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Introduction

A well known theorem of L. Fuchs [7, Theorem 111.3] asserts that the endomor-
phism ring of an (abstract) abelian group X is right (respectively, left) artinian if and
only if X is the direct sum of a finite group and finitely many copies of the additive
group of rational numbers. F. Szdsz observed [15] that the same conclusion about
the structure of X remains true under weaker hypothesis that the endomorphism
ring of X satisfies DCC on principal right (respectively, left) ideals.

The purpose of the present paper is to extend these results to the more general
setting obtained by considering LCA groups and their rings of continuous endomor-
phisms. To be precise, let £ be the class of all LCA groups. For X € £, let E(X)
denote the ring of continuous endomorphisms of X, endowed with the compact-open
topology. We shall determine here the explicite structure of groups X € £ with the
property that the ring E(X) satisfies DCC on closed right (respectively, left) ideals,
and we shall show that the corresponding class of groups coincides with the class
of those groups X € £ whose ring F(X) satisfies DCC' on topologically principal
right (respectively, left) ideals. We shall also determine the groups X € L for which
E(X) is right (respectively, left) artinian.

1 Notation

Throughout the following, N is the set of natural numbers (including zero),
No = N\ {0}, and P is the set of prime numbers.

The groups in £ which we shall mention frequently are the reals R, the p-adic
numbers Q,, the p-adic integers Z, (all with their usual topologies), the rationals

© Valeriu Popa, 2017

88



DESCENDING CHAIN CONDITIONS IN E(X) 89

Q, the quasi-cyclic groups Z(p>°) and the cyclic groups Z(p™) of order p™ (all with
the discrete topology), where p € P and n € N.

For X € £, welet 1,, ¢(X), d(X), k(X), m(X), t(X), and X* denote respec-
tively the identity map on X, the connected component of zero in X, the maximal
divisible subgroup of X, the subgroup of compact elements of X, the smallest closed
subgroup K of X such that the quotient group X/K is torsion-free, the torsion
subgroup of X, and the character group of X.

We denote by E(X) the ring of continuous endomorphisms of X and by H(X,Y"),
where Y is another group in £, the group of continuous homomorphisms from X to
Y, both endowed with the compact-open topology.

Forn € Nand p € P, we let nX = {nz | x € X}, X[n] = {z € X | nx = 0},
X, ={z € X |limj_o p¥z =0}, and S(X) = {qg € P | (k(X)/c(X)), # 0}

Fora € X and S C X, {a) is the subgroup of X generated by a, S is the closure
of Sin X, and A(X*,S)={y€ X*|v(z) =0 for all =z € S}.

Also, we write X = A @ B (respectively, X = A+ B) in case X is a topological
(respectively, an algebraic) direct sum of its subgroups A and B.

If (X;)ier is a family of groups in £, we write [[,.; X; for the topological direct
product of the groups X; and [[;c;(X;; U;) for the topological local direct product
of the groups X; relative to the compact open subgroups U; C X;. We recall that
[Lic;(Xi; U;) consists of all (2;)ier € [[,c; Xi with 2; € U; for all but finitely many 4,
topologized by declaring all neighbourhoods of zero in the topological group [[;c; Us
to be a fundamental system of neighbourhoods of zero in [, (Xs; Us).

If F is a field, M, (F') stands for the ring of all n x n matrices with entries in F.
The symbol = denotes topological group (ring) isomorphism.

2 Topological Morita context rings

In our study of groups X € £ with the property that E(X) satisfies DCC on
different types of closed ideals, we will frequently make use of topological Morita
context rings. Here we recall this construction and derive several facts about its
closed ideals.

Let M = (R, S, rPs,sQr, [, |r, [, ]5) be a topological Morita context, that
is R and S are topological rings with identity, rPs is a unital topological (R, S)-
bimodule, Qg is a unital topological (S, R)-bimodule, [, | : gPs X sQr — rRRr
is a continuous (R, R)-bilinear S-balanced mapping, and [-,-]s : sQr X rPs — sSs
is a continuous (S, S)-bilinear R-balanced mapping such that

p,qlrp =pla,p'ls and  [q,p]sq = q[p.d|r

forall 7 € R,s € S,p,p’ € P and ¢,¢' € Q. By analogy with the case of abstract
Morita contexts, we can associate to M a topological ring, called the topological
Morita context ring of M. Specifically, we endow the set

M:{Q Z) \TER,peP,qEQ,SES}
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with the product topology of R x P x @ x S, and define addition and multiplication

on M by setting:
<7‘1 p1> (7‘2 p2> o (7‘1 +r2 p1 +p2>
4 =
q S1 q2  S2 q1+q2 S1+ s2

<7’1 p1> <7’2 pz) _ <7’17’2 +[p1,q2lr P2 + 152 )

a1 s1) \q@2 s2) qir2 + 5192 [q1,p2]s + 5152

for all r1,m79 € R, p1,p2 € P, q1,q2 € Q, and s1,s9 € S. As is well known, the
algebraic properties of operations of R,S, P and @, and of mappings [-,|g and
[-,:]s ensure that, with respect to the above addition and multiplication, M is a
ring with identity. It turns out that, in the considered topological situation, these
operations on M are also compatible with the topology of M. To see this, it suffices
in view of [3, Ch. I, §4, Proposition 1] to observe that composing the mentioned
operations on M with the canonical projections on the components of M we get
continuous mappings, because of the continuity of operations on R, S, P and @), and
of mappings |-, -|g and [, -]s. Thus M becomes a topological ring with identity, which

. R P . . R 0
we will denote by < 0 S> . We will use frequently the special cases < 0 S) and
R P . .
<0 S> corresponding respectively to P = {0} or @ = {0}.

As we will be working with closed ideals of < > , it is desirable to relate

R P
Q S
them to closed subobjects of the components R, P, @, and S. For this purpose, we
need to introduce four mappings of M. Recall that if A and B are topological rings
and if h : A — B is a continuous ring homomorphism, then any topological right
(respectively, left) B-module X can be viewed as a topological right (respectively,
left) A-module via the scalar multiplication given by xa = xh(a) (respectively, ax =
h(a)z) for all a € A and = € X. For example, if hg : Rx S — Rand hg: Rx S —
S are the canonical projections, then R, S, P, @ and hence their products can be
considered as topological right (respectively, left) modules over the topological direct
product ring R x S. We will use the following continuous mappings:

©r0.P : RxS((RX Q)r X RP)s — rxs(P x S)s, ((r,q),p) — (rp,[g,pls),
©r50 : Rxs((P x S)s X sQ)r — rxs(Rx Q)r, ((p,s),q) — ([p, 4R, sq),
©r,s : R(Ps x 5(Q x S))rxs — r(R x P)rxs, (p,(q,5)) — ([p,q]r,ps),
©o,r,P : 5(Qr X R(R X P))prxs — 5(Q x S)rxs, (q,(r,p)) — (qr,[q,p]s).

