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Abstract. Let (R,£) and (R,€) be pseudonormed rings, ¢ : R — R be a ring
isomorphism. We prove that ¢ : (R, &) — (R, €) is a superposition of a finite number
of semi-isometric isomorphisms if and only if it is a narrowing on an accessible subring
of some isometric homomorphism.
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We will say that a pseudonormed ring is a ring R which may be non-associative
and has a pseudonorm (see [1], Definition 2.3.1).

The following isomorphism theorem is widely applied in the general algebra and,
in particular, in the ring theory:

Theorem 1. If A is a subring of a ring R and I is an ideal of the ring R then
the quotient rings AJ/(A(I) and (A + I)/I are isomorphic rings. In particular, if
AN I =0, then the ring A is isomorphic to the ring (A+1)/1, i.e. the rings A and
(A+1I)/I possess identical algebraic properties.

Since it is necessary to take into account properties of pseudonorms when study-
ing the pseudonormed rings then one needs to consider isomorphisms which keep
pseudonorms. Such isomorphisms are called isometric isomorphisms.

The isomorphism theorem does not always take place for pseudonormed rings.
The following theorem was proved in the work [2]:

Theorem 2. Let (R,€) and (R, &) be pseudonormed rings, ¢ : R — R be a ring
isomorphism. The inequality &(p(r)) < &(r) is satisfied for all v € R if and only if:

~ there exists a pseudonormed ring (ﬁ,{) such that (R,€) is a subring of the
pseudonormed ring (R,§);

— the isomorphism ¢ can be extended up to an isometric homomorphism @ :
(ﬁ, 5) — (R, 5) of the pseudonormed rings, i. e. £ (P (7)) = inf {5 (F+a)|a € ker @}
for all 7 e R.

As it’s shown in Theorem 2 it is impossible to tell anything more than the validity
of the inequality £(p(r)) < &(r) in the case when A is a subring of a pseudonormed

ving (R, ).
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The case when A is an ideal of a pseudonormed ring (R, ) was studied in the
work [2], the case when A is a one-sided ideal of a pseudonormed ring (R, &) was
studied in the work [3].

The following definition was introduced in [2]:

Definition 1. Let (R,¢) and (R,€) be pseudonormed rings and ¢ : R — R be a
ring isomorphism. The isomorphism ¢ : (R,&) — (R,€) is called a semi-isometric
isomorphism if there exists a pseudonormed ring (R\, A) such that the following con-
ditions are valid:

1) the ring R is an ideal in the ring é;

2) £(r) = £(r) for any r € R;

3) the isomorphism ¢ can be extended up to an isometric homomorphism

~

Q: (R\, £) — (R, €) of the pseudonormed rings.

The following theorem was proved in [2]:

Theorem 3. Let (R,&) and (R,€) be pseudonormed rings and ¢ : R — R be a
ring isomorphism. Then the isomorphism ¢ : (R,&) — (R,€) is a semi-isometric
isomorphism of the pseudonormed rings iff the inequalities &(a - b) < &(p(a)) - £(b),
E(b-a) < E(pa)) - £(b) and £(p(a)) < E(a) are true for any a,b € R.

This paper is a continuation of [2] and [3] and it’s devoted to the study of the case
when A is an accessible subring of a pseudonormed ring (R, &) (see Definition 2). It’s
shown that a ring isomorphism is a superposition of semi-isometric isomorphisms iff
it is a narrowing on the accessible subring A of some isometric homomorphism.

Definition 2. As usual, a subring A of a rings R is called an accessible subring of the
stage no more than n of the ring R if there exists a chain A= Ry C Ry C Ry C ... C
R, = R of subrings of the ring R such that R; is an ideal in R;11 fori =0,1,...n—1.
Further we shall designate it as A = Ry < Ry < Ry < ... << R, = R.

Pr(lposition 1. Let: 1) (R;,@ be a pseudAonormed Ting; 2) R be an _ideal in ﬁ;
3) I be a closed ideal in (R,§) and I =IR; 4)I= [I](Eg) and R=R+1;

~

5)&:R/I — (R+1)/I be the natural embedding; 6) & : R — R/I and W /:\E/I —
R/I be canonical homomorphisms. Then @|g/r : (R, ) =

(R,€|r)/T — (R,E|5)/T =

(]?,f) is an isometric isomorphism.

Proof. Let’s consider the following diagram 1.

R C R=R+1IC R
Gle | _ F |
R/I c R/I CR/I
| el o

Ry ML RJTOCR/T
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As T Q:Iv then inf{€(r +i)i € I} > inf{&(r +4)|i € I} for any r € R. Therefore
£(F) > £(@(7)) for any 7 € R.

