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Abstract. By using a linear operator associated with the A-generalized Hurwitz-
Lerch zeta function, the authors introduce and investigate several properties of a
certain subclass of meromorphically univalent functions in the open unit disk, which
is defined here by means of the Hadamard product (or convolution).
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1 Main remarks
Let X denote the class of meromorphic functions f(z) normalized by
flz)= ! + iakzk (1)
P Y
k=1
which are analytic in the punctured unit disk
Ur={z:2€C and 0<|z|<1}=TU\{0},
C being (as usual) the set of complex numbers. We denote by ¥S8*(3) and X/(f3)
(6 = 0) the subclasses of ¥ consisting of all meromorphic functions which are,

respectively, starlike of order 3 and convex of order # in U* (see also the recent
works [1] and [2]).

For functions f;(z) (j = 1,2) defined by
— .
fj(z) = ; + Zak,jzk (] = 172)7 (2)
k=1

we denote the Hadamard product (or convolution) of fi(z) and f2(z) by

(fixf2)(z) = % + Zakﬂak,gzk. (3)
k=1
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Let us consider the function <;~5(oz, B; z) defined by

B B2) = S+ LI (4)
k=0

Nl’—‘

(B) k+1

(ﬁG(C\Za;oze(C),

where
Zy ={0,-1,-2,---} =7~ U{0}.

Here, and in the remainder of this paper, (\), denotes the general Pochhammer
symbol defined, in terms of the Gamma function, by

(5)

A+ k) AA+1)---A+n—1) (k=neN; AeC)
I'(A)

(Wi 1= == =1 (r=0; Xe C\{0}),

it being understood conventionally that (0)y := 1 and assumed tacitly that the I'-
quotient exists (see, for details,[3, p. 21 et seq.]), N being the set of positive integers.

It is easy to see that, in the case when a; =1 (k=0,1,2,--), the following rela-
tionship holds true between the function ¢(a, 3; z) and the Gaussian hypergeometric
function [4]:

Ba ) = - 2Fi (1,036 2). ©)

Recently, Ghanim ([5]; see also [6] and [7]) made use of the Hadamard product
for functions f(z) € ¥ in order to introduce a new linear operator L?(a, 3), which
is defined on X by

= - (@)py1 (a+1 Sa s .
- +k:1 (B)nt1 <a—|—k;> 2 (2 €U) (7)
where
Gs a(Z) - (CL + 1)3 |:CI)(Z,S,Q) —af + (a —1|_ 1) :|

and the function ®(z, s,a) is the well-known Hurwitz-Lerch zeta function defined by
(see, for example,[8, p. 121 et seq.]; see also [9] and [10, p. 194 et seq.])

oo n

D(z,s8,a) = Z (niia)s 9)

n=0
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(ac C\Zy; s€C when [z|<1; R(s)>1 when [z|=1).

We recall that the following new family of the A-generalized Hurwitz-Lerch zeta
functions was introduced and investigated systematically by Srivastava [11] (see
also [12-16] ):

B b ) = T
p
o L e
D Hyy |(a+n)bx — 0
n=0 (atn)* - 11 (y)ue, (1), (0,3) ] ™

(min{R(a),R(s)} > 0; R(b) > 0; A > 0)

q p
50 G= 10k 143 =30 20)
j=1 j=1

where the equality in the convergence condition holds true for suitably bounded
values of |z| given by

P q
|z| <V := Hpj_p” . Ha?’
j=1 j=1

Definition 1. The H-function involved in the right-hand side of (10) is the well-
known Fox’s H-function [17, Definition 1.1] (see also [3,18]) defined by

(CLl,Al), T (apu Ap)

Hy'"(z) = HY" | 2

(b17 Bl)7 Ty (bq7 Bq)

1 — -3
=5 / =(s)z" % ds (z € C\ {0}; |arg(z)| < ), (11)
T Jr
where
[1 T(bj + Bjs) - [T I'(1 — a; — A;s)

