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A REPUBLICII MOLDOVA. MATEMATICA
Number 3(85), 2017, Pages 107–114
ISSN 1024–7696

A Note on 2-Hypersurfaces of the Nearly Kählerian

Six-Sphere

Ahmad Abu-Saleem, Mihail B.Banaru, Galina A.Banaru

Abstract. It is proved that hypersurfaces with type number two in a nearly Kähle-
rian sphere S

6 admit almost contact metric structures of cosymplectic type that are
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1 Introduction

The six-dimensional sphere S6 with a canonical nearly Kählerian structure was
the first example of non-Kählerian almost Hermitian manifold. That is why it
presents a special interest for researchers in the area of Hermitian geometry. Such
outstanding geometers as A. Gray, V. F. Kirichenko, K. Sekigawa and N. Ejiri have
studied diverse aspects of the geometry of nearly Kählerian six-dimensional sphere.
Of course, the geometry of nearly Kählerian manifolds (or W1-manifolds, after Gray–
Hervella classification [14]) is a spacious and important part of Hermitian geometry.

It is known that almost contact metric structures are induced on oriented hy-
persurfaces of almost Hermitian manifolds. Many specialists observe that this fact
determines the profound connection between the contact and Hermitian geometries.
Almost contact metric structures on hypersurfaces of almost Hermitian manifolds
were studied by some remarkable geometers. The work of D. E. Blair, S. Goldberg,
S. Ishihara, S. Sasaki, H. Yanamoto and K. Yano are assumed classical. In the
present note, almost contact metric structures on 2-hypersurfaces (i.e. on hypersur-
faces with type number 2) of nearly Kählerian six-dimensional sphere are considered.

In [3] and [11], it was proved that if t is the type number of an oriented hyper-
surface of the nearly Kählerian six-sphere S6, then the condition t ≤ 1 holds if and
only if the induced almost contact metric structure on this hypersurface is nearly
cosymplectic.

In this paper, an additional result on almost contact metric hypersurfaces of
nearly Kählerian six-dimensional sphere is given. Namely, we shall show that 2-
type hypersurfaces of a nearly Kählerian six-sphere S6 admit almost contact metric
structures of cosymplectic type.
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2 Preliminaries

The almost Hermitian manifold is an even-dimensional manifold M2n with a
Riemannian metric g = 〈·, ·〉 and an almost complex structure J . These objects
must satisfy the following condition

〈JX, JY 〉 = 〈X, Y 〉 , X, Y ∈ ℵ(M2n),

where ℵ(M2n) is the module of smooth vector fields on M2n. All considered mani-
folds, tensor fields and similar objects are assumed to be of the class C∞.

The specification of an almost Hermitian structure on a manifold is equivalent
to the setting of a G-structure, where G is the unitary group U(n) [5], [15]. Its
elements are the frames adapted to the structure (A-frames). They look as follows:

(p, ε1, . . . , εn, ε1̂, . . . , εn̂ ),

where εa are the eigenvectors corresponded to the eigenvalue i =
√
−1, and εâ are

the eigenvectors corresponded to the eigenvalue −i. Here the index a ranges from 1
to n, and we state â = a + n.

The matrixes of the operator of the almost complex structure and of the Rie-
mannian metric written in an A-frame look as follows, respectively:

(

Jk
j

)

=

(

iIn 0

0 −iIn

)

, (gkj) =

(

0 In

In 0

)

,

where In is the identity matrix; k, j = 1, ..., 2n.
We recall [16] that the fundamental form of an almost Hermitian manifold is

determined by the relation

F (X, Y ) = 〈X, JY 〉 , X, Y ∈ ℵ(M2n).

By direct computing it is easy to obtain that in an A-frame the fundamental form
matrix looks as follows:

(Fkj) =

(

0 iIn

−iIn 0

)

.

