, φ) be a representative of f .

For any H-map h : Y → P into a space P ∈ HPol there are a µ ∈ M and an
H-map g : Yµ → P such that h = g ◦ qµ. By assumption there exists a λ ∈ Λ,
λ ≥ φ(µ) such that an H-map fµλ factors through a polyhedron P ′ with dimP ′ ≤ n.
Consider H-maps u′ : Xλ → P ′ and v′ : P ′ → Yµ such that v′ ◦ u′ = fµλ. Let us
denote u = u′ ◦ pλ : X → P ′ and v = g ◦ v′ : P ′ → P . Now it is readily seen that
h ◦ f = v ◦ u, i.e., the composition h ◦ f factors through a polyhedron P ′.

Conversely, assume that for every H-map h : Y → P the composition h◦f factors
through a polyhedron P ′ with dimP ′ ≤ n, i.e., h ◦ f = v ◦ u.

Let µ ∈M and consider the H-map qµ ◦ f : X → Yµ. By assumption there exist
a polyhedron P ′ with dimP ′ ≤ n and H-maps u : X → P ′, v : P ′ → Yµ such that

v ◦ u = qµ ◦ f. (3)

For the H-map u : X → P ′ there exist a λ ∈ Λ, λ ≥ φ(µ) and an H-map g : Xλ → P ′

such that
g ◦ pλ = u. (4)

By 3 and 4 it is not difficult to verify the equality

(fµ ◦ pφ(µ)λ) ◦ pλ = (v ◦ g) ◦ pλ.

Hence, there exists a λ′ ∈ Λ, λ′ ≥ λ, such that

(fµ ◦ pφ(µ)λ) ◦ pλλ′ = (v ◦ g) ◦ pλλ′ ,

and therefore fµλ′ = v ◦ u, where u = g ◦ pλλ′ . Thus, sd f ≤ n.

Remark 4. The condition from Theorem 8 is analogous to the condition (D2) from
[6], Ch. II, §1.1, Theorem 2.

Proposition 6. Let X be a topological space, A ⊆ X a weak retract, i : A →֒ X the
inclusion map, and r : X → A the weak retraction. Then the following conditions
are equivalent:

(i) sdA ≤ n,
(ii) sd i ≤ n,
(iii) sd r ≤ n.

Proof. Since S([r]) ◦ S([i]) = 1S(A), one can apply Theorems 3, 4 and 1.
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Theorem 9. Let f : X → Y be a pro-morphism in the category HPol. If dim f ≤ n,
then for every Abelian group G and an index k > n the homology pro-morphism
Hk(f ;G) : Hk(X;G) → Hk(Y;G) is a zero-morphism of pro-groups.

Proof. If f = (fµ, φ) : X = (Xλ, pλλ′ ,Λ) → Y = (Yµ, qµµ′ ,M), then Hk(X;G) =
(Hk(Xλ;G),Hk(pλλ′ ;G),Λ), Hk(Y;G) = (Hk(Yµ;G),Hk(qµµ′ ;G),M) andHk(f ;G) =
(Hk(fµ;G), φ) : Hk(X;G) → Hk(Y;G).

By hypothesis every index µ ∈ M admits λ ∈ Λ, λ ≥ φ(µ), a polyhedron Pµ
with dimPµ ≤ n and two H-maps uµ : Xλ → Pµ, vµ : Pµ → Yµ such that fµλ =
vµ ◦ uµ. This implies Hk(fµ ◦ pφ(µ)λ;G) = Hk(vµ;G) ◦Hk(uµ;G), i.e., Hk(fµ;G) ◦
Hk(pφ(µ)λ;G) = Hk(vµ;G) ◦ Hk(uµ;G). Then since dimPµ ≤ n, for k > n we
have that Hk(vµ;G) is a zero-morphism, so Hk(fµ;G) ◦Hk(pφ(µ)λ;G) is also a zero-
morphism. Then by [6], Ch.II, §2.3, Theorem 7, we conclude that Hk(f ;G) is a
zero-pro-morphsim of groups.

Corollary 5. Suppose that F : X → Y is a shape morphism of toplogical spaces
with sdF ≤ n. Then for any Abelian group G and for every index k > n the Čech
homology homomorphism F̌k : Ȟk(X;G) → Ȟk(Y ;G) is null.
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