It is easy to see that ¢r g p is R-balanced and (R x S,S)-bilinear, ¢pg ¢ is S-
balanced and (R x S, R)-bilinear, ¢p ¢ g is S-balanced and (R, R x S)-bilinear, and
©Q,r,p is R-balanced and (S, R x S)-bilinear.

We have:
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Lemma 1. Let (R, S, rPs,sQr,[,"|r, [, ]S) be a topological Morita context.

(i) The closed right ideals of (g g) are of the form
(4 B) = {<; Z) | (r,q) € A (p.s) € B},

where A is a closed submodule of (R x Q)r and B is a closed submodule of
(P x S)s such that ppsqo(B x Q) CA and prg p(Ax P)C B.

R
Q

<g> - {<2 i) | (r,p) € C,(q,5) ED},

where C' is a closed submodule of rR(R x P) and D is a closed submodule of
5(Q x S) such that ppg s(P x D) C C and ¢g rp(Q x C) C D.

(i) The closed left ideals of ( g) are of the form

R
Q

I U\ _ [(r p
<V J>_{<q s)\re[,peU,qEV,seJ},

where I is a closed ideal of R, J is a closed ideal of S, U is a closed subbimodule
of rRPs, V is a closed subbimodule of sQr, and the following conditions hold:
[U7Q]R C I, [Pav]R C I, [Q7U]S C J [MP]S cJ,IPCU, PJCU, QI cV,
JQ CV.

(iii) The closed ideals of < f;) are of the form

Proof. (i) Let A and B be as stated in (i). Clearly, the additive group of (A B)isa
closed subgroup of the additive group of <g g) . Given any (7‘0 p 0> € (A B)

do So
and (r p > € <R P> , we also have
q s S

(T0T7 QOT) S A7 ([p07 Q]R7 SOQ) - QOP,S,Q((p(% 30)7 Q) S A7

(pos,sos) € B and  (rop, [q0,p]s) = ¢r,q,p((T0,q0),p) € B,

<7"o po> <r p> _ <To7"+ [po,qlr  Top + Pos > e(4 B),

9% s0)\qg s qor +s0q  [qo,pls + sos

SO

and hence (A B) is a closed right ideal of <S P> .
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To show the converse, we first make the following observations. Since, clearly,

r— <g 8) Is a continuous ring homomorphism from R into (R P) ’ (R P>

Q S Q S
0 P
can be regarded as a topological right R-module. Then 0 S be-

come topological submodules of (g g) R, and ( ) r can be written in the

(& = 0= 5)n

In particular, the mapping

wa (g g )e— (Bx @ () 2) = 00

form

is a continuous morphism of R-modules whose restriction to <S 8) R is an iso-
morphism of topological R-modules. Similarly, by using the ring homomorfism

00 " (R P\ (R P .
5 <0 s> from 5 into (Q S> ; (Q S> can be given the structure of topolog-

. . R 0 0
ical right S-module. Then (Q O) and (O g

<R P> and <g g) 5 can be written in the form

(0 s)=la 0= (o §)-

In particular, the mapping

wresi (g g )s = PxS)s (0 F) o)

. . . _ 0 P\ . .
is a continuous morphism of S-modules whose restriction to (O S> s is an isomor-

> become topological submodules of

phism of topological S-modules.

Now, let Y be an arbitrary closed right ideal of <g g) It is clear that Yg C

<g §>R and Yg C <g g)s Given any <2 Z) €Y, we have
r 0\ (r p\ (1 O
G 0)=G 96 o)
0 p\ _(r p\(0 O
6 9-G06 e
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It follows that . P
0 0
YR:(Yﬁ<Q 0>)R@(Yﬂ<0 S>)R

Ys= (YN <g 8))3@ (Y n (8 §>)S.

In particular, A = mrxo(Y) = mrxo(¥Y' N <g 8)) is a closed submodule of (RxQ)r

and

0 S
It only remains for us to show that ¢pgo(BxQ) C A and ¢ro pr(AXP)C B.

Pick arbitrary (p,s) € B and ¢’ € Q. Then <8 i)) €Y, so

(0= D) o) er

and hence ([p, ¢'|r, sq¢') € A. Since (p, s) € B and ¢’ € Q) were arbitrary, we conclude
that pp s o(BxQ) C A. Next pick arbitrary (r,q) € Aand p’ € P. Then <; 8) ey,

(0 s = D6 %) e

and hence (rp/,[q,p']s) € B. It follows that pr g p(A x P) C B.
(ii) The proof of (ii) is similar to that of (i).
I U\. . R P
(iii) The fact that <V J) is a closed ideal of < 0 S
. . . R P . rop
pick an arbitrary closed ideal Y of < 0 S> . Given any <q s) €Y, we have
r 0y (1 0\ /r p\/1 O
6 0) =6 o) 26 o=
0 p\ (1 r p\ /0 O
b 8) =6 o) 2o e
0 0\ (0 O\ /r p\(1 O
@ 0) =0 D)6 6o
and
0 0y (0 O\ /r p\ /O O
b )=E )66 e

SetI’:Ym<§ 8>,U’:Ym<8 §>,V’:Ym<g 8) andJ’:Ym<8 g).lt

follows that the additive group of Y is a topological direct sum of the additive groups

and B =7mpys(Y) =7mpxs(Y N <O P)) is a closed submodule of (P x S)g.

) is clear. For the converse,

am)
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of I', U', V' and J', proving the closeness of I = ng(Il'), U = np(U’), V = mq(V’),
R P
Q S
onto R, P,(Q, and S respectively. It is also clear that I is an ideal of R, J is an ideal
of S, U is a subbimodule of P, and V is a subbimodule of ). Finally, the inclusions
in (iii) follow from the inclusions in (i) and (ii). O

and J = wg(J'), where mg, mp, 7, and mg are the canonical projections of

0o S

Corollary 1. Let R and S be topological rings with identity, and let P be a unital
topological (R, S)-bimodule.

Specializing to (R P) , we obtain the following corollary.

(i) The closed right ideals of (g g) are of the form

{<(§ Z) ‘Tefa(p,S)eB},

where I is a closed right ideal of R and B is a closed submodule of (P x S)g
such that IP x {0} C B.

(i) The closed left ideals of (R P) are of the form

0 S

{(g g) ]sEJ,(T,p)EC},

where J is a closed left ideal of S and C is a closed submodule of r(R X P)
such that {0} x PJ C C.