The first group of the Cartan structural equations of an almost Hermitian man-
ifold written in an A-frame looks as follows [9], [16]:

d ωa = ωa
b ∧ ωb + Bab

c ωc ∧ ωb + Babc ωb ∧ ωc ; (1)

d ωa = −ωb
a ∧ ωb + Bab

c ωc ∧ ωb + Babc ωb ∧ ωc ,

where

Bab
c = − i

2
Ja

b̂, c
; Bab

c =
i

2
J â

b, ĉ;

Babc =
i

2
Ja

[b̂, ĉ]
; Babc = − i

2
J â

[b, c].
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The systems of functions { Bab
c }, { Bab

c }, { Babc }, { Babc }, are the
components of the Kirichenko tensors of the almost Hermitian manifold [2], [9],
a, b, c = 1, ..., n; , â = a + n.

An almost Hermitian manifold is called nearly Kählerian [14], [16] if

∇X (F ) (X,Y ) = 0, X, Y ∈ ℵ(M2n).

The almost contact metric structure on an odd-dimensional manifold N is defined
by the system of tensor fields {Φ, ξ, η, g} on this manifold, where ξ is a vector field,
η is a covector field, Φ is a tensor of the type (1, 1) and g = 〈·, ·〉 is the Riemannian
metric [12],[16]. Moreover, the following conditions are fulfilled:

η(ξ) = 1, Φ(ξ) = 0, η ◦ Φ = 0, Φ2 = −id + ξ ⊗ η,

〈ΦX,ΦY 〉 = 〈ΦX,ΦY 〉 − η (X) η (Y ) , X, Y ∈ ℵ(N),

where ℵ(N) is the module of smooth vector fields on N . As examples of almost
contact metric structures we can consider the cosymplectic structure, the nearly
cosymplectic structure, the Sasakian structure and the Kenmotsu structure.

The cosymplectic structure that is characterized by the following condition:

∇η = 0, ∇Φ = 0,

where ∇ is the Levi-Civita connection of the metric. It has been proved that the
manifold, admitting the cosymplectic structure, is locally equivalent to the product
M × R, where M is a Kählerian manifold [15].

An almost contact metric structure {Φ, ξ, η, g} is called nearly cosymplectic if
the following condition is fulfilled [16], [19]:

∇X(Φ)Y + ∇Y (Φ)X = 0, X, Y ∈ ℵ(N).

We note that the nearly cosymplectic structures have many remarkable prop-
erties and play an important role in contact geometry. We mark out a number of
articles by H. Endo on the geometry of nearly cosymplectic manifolds as well as the
fundamental research by E. V. Kusova on this subject [19].

Is it known if (N, {Φ, ξ, η, g}) is an almost contact metric manifold, then an
almost Hermitian structure is induced on the product N×R [12], [21]. If this almost
Hermitian structure is integrable, then the input almost contact metric structure is
called normal. A normal contact metric structure is called Sasakian [16]. On the
other hand, we can characterize the Sasakian structure by the following condition:

∇X(Φ)Y = 〈X,Y 〉 ξ − η(Y )X, X, Y ∈ ℵ(N).

For example, Sasakian structures are induced on totally umbilical hypersurfaces in
a Kählerian manifold [21]. As it is well known, the Sasakian structures have many
remarkable properties and play a fundamental role in contact geometry.
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In 1972 Katsuei Kenmotsu introduced a new class of almost contact metric struc-
tures, defined by the condition:

∇X(Φ)Y = 〈ΦX,Y 〉 ξ − η(Y )ΦX, X, Y ∈ ℵ(N).

The Kenmotsu manifolds are normal and integrable, but they are not contact
manifolds. We mark out that the fundamental monograph by Gh. Pitiş [20] contains
a detailed description of Kenmotsu manifolds and their generalizations and a set of
important results on this subject.

At the end of this section, note that when we give a Riemannian manifold and
its submanifold (in particular, its hypersurface), the rank of determined second
fundamental form is called the type number [18].