2(s) = —— L

=)= q ’
I Dla; + A;s)- I T —bj - Bys)
j=n+1 j=m+1

an empty product is interpreted as 1, m,n,p and q are integers such that

1=m=<=qg and 0=nZyp,
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Ai>0 (j=1,---,p) and B;>0 (j=1,--,9),
aj € C (Gj=1,---,p) and b € C (j=1,---,q)

and L is a suitable Mellin-Barnes type contour separating the poles of the gamma
functions

{L'(b; + Bjs)}it

from the poles of the gamma functions
P —aj + Ajs) iy

We choose to mention here that, by using the fact that [11, p. 1496, Remark 7]

: 2,0 - _ <
lim {HQ2 (5,1, (0,1) ] } =ATI(s) (A>0), (12)

b—0
the equation (8) reduces to the following form:

>|=

(a+n)b

(p17 ©H5Pp01, 5,0 ) (plv HPpy01,t Ufl)
¢A17' Ap#‘l" slq (Z S a 0 )\) - ¢>‘17 >‘puu'17 Mg (z § a)

Definition 2. The function <I>(p1’ "’/\Zp;fll’ :qq)(z s,a) involved in (13) is the multi-
parameter extension and generahzatlon of the Hurwitz-Lerch zeta function ®(z, s, a)

introduced by Srivastava et al.[16, p. 503, Eq. (6.2)] defined by

P
( ) 00 H ( )”P]
P15 5Pps015 50, — :
@)\117.“7)\731);#117.“7”; (27 37a) L Z q m (14)
=0 (a +n)s - 1:[ (Nj)ncr]

pjaakeR+ (]:17 » D3 k:177Q)7
A > —1 when s, z € C;

A =—1and s € C when |z] < V*;

A=—-1land R(E) > % when |z| = V*)
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with

By applying this new family of the \-generalized Hurwitz-Lerch zeta functions,
Srivastava and Gaboury [19] introduced a new linear operator which provides a
generalization of the largely- (and widely-) studied Srivastava-Attiya operator [20]
(see also [21-23]). This new operator contains, as its special cases, the operators
investigated earlier by Prajapat and Bulboaca [24, p. 571, Eq. (1.8)], Noor and
Bukhari [25, p. 2, Eq. (1.3)], Choi et al. [26], Cho and Srivastava [27], Jung et al.
[28], Bernardi [1], Carlson and Shaffer [29], Owa and Srivastava [30] and by Dziok
and Srivastava [31,32]. The Dziok-Srivastava convolution operator studied by Dziok
and Srivastava [31,32] is, in turn, a generalization of the Hohlov operator [33] and
the Ruscheweyh operator [34]. In fact, the Dziok-Srivastava convolution operator is
itself a special case of the Srivastava-Wright operator (see, for details, [35] and [36];
see also the other closely-related works cited in each of these recent publications).

In this paper, we consider the following linear operator:

sa)\oe,
()\p ﬁbf( ) EHE’

which is defined by
TR F(2) = G o(2) % (e, B 2),
where * denotes the Hadamard product (or convolution) of analytic functions and

the function G?)\a;‘( ,)p(#) is given by

Gl n(?) = (a+1)° [<I>§11,"1’17"'7?2,%(@3,@;b,A)

(Ap),(1q Apit1,
a”?® (a+1)"°
— mA(a,b,s,)\) + T

s
>
<.

a+1>SA(a+k,b,s,)\) 2k

a+k AT (s) k! (17)

[
IS
+
Eonl
gk
. <
=3t
=
<
=
N

<
Il
_

with
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By combining (17) and (4), we obtain

1
sa)\aﬁ o
Tt e (2) =7

(@ TT(V)

a .

k+1j:l 7w a+1\°A(a+k,b,s,\) ﬁ (18)

4 a+k AT(s) @R
(,U])

+
k=1 (B)k41
j=1
(zeU*; a, N €C (j=1,---,p); Bu; €C\Zy (j=1,---,9); p§q+1>
with
min{R(a),R(s)} >0, A >0 if ROb) >0
and
seC and acC\Z, if b=0.