R P
0 S> are of the form

r.p
{<0 s> |7‘€I,s€J,p€U},

where I is a closed ideal of R, J is a closed ideal of S, and U is a closed
subbimodule of rPs such that IP + PJ C U.

(iii) The closed ideals of <

Next we consider chain conditions in < P) . In accordance with [10, (1.22)],

0o S

we have:
Lemma 2. Let R and S be topological rings with identity, and let P be a uni-
tal topological (R, S)-bimodule. The ring <]0% f;) satisfies DCC on closed right

(respectively, left) ideals if and only if so does R (respectively, S), and the right
S-module (P x S)g (respectively, left R-module r(R x P)) satisfies DCC on closed
submodules.

The same statement is true if we replace throughout DCC by ACC.
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Proof. Assume <§ g) satisfies DCC on closed right ideals, and let (I,), C Rg

and (Bp)n, C (P x 8)gs be descending chains of closed submodules. Passing to the

chain ((I, x {0} By)), of (JO% g) , we see that (I,), and (B,), must stabilise.

For the converse, let (Y,,), be a descending chain of closed right ideals of
<]§ f;) . For each n, we can write Y, = (In x {0} Bn), where I,, C Rgr and
B,, C (P xS)g are closed submodules such that I,, D I,,11 and By, D By+1. As (In)n
and (B, ), are stationary, (Y},), must be stationary as well. O

We close this section by pointing out the specific topological Morita context
rings, which we will be working with. Let X € L. To any two closed subgroups A
and B of X such that X = A ® B, we associate the topological Morita context

M(A,B) = (E(A), E(B), gayH(B, A) gy ) H(A, B)pay: [ 1By [ 1 B(5))

where [f, glpa) = fog and [g, flgs) = go f for all f € H(B,A) and g € H(A, B).

We write ( E(A)  H(B, 4)

H(A,B) E(B) > for the topological Morita context ring of M(A, B).

Lemma 3. Let X be a group in L which can be written in the form X = A® B for

some closed subgroups A and B of X. Then

([ E(4) H(B,A)
E(X):<H<A,B> E(B) >

If A is topologically fully invariant in X, then
~ (E(A) H(B,A)
peo= (%0 ).
If A and B are both topologically fully invariant in X, then
E(X)= E(A) x E(B).

Proof. et ng : A - X, np: B — X and mq : X — A, 7 : X — B denote
respectively the canonical injections and the canonical projections corresponding to
the above decomposition of X. Define

| E(4)  H(B.A)
£'E<X“<ler<A,B> E(B) >

by setting

£(u) = TAOUOTNA TAOUONR
~ \mpouons mpouong

for all u € E(X). It is easy to see that £ establishes a topological ring isomorphism

E(A) H(B,A)
between E(X) and <H(A, B)  E(B) ) .
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If A is topologically fully invariant, then 7 ouomny = 0 for all u € E(X),

so im(§) = <E(0A) HE(?éj;l)> . If B is topologically fully invariant as well, then
. E(A 0
m© = ("5 b)) -

3 Reduction to topological p-primary groups

In this section, we establish some necessary conditions in order for the ring E(X)
of a group X € L satisfy DCC on topologically principal ideals, i.e. on ideals of the
form (f) with f € E(X).

We begin by recalling that for any group X € £, E(X) and E(X*) are topolog-
ically anti-isomorphic [11, (2.1)]. Recall also that the group X is called residual if
d(X) C k(X) and ¢(X) € m(X), and that X is called topologically torsion in case
lim,en(n!)z =0 for all z € X.

Theorem 1. Let X be a residual group in L such that the collection

E={nE(X)|neNy}

has a minimal element with respect to set inclusion. Then X is a topological torsion
group, and there exists a finite subset S of S(X) such that the following conditions
hold:

(1) For each p € S(X)\ S, X, is densely divisible and torsionfree;

(ii) For each p € S, there exists an n(p) € N such that
m(X,) = X,[p"?)] and d(X,) = p"®) X,,.

Proof. Let ngE(X), where ng € Ny, be a minimal element of £. Then

noE(X) = pnoE(X) (1)

for all p € P. Our first objective is to show that ngX and ngX* are densely divisible.
Fix any ¢ € P. We show first that

npX = qnoX and ngX* = gnoX*.

To this end, pick any x € X and define ¢, : E(X) — X by setting 6, (u) = u(z) for
all w € E(X). In view of the equality (1), we can find a net (ul(-q))ie 1, of elements
in E(X) such that nolx = lim;ey, qnougq). Since 4, is a continuous [5, Ch. X, §3,
Theorem 3, Corollary 1] group homomorphism, it follows that

nor = 0z (nolx) = lim 5w(qn0ugq)) = lim qnguZ(Q) (z),
1€l i€l
and so ngx € gngX. As x was arbitrarily chosen in X, this gives ngX C ¢ngX, so

noX C gnoX. It follows that ngX = gnyX because the reverse inclusion is obvious.
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On the other hand, the multiplication by ¢ being continuous, we have qngX C gnoX

[3, Ch. I, §2, Theorem 1], whence gnoX C gnoX. As the opposite inclusion is
obvious, it follows that gnoX = qnoX = n¢X. Further, since F(X) and E(X™) are
topologically anti-isomorphic, the equality (1) also gives ngE(X*) = pnoE(X*) for

all p € P. Applying the preceding argument to X*, we conclude that ngX* = gnoX*.
Now we show that ngX and noX* are densely divisible. By [8, (24.22) and
(22.17)], we have

(n0X)"[q] = A((noX)", qnoX) = A((noX)",noX) = {0}.

Analogously, (ngX*)*[q] = {0}. Since ¢ € P was arbitrary, it follows that (ngX)*
and (ngX*)* are torsion-free, so ngX and ngX* are densely divisible by [13, (5.2)].
In particular, d(X) D noX and d(X*) D noX*, whence d(X) = noX and d(X*) =
noX* because the opposite inclusions are obvious. By taking annihilators, we also
obtain

m(X) = A(X,d(X)) = A(X,noX) = X[ng]
and m(X*) = X*[ng]. Finally, since X and X* are residual groups, we must have
(X)) cm(X)=X[ng] and (X*)Cm(X") = X"[ng],

so ¢(X) = {0} = ¢(X™*) because X[ng] and X*[ng] are totally disconnected [8,
(24.21)]. This implies that X is a topological torsion group [1, (3.5)], and hence
X = HpeS(X (Xp; Up), where, for each p € S(X), U, is a compact open subgroup of
X, [1, (3.13)f. Let

no=py"---pt and S ={p1,...,p},

where p1,...,p: are the distinct prime divisors of ng and t,nq,...,n; € Ng. We can
write

X=X, ® - ®Xp, ®G and X'=X; ®---© X, ®H,

where G =3 Xp = [[n,(Xp;Up) and H =3, X = [, (X5 A(X, Up)).
It is clear that G and H = G* are torsion-free, so (i) holds [13, (5.2)]. For each
i=1,...,t, we also have m(X,) = X, [p;"] and m(X,;,) = X;.[p;"], so (ii) holds as

well. 0

In order to deal with general groups X € L, we need the following lemma which
is inspired by [7, p. 236, (b)] and [9, Lemma 64.1].