We show that the reverse inequality is true.

Let 7 be any element in the ring R = R/I and € be any positive number. If
r € R is an element such that 7 = r -+ 1 then there exists an element 7o € I such
that £(&(7)) +5 > g(r +1p). Since ip € I = [I](R,s) then there exists an element

igp € I such that 5 (10 — zo) < 2 Hence we have the inequality
£(r) = mf{ﬁ(?“ +i)li € I} < E(r +ig) = £(r +io —do +io) <
Elr +70) + E(io — o) < E@(7) + 5+ 5 = E@(7) + .
Passing to the limit in these inequalities when € — 0, we obtain 3G ) <
Thus it follows from the inequalities £(7) > 3 ( (7)) and £(7) < £(@( e
the equality £(7) = £(W(7)), L.e. ®|gryr: (R,§) = (R, &[r)/1 — (R,&|R)/I = (R,§) is
an isometric isomorphism.
The proposition is proved.

Theorem 4. Let (R, &) and (R,€) be pseudonormed rings and ¢ : R — R be a ring
isomorphism. Then the following statements are equivalent:

1. There exists a pseudonormed ring (E,f) such that (R,§) is an accessible
subring of the stage no more than n of the pseudonormed ring (ﬁ &) and the iso-
morphism ¢ can be extended up to an isometric homomorphism @ : (ﬁ 5) — (R,).

2. @ is a superposition of n semi-isometric isomorphisms, i.e. there exist
pseudonormed rings (R,&) = (Ro,&), (R1,&1),..., (R, &) = (R,€) and semi-
isometric isomorphisms ¢; : (R;, &) — (Riy1,&+1) fori = 0,1,...,n — 1 such
that ¢ = ©p 0 ER_10...0g.

Proof 1 = 2. Let R = Eo < El < R\g ... < }Afn = R be a chain of subrings_such
that R; is an ideal in R;4q for i =0,1,...n—1 and t}}\e iAsomorEhi_sm p:R— Rcan
be extended up to an isometric homomorphism ¢ : (R,£) — (R, ).

If T = ker p and @ : Rgy1 — Rpiq/ T is the canonical homomorphism
(i.e. @(r) = r+41) then there exists an isometric isomorphism 7 : (R,,,&,)/1 — (R, €)
such that p =now.

Let’s consider the following diagram 2 (mappings entering into the diagram are
defined below).

RZEQ < < Ek < /Rk—i-l = Ek—i—l = é
H “dn | e

o Pr—1 35 5 _ .

R Ri/I < Rypi/I Jw ls&
<PJ @kl C;l

R == §k+1/f :§k+1/f:§k+1/f L R

The further proof will be done by induction on the number n.
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If n =1 then (R,§) is an accessible subring of the stage 1 (i.e. it is an ideal)
of the pseudonormed ring ( € ) and the isomorphism ¢ can be extended up to an
isometric homomorphism ¢ : (R, ) (R,€), and hence ¢ : (R, &) — (R,€) is a
semi-isometric isomorphism.

Let’s assume that the theorem is true for n = k, and let n = k + 1. Since ﬁk
and [ are ideals in Ry 1 then I = Ry (I is an ideal in Ry, too.

In the beginning let’s consider the case when I = Rkﬂf is a closed ideal

(Rk+1,£) Ifw: Rk+1 — Rk+1 /I is the canonical homomorphism, then
w]R (Ry, S\R ) — (R, §]R )/I is an isometric homomorphism. As Ry () kerw]R
Roﬂl = Roﬂl = RoNker 3 = ker o = {0} and Ry = R,NR=R,NR+1I) =
R+ (RxNI) = R+ then wlg, Ry — Ry/I is an isomorphism and by the as-
sumption w|z o is a superposition of k semi-isometric isomorphisms, i.e. there are

pseudonormed rings (R, €) = (Ro, &), (R1,&1),-.., (Ri, &) = (Ri,E|r,)/I and iso-
metric isomorphisms ¢; : (R;, &) — (Rit1,&+41) for @ = 0,1,...,k — 1 such that
W|RO = Pk—1°Pk-20°...0Q0.

As I = IﬂRk = (ker ) Ri, = ker(<p|Rk) and R = o(R) = 3(R) then Ry + I =
Ro+1= Rk+1, and so pp = w|R e Rk/I — Rk+1/I is an isomorphism.