Clearly, upon setting p—1 = ¢ = 0 and A\; = 1 in (18) and taking the limit as b — 0,
we obtain the operator L3 (a, 3)(f)(2) studied earlier by Ghanim [5].

It is easily observed from (18) that
(Tt £ () = a (e r () — ) (5087 (2) (9)

and

s,a,\,,5+1 _ s a3 s,a,\,,B+1
TS @) = 8 (st () =B+ 1) (JRestf (). @)
Now, with the help of the linear operator J o >‘ < 5 Vb f (2), we introduce the fol-
lowing subclass:

b 7A7 9.
S (1) = 5, 6,p)
of meromorphic functions as follows:

Definition 3. For fixed parameters A, B (-1 < B< A< 1)and 0 =< p <1, the

function f(z) € X is said to be in the class X («, 5, u) if it satisfies the following
subordination condition:

sa)\a,,B
1 z( (p)s( bf(z)) 1+ Az .
— - MMB —pl =< (z € U") (21)
1—p )\p s bf(z) 1+ Bz

or, equivalently,

s,a,\,a,3 !
(‘](Ap) (1q)67 (z)> .
Torond®
Y(a,B,p) =< f:f(2) € X and p):(1q). -1
<Js ,a,\, o, 3 f(z)>
B (A Z\(HZ;)
(p)-(a) TP

+B+(A-B)(1-p)
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2 A Set of Lemmas

To establish our main results, we shall need each of the following lemmas:
Lemma 1 (see [37]). If -1 £ B < A< 1, v # 0 and the complex number T satisfies
the inequality:

v(l—A)
k=g

then the following differential equation:

2q'(2) 1+ Az

=< eU
a(2) + vq(z)+7 14+ Bz (2 )
has a univalent solution in U given by

Zu+7'(1+BZ)V(A7B)/B

v [Ftm1(1+Bt) A B/ g v (B#0)

q(z) = (23)

2V 17 exp(vAz) T _

v [ T~ T exp(vAt) dt v (B - 0)

If the function ¢ given by
d(z)=1+crz+coz+---

is analytic in U and satisfies the following subordination:

29’ (2) 1+ Az

(b(z)—i_wb(z)—i-T{l—i-Bz (z€1), (24)
then -
0(:) <) <15 (€U

and q(z) is the best dominant of (24).

Lemma 2 (see [38]). Let v be a positive measure on [0, 1]. Let h be a complex-valued
function defined on U x [0, 1] such that h(.,t) is analytic in U for each t € [0, 1] and
h(z,.) is v-integrable on [0,1] for all z € U. Suppose also that R{h(z,t)} > 0,
h(—r,t) is real and

1 1
§R{h(zs,t)}Zh(_mﬁ) (lz] =r <1;t€0,1]).

If

then
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Lemma 3 (see [39]). For real numbers a, b and ¢ (¢ #0,—1,—2,---), it is asserted

that ) DT (c—b)
b=1 (1 _ )b (1 ) gt = c—
/0 7 (1—1) (1 t)" " dt A ©

(R{c} >R{b} >0; z€U).

2 F (a,b;c; z) (25)

Moreover,
oF1 (a,b;¢;2) = 2F1 (b, a;¢2) (26)
and
oF (a,byc52) = (1—2)7% oF) (a,c —bc /j) (27)
(c#0,-1,-2,---; |arg(l1 — 2)| <m).

Inclusion properties of various classes of analytic and meromorphic functions
were studied earlier by several different methods (see, for example, [40-43] and [44]).
In this paper, we find two inclusion theorems for the meromorphic function class
Y (e, B, ). In particular, we show that, if we increase the parameter a by one,
the overall size of the meromorphic function class ¥ («, 3, 1) would get smaller.
On the other hand, by increasing the parameters § by one, the overall size of the
meromorphic function class ¥ (o, 3, u) would get bigger.

3 Main Results

Unless otherwise mentioned, we assume throughout the remainder of the paper
that

—-1SB<A<1,0=pu<l, a,>0, acC\Z,, s€C and zel.