Lemma 4. Let X be a group in L for which there exist two sequences (Ap)nen and
(Bn)nen of non-zero closed subgroups such that

X=48 - --9A,®B, and Bn:An—l—l@Bn—l—l

for all n € N. Then E(X) fails to satisfy DCC on topologically principal right
(respectively, left ) ideals.
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Proof. For n € N, let ¢, € E(X) denote the canonical projection of X onto B,. As
in the proof of [7, p. 236, (b)] or [9, Lemma 64.1], one can see that (EnE(X))neN
and (E (X )&?n)n oy are strictly descending chains of right, respectively, left ideals. It
remains to observe that, for every n € N, ¢, F(X) and E(X)e,, are closed in E(X)
because ¢, is idempotent. O

For general groups in £, we have:

Theorem 2. Let X be a group in L such that E(X) satisfies DCC on topologically
principal ideals. Then X = U®V &W @Y, where U = RY for somed € N, V = QW
and W = (Q*) for some cardinal numbers p and v, and Y is a topological torsion
group in L satisfying the following conditions:

(i) S(Y)=S(X) is finite;

(ii) for each p € S(Y), there exists n(p) € N such that
m(Y,) = Y[p"®] and d(Y,) = p"®Y,,.

Proof. By [1, (9.3)], we can write X = U ®V @ W @Y, where U = R? for some
deN, V=QWand W = (Q*)” for some cardinal numbers p and v, and Y is
residual. In particular, k(X) = W @ k(Y) and ¢(X) Nk(X) = W & (c(Y) Nk(Y)),
s0 k(X)/(e(X)Nk(X)) = k(Y)/(c(Y)Nk(Y)), and hence S(Y) = S(X). Our first
aim is to show that the collection &€ = {nE(Y) | n € Ny} has a minimal element
with respect to inclusion. Let Z=U ®V @& W, so

(B2 HY.Z)
E(X):<H<Z,Y> E(Y) )

as it follows from Lemma 3. For n € Ny, let Z,, be the closed ideal of
E(z) H(Y,Z) 0 0
<H (Z,Y) E(Y) generated by 0 nly)" We assert that
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is a closed ideal of (

E(Z)
H(Z,Y)

H(Y, Z)
E(Y)

Lemma 1(iii). Clearly, we have

99

) . We will show the later by applying

and

(H(Y,Z),H(Z,Y)]

(H(Y,Z)H(Z,Y))H(Y,Z) C H(Y, Z),

H(Y,Z)nE(Y) C H(Y, Z),

H(Z,Y)(H(Y,Z)H(Z,Y)) C H(Z,Y),

nE(Y)H(Z,Y)C H(Z,Y),

E(Z)

c (HY.2)H(ZY)).

Further, since %1 7z is a continuous endomorphism of Z, every f € H(Y,Z) and

g € H(Z,Y) can be written in the form f = n(:f) and g = n(%

we also have

[H(Z,Y),H(Y, Z)] pyy C nE(Y).

E(Y)

It follows that Lemma 1(iii) is applicable, so

is a closed ideal of <

On the other hand, given any f € H(Y,

and

SO

H(Z,Y)

<( (Y, 2)H(Z,Y)) H(Y,Z)>
H(Z,Y) nE(Y)

E(Z) H(Y,Z)

E(Y) ) , and hence

- ((H(Y, Z)H(ZY)) H(Y, Z)) |
H(Z,Y) nE(Y)

A
GG %) 6 ) em
606 )@ 0 em
<{)g 8) N (8 é) (2 8) €I,

g). Consequently,

)and g € H(Z,Y'), we have



100 VALERIU POPA

and hence
T, = (H(Y,Z)H(Z,Y)) H(Y,Z)
H(Z)Y) nE(Y)
N in E(Z) H(Y, Z) tisfies DCC on t logically principal ideal
ow, since H(ZY) E(Y) satisfies on topologically principal ideals,

we conclude that the collection {Z, | n € No} has a minimal element, which implies
that the collection

E={nEY)|neNy}
has a minimal element as well. It follows that Theorem 1 is applicable to Y. In
particular, Y is a topological torsion group, so

Y = H (Yp; Op),
peS(Y)

where, for each p € S(Y), O, is a compact open subgroup of Y, [1, (3.13)]. It
remains to observe that if S(Y') were infinite, say S(Y) = {po,p1,...}, then we
could construct, by setting 4, =Y, and B, = an Yy, two sequences (Ap)nen
and (By)nen of closed subgroups of Y as in Lemma 4, a contradiction. O

4 The necessary condition in case of topological p-primary groups

As we saw in the preceding section, the problem of determining the groups
X € L for which the ring E(X) satisfies DCC on topologically principal right
(respectively, left) ideals reduces to the case of topological p-primary groups. In the
present section, we deal with this last type of groups.

We begin by extending and sharpening a result of L. Robertson, which asserts
that Q, is splitting in the class of torsion-free groups in £ (see [1, Proposition 6.23]).

Theorem 3. Let X € L and let D be a closed subgroup of X such that D = Q, for
some p € P. The following conditions are equivalent:

(i) D splits topologically from X.
(it) D ¢ (¢(X) Nk(X)) + m(X).

Proof. Assume (i). Then we can write X = D @& G for some closed subgroup G
of X. Since X/G = D is torsion-free, we have m(X) C G. Also, since X/G is totally
disconnected, we have ¢(X) C G. Consequently, ¢(X) + m(X) C G and hence (ii)
holds.

Assume (ii). By [1, (9.3)], we can write X = U @V @ W @Y, where U = R? for
somedeN, V=QW and W = (Q*)” for some cardinal numbers p and v, and Y
is residual. Since D = k(D) and k(X) = W @Y, we have D C W @Y. Consequently,
it suffices to show that D splits topologically from W @Y.
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Now, since Y is residual, we have ¢(Y') C m(Y) = m(X), which implies
(e(X)Nk(X))+m(X)=Wam().

Our assumption then gives D ¢ W @ m(Y), and hence W @ Y \ W @ m(Y') must
contain elements of D. Denote by ¢ : W @Y — (WaY)/(W &m(Y)) the canonical
projection, and let f be the restriction of ¢ to D. By [8, (5.27)], we have D/ ker(f) =
f(D).Since (WaY)/(Wam(Y)) =2 Y/m(Y) is torsion-free and since every quotient
of @, by a proper closed subgroup is torsion, we conclude that

DN (W a&m(Y)) =ker f = {0}.