3 The main result

Let us use the first group of Cartan structural equations of an almost contact
metric structure on an oriented hypersurface N2n−1 of an almost Hermitian manifold
M2n [6], [21]:

dωa = ωa
b ∧ ωb + Bab

c ωc ∧ ωb + Babc ωb ∧ ωc +

+
(√

2 Ban
b + iσa

b

)

ωb ∧ ω +

(

−
√

2 B̃nab − 1√
2
Bab

n − 1√
2
B̃abn + i σab

)

ωb ∧ ω;

dωa = −ωb
a ∧ ωb + Bab

c ωc ∧ ωb + Babc ωb ∧ ωc +

+
(√

2 Ban
b − iσb

a

)

ωb ∧ ω +

(

−
√

2 B̃nab −
1√
2
B̃abn − 1√

2
Bab

n − i σab

)

ωb ∧ ω;

dω =
√

2Bnab ωa ∧ ωb +
√

2Bnab ωa ∧ ωb+ (2)

+
(√

2Bna
b −

√
2Bnb

a − 2i σa
b

)

ωb ∧ ωa+

+
(

B̃nbn + Bnb
n + i σnb

)

ω ∧ ωb +
(

B̃nbn + Bnb
n − i σb

n

)

ω ∧ ωb,

where

B̃abc =
i

2
Ja

b̂, ĉ
; B̃abc = − i

2
J â

b, c

and σ is the second fundamental form of the immersion of N into M2n. We also
use the detailed structural equations (1) of a six-dimensional almost Hermitian sub-
manifold of Cayley algebra [5], [6], [7]:

dωa = ωa
b ∧ ωb +

1√
2
εabhDhcω

c ∧ ωb +
1√
2
εah[bDh

c]ωb ∧ ωc;

dωa = −ωb
a ∧ ωb +

1√
2
εabhDhcωc ∧ ωb +

1√
2
εah[bD

h
c]ω

b ∧ ωc; (3)
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Here εabc = ε123
abc , εabc = εabc

123 are the components of the third-order Kronecher tensor;

Dhc = D
ĥĉ

, Dh
c = Dhĉ, Dh

c = D
ĥc

;

Dcj = ∓T 8
cj + iT 7

cj, Dĉj = ∓T 8
ĉj − iT 7

ĉj,

where
{

T
ϕ
kj

}

are the components of the configuration tensor (in Gray–Kirichenko

notation [13], [15]); ϕ = 7, 8 a, b, c, d, g, h = 1, 2, 3; â = a + 3; k, j = 1, 2, 3, 4, 5, 6.
Comparing these equations with (1), we get the expressions for the Kirichenko ten-
sors of six-dimensional almost Hermitian submanifolds of Cayley algebra (in partic-
ular, for the nearly Kählerian six-dimensional sphere S6):

Bab
c =

1√
2
εabhDhc ; Bab

c =
1√
2
εabhDhc ;

Babc =
1√
2
εah[bDh

c] ; Babc =
1√
2
εah[bD

h
c] .

Knowing that the Kirichenko tensors Bab
c and Bab

c of the nearly Kählerian six-
sphere vanish [8], we rewrite these structural equations as follows:

dωα = ωα
β ∧ ωβ + Bαβγ ωβ ∧ ωγ+

+iσα
β ωβ ∧ ω + (−

√
2 B̃nαβ − 1√

2
B̃αβn + iσαβ)ωβ ∧ ω;

dωα = −ωβ
α ∧ ωβ + Bαβγωβ ∧ ωγ−

−iσβ
α ωβ ∧ ω +

(

−
√

2 B̃nαβ − 1√
2
B̃αβn − i σaβ

)

ωβ ∧ ω; (4)

dω =
√

2 Bnαβ ωα ∧ ωβ +
√

2Bnαβ ωα ∧ ωβ−

−2i σα
β ωβ ∧ ωα +

(

B̃nβn + i σnβ

)

ω ∧ ωβ +
(

B̃nβn − i σβ
n

)

ω ∧ ωβ.

On the other hand, we obtain the more precise structural equations of the nearly
Kählerian structure on the six-sphere [9]:

dωa = ωa
b ∧ ωb + µ εacbωb ∧ ωc;

dωa = −ωb
a ∧ ωb + µ̄ εacbω

b ∧ ωc.

If an almost contact metric hypersurface of a nearly Kählerian manifold is of
type number two, then we get the simplest matrix of its second fundamental form:

(σps) =





















(σαβ)
0
. . .