We begin with some inclusion relationships concerning the parameter « of the class
Y (o, B, ).

Theorem 1.

) If f(z) eX(a+1,6,un) and

a—;ﬁl§%, (28)
then
sa)\a,,B
1 ATt () 1 1
T e T R <ﬂ<(a_lu+1)_Ql(Z)>
) < cew, @)
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where (A=) B
1 a— zZU s N
0¥ 1(11Jf32) du (B #0)
Qi(z) =
fl a—ly—(1-pA(u-1)z g, (B=0)
and q1(z) is the best dominant of (29). Moreover,
S(a+1,8,p) CE (e, B p). (30)
(i) If the additional constraints 0 < B <1 and
1—pu)(A—B
ap1z1ZWAZD) (31)
are satisfied, then
s a3
1—|A| 1 Z( Aol bf (Z)>
< - sa - —p | <pi, (32)
1—|B] 1—u )\(u;ﬁbf(z)
where
1 «a
pr=—((a—p+1)— — : (33)
1:“'{ 2F1(177(1 ,u)éA B);a+1;ﬂ>}
The bound py is the best possible.
Proof. Let f(z) € ¥(a+ 1,0, u) and set
1 Z( sa)\aﬁbf(z))
¢(Z): - sa)\ozﬁ K- (34)

L= H )‘p s(1q), bf (Z)

Then it is clear that ¢ (z) is analytic in U and ¢ (0) = 1. An application of the
identity (19) in (34) yields

sa)\a—l—l,ﬁf( )

~(=w o () + (= p+ 1) =a ey (35)
)‘p s(1q), bf( )

By using the logarithmic differentiation of both sides of (35) with respect to z, we
obtain

¢ (2) + 29 (2) _ 1 —Z<J(8“a+1ﬂf (Z)) —
(@—p+1)-A-pe(z) 1-p Tome il 1 (2)
1+ Az (zeU).

1+ Bz
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Therefore, by applying Lemma 1 with
=—(1—p) and T=a—pu+1,

we have 1A
+ Az
d(2) <q1(z) < e

where the best dominant ¢;(z) is defined by (29). The proof of Theorem 1 (i) is
completed.

In order to establish (32) of Theorem 1 (ii), we observe that an application of
the principle of subordination in (21) gives

(ZEU)7

sa)\aﬁ
1—|A4] 1 Z( Gt od (Z)>
1_’B’ <1_ —R sa)\oe,ﬁ —H
H (Ap s(1g)s bf(z)

)

which is precisely the left-hand inequality in (32). Also, by the principle of subor-
dination in (29), we have

sa)\oe,ﬁ
1 Z( (Ap),(1q) bf(2)>
—R poa — < sup R z
1—pn sa)\a,ﬁbf(z) H _ZEHE)* {ql( )}

The rest of the proof is devoted to find

e g )

By hypothesis, B # 0. Therefore, by using (29), we have

Q1 (z) = (1+ Bz)° /1 w1 —w)" (1 4+ Bau) 0 du,
0

where

— 1) (A-B)
B
Also, since v > «a > 0, by successively using (25) to (27) of Lemma 3, we obtain

Q) = ) o (16 s ). (37)

1
6:( and y=a+1.
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Furthermore, the condition:

(1—p) (A= B) 0<B<1)

1>
a+ B

implies that v > § > 0. Another application of (27) of Lemma 3 to (37) gives

1
Q1 (2) :/0 h(z,u)dv(u),

where
1+ Bz
h(zau):m (0=u=1)
and
dv(u) = $u6_1 (1—u)"du
INOINCEED

is a positive measure on u € [0,1]. We note that
R{h(z,u)} >0 and h(—r,u)
is real for 0 < 7 < 1 and u € [0, 1]. Therefore, by using Lemma 2, we get