In particular, f(D) = Qp, and hence f(D) splits topologically from (W @Y)/(W &
m(Y)) [1, (6.23)]. Write WaY)/(Wem(Y)) = f(D)®G for some closed subgroup
Gof WaY)/(Wam(Y)), and set Go = ¢~ 1(G). We assert that W @Y = D@ Go.
Indeed, it is clear that G is a closed subgroup of W @ Y. If a € D N Gy, then
¢(a) € (D) Np(Gy) = f(D)NG = {0}, s0 a € DN (W ®&m(Y)) = {0}. Further,
given any z € W @Y, we have ¢(z) = ¢(a) + ¢(b) for some a € D and b € Gy.
Consequently, z —a — b =t for some t € W @ m(Y’), and hence z = a + b+ t. Since
b+t € Gy, we conclude that W @Y = D + Gy. Since Q,, is o-compact, it then
follows from [1, (6.5)] that W &Y = D & Go. O

Corollary 2. Let X be a group in L such that t(X) is reduced and closed in X. If
D is a closed subgroup of X satisfying D = Q,, then D splits topologically from X.

Proof. As in the proof of Lemma 3, write X = U®V @ W @ Y, where U = R¢
for some d € N, V = QW and W = (Q*)” for some cardinal numbers x and v,
and Y is residual. Since ¢(X) is closed in X, we have m(X) = ¢(X) = t(Y), so
(e(X)NEX))+m(X) = WatlY). It is also clear that D C k(X) = W @ Y.
In order to apply Theorem 3, we have to show that D ¢ W @ ¢(Y). Assume this
is not so, and let ¢ € F(X) denote the canonical projection of X onto Y. It follows
that ¢(D) is a subgroup of ¢(Y). Since ¢(D) is divisible and ¢(Y') is reduced, we
get e(D) = {0}, so D C W, which is a contradiction because W is compact and D
is not. O

We continue with the following

Lemma 5. Let p € P, and let X be a non-reduced topological p-primary group in L
such that t(X) = X [p"0] for some ng € N. For any non-zero a € d(X), let D, be the
smallest divisible subgroup of X containing a. Then Dy 2 Q, and X = D, & G for
some closed subgroup G of X.

Proof. Since t(X) = X[p™], d(X) cannot contain copies of Z(p>), so D, is alge-
braically isomorphic to Q. It follows from [2, Theorem 1] that D, is divisible. Since
X is a topological p-primary group, there exists a topological group isomorphism

f from Z, onto (a). Let n : (a) — D, denote the canonical injection, and set
h =mno f. Since Z, is open in Q,, h extends to a continuous group homomorphism
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ho : Q, — Dg [8, (A.7)]. Now, since Q, is the minimal divisible extension of Z,,
Zp is essential in Q, [6, Lemma 24.3], and hence ker(hg) = {0} [6, Lemma 24.2].
We deduce that hg is a topological isomorphism from Q, onto a closed subgroup
of D, [1, (4.21)]. Now, since ho(Q,) is divisible and a € ho(Q,), we must have

ho(Qp) = Dy, so Dy = Q,. It remains to apply Corollary 2. O

Now we can concretize the structure of topological p-primary groups in £ with
the property in question.

Theorem 4. Let p € P, and let X be a topological p-primary group in L such that
E(X) satisfies DCC' on topologically principal right (respectively, left) ideals. Then

k(p)
X o H Z(p"iP)) x Qé)(p)
i=0

for some k(p),ro(p), - -, Trp)(p), l(p) € N.

Proof. By Theorem 1, there exists an n(p) € N such that m(X) = X[p"®)] and
d(X) = pn® X. We will distinguish two cases: d(X) = {0} and d(X) # {0}.

First assume d(X) = {0}, so X = X[p"®]. To decompose X, pick an element
of maximal order o € X, and set Ag = (xg). Clearly, Ag = Z(p"®)) for some
ro(p) € N. By [12, Lemma 2], we can write X = Ag @ By for some closed subgroup
By of X. If By # {0}, choose an element of maximal order x; € By and write
X = Ay ® A, @ By, where A; = Z(p"®)) for some r1(p) € N and B is a closed
subgroup of By. As Lemma 4 shows, if we continue in this way, we must arrive at
a step k(p) with By, = {0}.

Next assume d(X) # {0}. Picking any non-zero yo € d(X), let Dy be the closure
of the smallest divisible subgroup of X containing yo. By Lemma 5, Dy = Q,, and
X = Dy & Gy for some closed subgroup Gy of X. If d(Gy) # 0, pick any non-
zero y; € d(Gp) and let Dy be the closure of the smallest divisible subgroup of Dy
containing y;. As above, we have D; = Q, and X = Dy @ D @ G for some closed
subgroup G7; of Gy. By Lemma 4 again, this procedure must stop after a finite
number, say [(p), of steps, and so

X =D& ® Dypy)—1 D Gy,

where G, is reduced. This shows that

d(X) =Dygd--- P Dl(p)—l = d( ) and X[pn(p)] C Gl(p)-
Therefore

pn(p)Gl(p) C m N Gl(p) = m N Gl(p)
= (Do @+ @ Dypy—1) N Gypy = {0},
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s0 Gy(p) = X[p™?)], and hence
X=Dy® ---® Dl(p)—l S¥ X[pn(p)].

Since Do @ -+ @ Dypy—1 and X [p"P)] are fully invariant in X, we deduce from
Lemma 3 that

E(X) 2= E(Dy & - & Dy)-1) x E(X[p"?)),

and hence E(X[p"®)]) satisfies DCC on topologically principal ideals. It follows
that the first case applies to X [p"(p)], completing the proof. O

5 Characterizations

In this last section, we establish our results. We begin with two lemmas, which
are needed in the proof of the main result. For the former, recall that every di-
visible torsion-free abelian group D can be considered as a vector space over the
field of rational numbers, QQ, and this Q-vector space structure is the only one ex-
isting on D. Moreover, every group homomorphism between such groups is in fact
a homomorphism of Q-vector spaces.

We have:

Lemma 6. Let d,n,ly,...,l, € N and p1,...,pn € P. The Q-vector spaces R? x
| Qi}i and (Q*)¢ satisfy both ACC and DCC on closed Q-subspaces.