0
0

0 . . . 0 0 0 . . . 0

0
0
. . .

0
(σ

ᾱβ̂
)





















, p, s = 1, 2, 3, 4, 5 ,
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and what is more
rank (σαβ) = rank (σ

α̂β̂
) = 1.

That is why from (4) and (5) we obtain the following Cartan structural equations of
an almost contact metric structure on an oriented 2-hypersurface of nearly Kählerian
six-sphere:

dωα = ωα
β ∧ ωβ + Bαβγ ωβ ∧ ωγ + (−

√
2 B̃nαβ − 1√

2
B̃αβn + i σαβ)ωβ ∧ ω;

dωα = −ωβ
α ∧ ωβ + Bαβγ ωβ ∧ ωγ + (−

√
2 B̃nαβ − 1√

2
B̃αβn − i σaβ)ωβ ∧ ω; (6)

dω = 0 .

In [17], V. F. Kirichenko and I. V. Uskorev have introduced a new class of
almost contact metric structure. Namely, they have defined the almost contact
metric structure with the close contact form as the structures of cosymplectic type.
As they have established, the condition

dω = 0

is necessary and sufficient for an almost contact metric structure to be of cosymplec-
tic type. V. F. Kirichenko and I. V. Uskorev have also proved that the structure of
cosymplectic type is invariant under canonical conformal transformations [17]. We
recall also that a conformal transformation of an almost contact metric structure
{Φ, ξ, η, g} on the manifold N is a transition to the almost contact metric structure
{

Φ̃, ξ̃, η̃, g̃
}

, where Φ̃ = Φ, ξ̃ = efξ, η̃ = e−f η and g̃ = e−2 f g. Here f is a smooth

function on the manifold N [16], [21].
Evidently, a trivial example of structure of cosymplectic type is the cosymplectic

structure with well-known Cartan structural equations [7], [16]:

dωα = ωα
β ∧ ωβ,

dωα = −ωβ
α ∧ ωβ,

dω = 0 .

Another important example of the almost contact metric structure of cosymplectic
type is the Kenmotsu structure with following Cartan structural equations [1], [16]:

dωα = ωα
β ∧ ωβ + ω ∧ ωα,

dωα = −ωβ
α ∧ ωβ + ω ∧ ωα,

dω = 0 .

It is easy to see that the structural equations (6) perfectly correspond to the structure
of cosymplectic type, but this almost contact metric structure is not cosymplectic
or Kenmotsu. So, we have proved the following result.

Theorem 1. Hypersurfaces with type number two in a nearly Kählerian six-sphere

admit non-cosymplectic and non-Kenmotsu almost contact metric structures of

cosymplectic type.
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4 Some comments

As we have mentioned, in [3] and [11] it was proved that the almost contact
metric structure on a totally geodesic or on 1-type hypersurface in a nearly Kählerian
six-sphere must be nearly cosymplectic. We remark that the nearly cosymplectic
structure is not of cosymplectic type because its Cartan structural equations look
as follows [4],[19]:

dωα = ωα
β ∧ ωβ + Hαβγ ωβ ∧ ωγ + Hαβ ωβ ∧ ω ;

dωα = −ωβ
α ∧ ωβ + Hαβγ ωβ ∧ ωγ + Hαβ ωβ ∧ ω ;

dω = −2

3
Gαβ ωα ∧ ωβ − 2

3
Gαβ ωα ∧ ωβ .

On the other hand, in [10], it has been proved that 2-hypersurfaces in an ar-
bitrary Kählerian manifold also admit non-cosymplectic and non-Kenmotsu almost
contact metric structures of cosymplectic type. Taking into account that the class
of nearly Kählerian manifolds is situated ”between” the classes of Kählerian and
quasi-Kählerian manifolds [14], we can pose an open problem.

Problem. Find a characterization of the almost contact metric structure on a
2-type hypersurface in a quasi-Kählerian manifold. In particular, can the almost
contact metric structure on such a hypersurface be of cosymplectic type?
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