1 1
§R{Ql(z)}zc)l(_r) (Je[=r<1),

so that

inf ?R{ L } = su !
€U |\ Qi(2) ) ogrlzl Q1 (—7)
1 1 L

Hence, in view of (36), the right-hand inequality of (32) follows from (38).
The result is the best possible as the function g;(z) is the best dominant of (29).
This completes the proof of Theorem 1. O

The next theorem gives the corresponding results involving the parameter (.
Theorem 2.
(i) If f (2) € (v, B, ) and

(1-—p)(A-A4)

(39)
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then
V(Ui @) = (0w - 5l)
1—p Tomnelf (2) 1—p Q2 (2)
1+ Az
—p() < (ED) (10)
where () (A-B)/ B
—(—p)(A—
fol uf-1 <1fjr%z“> du (B #0)
Q2(z) =
fOl uﬁ—l e—(l—u)A(u—l)zdu (B — 0)
and qa(z) is the best dominant of (40). It is also asserted that
E(a,B,m) SE (o, B+ 1,p). (41)
ii) If the additional constraints 0 < B <1 and
(i) If
- B
are satisfied, then
s,a, )\ ,Q 6—1—1
1—1|B 1— s,a )\ oe,ﬁ—i—l ’
1Bl . Tl 1 (2)
where
1 g
pr=—|(B+1-p)- : (44)
1”( 2F1<17L7ﬁ+173 1)
The bound ps is the best possible.
Proof. Let f(z) € ¥ («, 8, ) and set
s,a,\,,B+1 !
o - [ UBEIIO) (45)
1‘# sa)\a,ﬁ—l—lf(z)

(Ap)

Then, by using (17) and logarithmic differentiation for (45) with respect to z, we
get

6(2)+ 24 (2) I O v LS N
—(1=wo(+@B+1-p) 1-p T5es f (2)
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- 1+ Az
1+ Bz

Therefore, by an application of Lemma 1 with

(z€ D).

v=—(1-—p) and T=03-p+1,

we have
1+ Az

1+ Bz
where the best dominant g2(z) is defined by (40). The proof of Theorem 2 (i) is
completed.

In order to establish (43) of Theorem 2 (ii), we apply the principle of subordina-

tion in (21) and use the same technique which was used in the proof of Theorem 1.
We thus find that

?(2) <q2(2) < (€,

_ 6 ! 6B—1 y—Fg—1 -0
Q2 (z) = (1+ Bz) / u’t (1 — ) (1+ Bzu)™° du

0
_TI'(3 .. Bz
- F(’Y) 2F1 (1767’77 BZ+1> (46)
whereézw and vy =+ 1.
Furthermore, the condition:
(1—p)(A-B)

g+1> (0<B<1)

B
implies that v > d > 0. Another application of (27) of Lemma 3 to (46) gives

1
Q2 (2) :/0 h(z,u) dv(u),

where . B | + B2 e
(z,u) = m, Osus1)
d
" dv(u) = I W (1= w0 du
I (y=9) '

Using Lemma 2 implies that

inf S‘E{ 1 } = b .
€U Q2 (2) 21 (17 —(1_u)égA_—B) 0+ 1 %)

(47)

The right-hand inequality of (43) follows from (47).

The bound ps is sharp by the principle of subordination. The proof of Theorem
2 is thus completed. O
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Concluding Remarks and Observations

In our present sequel to an earlier work (see [5,6,14] and [15]), we have inves-

tigated several further properties of the linear operator defined by (18), which is
associated with Hurwitz-Lerch zeta function:

(@ IO

1 o0

s,a,\,a,3 o
T ad ()=~ 4> 7
k=1 (B)k+1 [T (1)

Jj=1

a+1\° A(a+k,b,s,\) z_k
a+k AT(s) R

as given by (8) and with the notation used with (17). The various properties and
results, which we have presented in this paper, are related to a certain subclass of the
class of (normalized) meromorphically univalent functions in the punctured unit disk

U*,

which is defined here by means of the Hadamard product (or convolution). Many

interesting results (asserted by Theorems 1 and 2 above) have also been deduced
in this paper. In addition, there are more extensions and ideas that can be found
based on these results.
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