Proof. Tt is clear that in either of Q-vector spaces R? and Qi,, where d,l € N and
p € P, the closed Q-subspaces are in fact R-subspaces and respectively Q,-subspaces.
As dimg(R?) = d and dimg, (an) = [, we conclude that R? and Qi, satisfy AC'C' and
DCC on closed Q-subspaces. Now, write the Q-vector space G = R% x I, Qfg’i in
the form

G=GydG1D -Gy,

where Gy = R?, G = Qi}l, o, Gy = Qfg;. Given a closed Q-subspace H of G, it is
clear that ¢(H) C ¢(G) = Gy. It is also clear that, for any = € GoN H, the Q-subspace
Qxr C GoN H, so Rz = Qr C GoN H, and hence Gy N H is connected [3, Ch. 1,
§11, Proposition 2]. It follows that ¢(H) = Go N H. Further, since H is torsion-free,
we can write H = Hy @ K (a topological direct sum of topological groups), where
Hy = ¢(H) [1, (6.13)]. Moreover, since Hy C Gy, we have K C G1 @ --- & Gy, so
K=H & --®H,,where H; C G; foralli=1,...,n[1, (3.13)]. Thus we obtained a
decomposition of H as a topological direct sum H = Hy® H1 & --- @ H,, of Q-vector
spaces. Since the Q-vector spaces Gy, G1, ..., G, satisfy ACC and DCC on closed
QQ-subspaces, we conclude that so does G.

Now let us consider the case of (Q*)?. It suffices to observe that a closed subgroup
C of (Q*)? is a Q-subspace if and only if its annihilator A(Q%, C) is a Q-subspace of
Q% Indeed, if C is a Q-subspace of (Q*)¢ and 2 € A(Q?, C), then v(tz) = Ly(z) =0

q
for all v € C and g € Q. Consequently, gx c A(Q4,C) for all g € Q, so A(Q?,C)
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is a Q-subspace of Q% In a similar way, if A(Q% C) is a Q-subspace of Q%, then
C is a closed Q-subspace of (Q*)%. Since Q7 is of finite dimension, the proof is
complete. O

Lemma 7. Let R be a topological ring, M a topological (right or left) R-module,
and C a closed submodule of M.

(1) If M satisfies DCC on closed submodules, then so do C and M/C.

(ii) If C is either compact or open in M and if C' and M/C satisfy DCC' on closed
submodules, then so does M.

Proof. The proof follows the same pattern as in the abstract case (see, for examle,[9,
Proposition 27.1]). The requirement in (ii) that C' is either compact or open in M
assures that the image through the canonical projection of any closed submodule of

M is closed in M/C. O
We are now prepared to prove our main result.
Theorem 5. For a group X € L, the following statements are equivalent:
(i) E(X) satisfies both ACC and DCC' on closed right ideals.
(i) E(X) satisfies DCC on closed right ideals.

(iii) E(X) satisfies DCC' on topologically principal right ideals, i.e. ideals of the
form fE(X) with f € E(X).

(iv) X = R x Q" x (Q)™ x [ eq, QLY x [T,es, Hfi%) Z(p"i®)), where Si,Ss
are finite subsets of P, and d,n,m, the k(p)’s, the r;(p)’s and the l(p)’s are
natural numbers.

Proof. Clearly, (i) implies (ii) and (ii) implies (iii). The fact that (iii) implies (iv)
follows from Theorem 2 and Theorem 4.
Now assume (iv). We can write X = D & T, where

k(p)
D =R% x Q" x (Q*)™ x H an(p) and T = H H 7).
pEST p€ESs =0

It is clear that D = d(X) and T' = ¢(X), so D and T are topologically fully invariant
subgroups of X. It follows from Lemma 3 that E(X) = E(D) x E(T). Since E(T)
is finite and since every right ideal J of E(D) x E(T) is of the form J = J; X Tz,
where Jy is a right ideal of E(D) and J; is a right ideal of E(T), it suffices to show
that E(D) satisfies ACC and DCC on closed right ideals. In order to do this, write
D =M & W, where

M=Q" and W =R?x (Q*)™ x H Q).
PESL
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We have W = ¢(D) + k(D), so W is topologically fully invariant in D, and hence

_(EW) HOLW)
E<D):< 0 E(M) )

by Lemma 3 again. It follows from Lemma 2 that we will achieve our goal if we
show that E(W) g and (H(M,W)x E(M)) ron satisty ACC and DCC on closed
submodules.

First we consider the case of (H(M, W) x E(M))E(M). Since E(M) = M, (Q),
we deduce that F(M) is discrete and satisfies ACC and DCC' on right ideals. As
then H(M,W) x {0} is open in H(M,W) x E(M), it suffices by Lemma 7 to show
that H(M, W) satisfies ACC and DCC on closed E(M)-submodules. To this end,

we write

(M)

W=VoKaoL, (2)

where V = R, K = (Q*)™, and L = ®pes, L, with L, =2 Q') for all p € S;. We
know from [8, (23.34)(d)] that

H(M, W)= H(M,V)x HM,K) x [[ H(M, L) (3)
pEST

as topological groups, and hence as topological E(M)-modules because the cor-
responding canonical isomorphism in (3) is easily seen to be an isomorphism of
E(M)-modules . Now, since M is discrete and K is compact, it follows by the
Ascoli theorem that H (M, K) is compact. Therefore to see that H (M, W) satisfies
ACC and DCC on closed E(M)-submodules, it suffices by Lemma 7 to show that
so do H(M,K) and H(M,V) x [[,cq, H(M, Ly). For this purpose, we will con-
sider H(M, K) and H(M,V) x [[,cs, H(M, Lp) as vector spaces over Q, by using
the inclusion A — AI, of Q into M, (Q) = E(M). It is then clear that the closed
E(M)-submodules of H(M, K) and those of H(M,V) x [[ g, H(M, L,) are closed
Q-subspaces, so it will suffice to show that H(M, K) and H(M,V)x[],cq H(M, Ly)
satisfy both ACC' and DCC on closed Q-subspaces. Now, since H(Q,Q*) = Q*,
H(Q,R) 2R, and H(Q,Q,) = Q, for all p € P, we deduce from [8, (23.34)(c, d)]
that

H(M,K) & (Q*)nm and H(M,V) X H H(M’Lp) ~ R H le(p)
PEST peEST

as topological groups, and hence as topological vector spaces over Q. It follows from
Lemma 6 that both H(M,K) and H(M,V) x [[,cq, H(M, Ly) satisfy ACC and
DCC on closed Q-subspaces. This proves that H(M, W) x E(M) satisfies ACC' and
DCC on closed E(M)-submodules.

Further, we consider the case of E(W). Since K & L = k(W) is topologically
fully invariant in W, we deduce from (2) and Lemma 3 that

-~ E(KGBL) H(V,KGBL)
EW)Z( 0 E(V) >
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By Lemma 2, we have to show that the modules E(K & L)gker) and (H(V, Ko
L) x E(V))E(V) satisfy ACC and DCC on closed submodules.

First we consider the case of (H(V,K & L) x E(V))E(V). By use of the inclu-
sion A — Mg € My(R) = E(V), the group H(V,K @ L) x E(V) can be given a
topological vector space structure over the field of reals, R. It is clear that every
E(V)-submodules of H(V,K & L) x E(V) becomes an R-subspace. So to achieve
our goal, it suffices to show that H(V, K @& L) x E(V) is of finite dimension. This is
clear for E(V'). On the other hand, H(V, K & L) = H(V, K) because V = ¢(V') and
c(L) = {0}. Since, by [8, (23.34)(c,d)], H(V,K) = R™ as topological groups and
hence as topological R-spaces, H(V, K) has finite dimension as well.

Next consider the case of E(K @ L) = E(K ® @®pes,Ly). We will proceed by
induction on n = card(Sy). If S; = @, then E(K & L) = E(K). Since E(K) and
E(K*) are topologically anti-isomrphic, and since E(K*) = M,, (Q)°?, the fact that
E(K) satisfies ACC and DCC on closed right ideals is clear. Assume S; = {p}, so
L = L,. Since K = ¢(K & L,) is topologically fully invariant in K & L,, it follows
that E(K) H(Lp K)

— o~ P>
E(K@L)—E(KEBLP):< 0 E(L,) >

To see that E(K © Lp)pker,) satisfies ACC and DCC on closed submodules,
it suffices to show that so do E(K) gk and (H(Ly, K) x E(LP))E(L,,)‘ The case of
E(K) is clear. Further, by use of the inclusion A — Alj(,) of the field Q, of p-adic
numbers into M,y (Q,) = E(L,), the group H(Ly,, K) x E(L;) can be given a vector
space structure over Q. Since every E(L,)-submodule of (H (L, K)x E(Ly)) B(Ly) is
a Qp-vector space, it suffices to show that (H(Ly, K)x E(Ly)) 0, has finite dimension.
This is clear for E(L,)q, because E(L,) = M) (Qp). Also, since H(Ly, K) =
H(K*, Ly) = H(Q,Qp)ml(p) & Qzu(p), we have dimg, H(L,, K) = ml(p), proving
the case n = 1. Assume n > 2 and that for every proper subset S’ of Si, the ring

E(K @ ®pes'Ly) satisfies ACC and DCC' on closed right ideals. Pick any p € S;.
We have

E(K®L)= <E(K ® 69‘6651\{10}Lq) H(Ly, Kg(ﬁzSSA{p}Lq)) :

By the induction hypothesis, the ring E(K @ @geg,\{p1Lq) satisfies ACC and DCC
on closed right ideals. Observing that

H(Lp, K& @qesl\{p}Lq) = H(Lp, K),

we conclude from the preceding case that H(Ly, K © ©ges\(p}Lq)E(L,) satisfies
ACC and DCC on closed submodules, Consequently, Lemma 2 is applicable, and
the proof is complete. O

Corollary 3. For a group X € L, the following statements are equivalent:

(1) E(X) satisfies both ACC and DCC' on closed left ideals.
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(i) E(X) satisfies DCC' on closed left ideals.

(i4i) E(X) satisfies DCC on topologically principal left ideals, i.e. ideals of the
form E(X)f with f € BE(X).

(iv) X = R?x Q" x (Q)™ x [Ies, | pes: HZ 0 Z(p"i®), where Sy, Ss
are finite subsets of P, and d,n,m, the k‘( )’s, the ri(p)’s and the l(p)’s are
natural numbers.

In particular, E(X) satisfies DCC on closed left ideals if and only if it satisfies
DCC on closed right ideals.

Proof. The assertion follows from the fact that E(X) and E(X™*) are topologically
anti-isomorphic. [l

Specializing to the case of discrete groups, we see that the result of L. Fuchs and

F. Szész, mentioned in Introduction, can be supplemented as follows.
Corollary 4. For a discrete group X € L, the following statements are equivalent:
(i) E(X) is right (respectively, left) artinian.
(ii) E(X) satisfies DCC on principal right (respectively, left) ideals.
(
E(X

(i1i) E(X) satisfies DCC on closed right (respectively, left) ideals.
(i)

(v) X =2Q" x [[es Z(p*®)), where n € N, S is a finite subset of P and k(p) € N
for allp e S.

) satisfies DCC on topologically principal right (respectively, left) ideals.

Proof. Since (i) = (ii) = (iv) = (v) and (i) = (iii) = (iv) = (v), it remains to
apply [7, Theorem 111.3]. O

In the following, we drop the assumption that the ideals are closed. First, we
consider the problem of determining the groups X € L for which the ring F(X) is
right (respectively, left) artinian. We need the following

Lemma 8. Let Y be one of the groups R, (Q*)™, or Qi,(p), where d,m,l(p) € Ny
and p € P. For any n € Ny, the module H(Q",Y) g(qn) fails to be artinian.

Proof. Let C' be a Q-basis of Y and {7 | £ € N} a countable subset of C. For
1 €N, let
Hi ={h € H(Q",Y) |im(h) C (% | k = i)o},
where (v | k > i) is the Q-subspace of Y generated by the 75 with £ > 4. Then
(H;)ien is a strictly decreasing sequence of E(Q")-submodules of H(Q",Y")g(qn)-
U

We have:
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Corollary 5. For a group X € L, the following statements are equivalent:
(i) E(X) is right artinian.
(i) X is topologically isomorphic with one of the groups
1 (@) % Myes, " x Tlpes, TLG 267,
or Q" x []es, Hi:O Z(p"®)), where S, Sy are finite subsets of P
and d,n, k(p),l(p),ri(p) € N for all i € {0,...,k(p)} and p € S; U Ss.

Proof. Assume (i). Then, clearly, E(X) satisfies DCC on closed right ideals, so

k(p)
X =R x Q" x (@) x [T @® x T [[z6"®)

PpES p€eSy =0

for some finite subsets S7,S9 of P and natural numbers d,n,m,k(p),l(p), and

ri(p) with ¢ € {0,...,k(p)} and p € S; U Sy. Writing X = D & T, where
~ n * l ~ k r

D = R x Q" x (Q9)™ x [] pes; Q(p and T = [[ g, Hii%)Z(p i), we have

E(X) = E(D) x E(T). It follows that E(D) is right artinian. Now, write

D = M & W, where M = Q" and W = R? x (Q*)™ x [Les, Qi,(p). Hence

_ (E(W) H(M,W) . . . .
E(D) = < 0 EM) ) where H (M, W)gqn) is topologically isomorphic
with H(Q", R igm) x H(Q", (@) pgm X [Tyes, H(Q" Q) pgny, as easily fol-

lows from [8, (23,34)(d)]. If M and W were both non-zero, it Would follow from
Lemma 8 and [10, (1,2)] that E(D) is not right artinian. This contradiction proves
(ii).

To see the converse, we have, by Corollary 4, to consider only the case of X =
RY x (Q*)" x [Tes, Qé,( X HpESz Hk(p Z(p"i®)). Then writing X = C @ T, where

C = R4 x (Q)™ x [Les, Qp and T' = [],cg, Hz’:O Z(p"i ). we have E(X) =
E(C) x E(T). Consequently, it suffices to show that E(C) is right artinian. Write

C=Va&KoL, where V= RY K = (Q°)" and L = @peg, L, with L, = Q\?

~ (EK) HYV®L,K) . ~ opp
for all p € S1. Then E(C) = 0 EVel ) Since E(K) = My(Q)
and E(V @ L) = Mg(R) x [[,cq, Mi)(Qp), it suffices by [10, (1.2)] to show that
H(V © L,K)gwer) is artinian. It is clear from [8, (23,34)(c)] that

HV & L, K)pwver = HV, K)pwver x [ HLp K)pwver),
pEST

where the scalar multiplication of the modules H(V, K)ger) and respectively
H(Ly, K)pver) with p € Sy is given by using the projection of E(V & L) =
E(V) x [l,es, £(Lq) onto E(V) respectively E(Ly). Thus it suffices to show that
H(V, K) gy and respectively H(Ly, K)g(r,) with p € 51 are artinian. Now, since

the field R embeds in E(V) and the field Q, embeds in E(L,), H(V,K) can be
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considered as a vector space over R and H(L,, K)g(z,) as a vector space over Q.
The conclusion follows because these spaces are finite dimensional. O

Corollary 6. For a group X € L, the following statements are equivalent:
(i) E(X) is left artinian.

(z’z’) X is topologically isomorphic with one of the groups

n ! k

4 x Q" x Hpesl v X Hp652 H (p ( )7
or (Q")" x [I,es, Hl o Z(priP)),  where Sy, Sy are finite subsets of P
and d,n,k(p),l(p),r;(p) € N for all 1 € {0,...,k(p)} and p € S U Ss.

Proof. Since E(X) and E(X*) are topologically anti-isomorphic, the assertion fol-
lows from Corollary 5 and duality. O

We close the paper by determining the groups X € £ with the property that
E(X) satisfies DCC' on principal right (respectively, left) ideals. It turns out that
this last condition on E(X) is equivalent to those of Theorem 5. First we establish
the following

Lemma 9. Let X = Q" and Y = R? x (Q*)™ x [Les, Qf,,(p), where S is a subset
of P and d,n,m, and l(p) for p € S are natural numbers. If u,v € H(X,Y') satisfy
v =wuow for some w € E(X) and dimgim(v) = dimgim(u), then v = wow' for
some invertible w' € E(X).

Proof. Tt is clear that the morphisms in H(X,Y) are Q-linear mappings. Since

dimim(v) = dimim(u), it follows by rank-nullity connection [14, Theorem 2.12]
that ker(u) and ker(v) have the same dimension, say k. Let e1,...,e, and €],..., e,
be bases in X such that eq,...,e; is a basis in ker(u) and €], ..., €} is a basis in

ker(v). Clearly, v(e}) = u(w(e})) for alli = 1,...,n. We define w’ € F(X) by setting
w'(e;):{ei’ %f z::1,...,k;;
w(e;), if i=k+1,....n
Then w' is invertible and (uow’)(e}) = v(e}) foralli =1,...,n,s0v =wow'. O
We have:
Corollary 7. For a group X € L, the following statements are equivalent:

(i) E(X) satisfies DCC on principal right (respectively, left) ideals.

(i) X =R x Q" x (Q)™ X [I,es, QL) x [T,es, 152 7(pi®)), where Sy, S, are
disjoint finite subsets of P, and d,n,m, the k(p)’s, the r;(p)’s and the l(p)’s
are natural numbers.
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Proof. The fact that (i) implies (ii) follows from Theorem 5. Assume (ii) and write
X = DT, where D = R4xQ" x (Q*)™ x[es, an(p) and T = [ g, H?i%) Z(pmi®)).
Since E(X) = E(D)x E(T), it suffices to show that E(D) satisfies DC'C' on principal
right (respectively, left) ideals. We will first consider the case of principal right ideals.
Write D = M ® W, where

M=>=Q" and W~R?x (Q")™ x H Qé(p).
pEST

Since W is topologically fully invariant in D, it follows that

E(D) = <E W HSE]‘XM‘;”) .
Let
(5 D ) - D )

be a descending chain of principal right ideals. For any i € Ny, we have

<J;z' z2><E((§4/) H](EJ\(4MV)V)> _ (fiEéW) fiH(M}zg)(J\Zﬂ%E(M)>’

so (FEW)),, (fiH(M,W)+g;E(M)),, and respectively (h;E(M)), are descending
chains of submodules in E(W)gmw), H(M,W)gnur), and respectively E(M)gy)-
Moreover, the chain (f;H (M, W))Z of submodules of H(M,W)g() decreases as
well, because so does the chain (fZE(VV))Z Now, since E(W) and E(M) are ar-
tinian rings by Corollary 5, the chains (f;F (W))Z and (h; E(M ))Z are stationary. It
remains to show that the chain (fiH (M, W)+ g;E(M)), stabilises as well. Fix any
ip € No such that f;E(W) = f;, E(W) for all i > ip. Using this representation, we
get easily f,H(M,W) = fi, H(M,W) for all i > iy. Observe also that, without loss
of generality, we may consider g; E(M) D g;+1E(M) for all i > ig. Indeed, given any
such i, we can write g;+1 = fi o u; + g; o v; for some u;,v; € E(M). It follows easily
that, for g; . | = g; o v;, we have

firtH(M, W) + gis1 E(M) = fix1 H(M, W) + gi1 E(M).
Thus, replacing g;11 with g ;, we get our claim by induction. Now, we clearly have
im(g;) D im(g;+1), so
dimim(g;,) > dimim(g;y4+1) > ...,

and hence there is jo > i such that dimim(g;) = dimim(g;,) for all i > jo. It follows
from Lemma 9 that for every i > jo there is an invertible w; € E(M) such that
9i = gj, ow;, whence gj, = giowi_l. Consequently, the chain (fiH(M, I/V)—l—gZE(M))Z
stabilises.

Next we consider the case of left principal ideals. Because of the form of D,
it is clear that the preceding argument can be applied to E(D*) to conclude that
E(D¥) satisfies DCC on principal right ideals. As E(D) and E(D*) are topologically
anti-isomorphic, it follows that E(D) must satisfy DC'C' on principal left ideals. [
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