Since Ry,/I is an ideal in Ry, /I then ¢y, : (R, £|Rk)/l — (Rpy1,8)/T is a semi-
isometric isomorphism. Hence 1o ¢y, : (ﬁk,a ﬁik) JT — (Rj41,€) is a semi-isometric
isomorphism, and (noyy)opr_10pK_20...0p9 = nogpkow]ﬁo =now|r, = PR, = s
Le. the isomorphism ¢ is a superposition of k + 1 semi-isometric isomorphisms in
the case when [ is a closed ideal in (Rj41,€) .

Let’s consider now the case when I = Ry, ﬂf is non-closed ideal in (§k+1,§).
Let’s designate I = [I] (Brs1,) and consider the diagram 3 which is obtained by
adding one line to the diagram 2 (definitions of unknown by now rings and mappings

see below).

R=Ry < ... < Ri < Riy1 = Rppq = R
| “Ig, w
R 2,2 R/ T Q Ry /I
. o
¢| (Bi+D/Ta Re/T |5 E
@), @
R = Req1/T  =Rpp/I=Rp/I —— R

As Rk is an 1deal in Rk+1 then I = Rk DIA is an ideal in ﬁ and hence 1 is
a closed ideal in (R,€) = (Rpy1,&). Then (RkH, &)/I and (Ry, + 1, f]R +I)/I are

pseudonormed rings. If w : R — R/I, o' : R/I — R/I and @ : R/I — R/T are
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the canonical homomorphlsms then W = Wow' ow. As (Rk + 1 /I is an ideal in
Ry41/1 then O —w](R e c(Re+1 g, )/I — (Riy1,€)/T is a semi-isometric
isomorphism. R

According to Proposition 1 7 = w/|(fz - (Ry, ¢la )/I — (Rp +1,€ | Rotd )/I is
an isometric isomorphism and hence ow|z . (R §| ) (R +1, £A| Nl I is an
isometric homomorphism.

By the induction hypothesis, there exist pseudonormed rings (R,&) = (Ro, %),
(R1,&1), .-, (R, &) = (R\k,ﬂR )/I and semi-isometric isomorphisms ¢; : (R;, &) —
( 2+la£z+1) fori—0,1,2 k_lsuChthatnow|R = Pk-1°Pp—20°...000.

Since 7,7 are isometric 1sornorphlsrns and ¢}, is a semi-isometric 1sornorphlsm
then @) =no ) o7 : (Rk,f\Rk)/I — (R,€) is a semi-isometric isomorphism, at
that ¢ = @lr = noWlg =noWow owlp =noy,onNowlr =geNouwlr =
Q) 0 Pr—10 QY20 ...0 @y, i.e. the isomorphism ¢ is a superposition of k + 1
semi-isometric isomorphisms in the case when I is a non-closed ideal in (ﬁk+1, é’\ )

Thus we have proved that 2 follows from 1 for any natural number n.

Proof 2 = 1. Let’s assume there are pseudonormed rings B
(R7 g) = (R07 §0)7 (R17 61)7 (R27 62) ey (RTU fn) = (R7 5)

and semi-isometric isomorphisms ¢; : (R;, &) — (Rit1,&+1) for i@ = 0,1,...,
n — 1 such that ¢ is the superposition of these semi-isometric isomorphisms, i.e.
Y =$n—-1°Pnpn-209...0¢0.

For any 0 < 7 < j < n we consider the isomorphism f; ; such that f;; =
@j—10...09;: Ry — Rj for i < j and f;; : R; — R; is the identical mapping.

The further proof will be done in some stages.

I. The construction of the ring R and checking of some its algebraic properties.

Let’s define on the set R = {(ro,r1,---,m) | 7 € R;;i =0,1,...,n} the opera-
tions of addition and multiplication as follows:

(ao,al,...,an) + (bo,bl,...,bn) = (a0+b0,a1 +b1,...,an+bn)
and
(ao,al, e ,an) . (bo,bl,. .. ,bn) = (7‘0,7‘1, e ,rn),

where r; = a;-b; for i € {0,n} and r; = a;-b; + (fo,i(a0) — a;) - (,D,i_l(bi+1) +
0i  (aip1) - (foi(bo) —b;) for 1<i<n-—1.

As the mappings ¢; : R; — R;11 and fo; : Ry — R; are isomorphisms then it’s
easily checked that:

I.1. R is a non-associative ring with respect to these operations (even if the
initial rings are associative).

I.2. For any 0 < k < n the set Ry = {(ro,...,mn) € R |7 = 0if i > k} is an
ideal in the ring Ryq = {(ro,...,mn) € R |7 =0if i > k+ 1}.

L.3. Ry = {(ro,...,mm) € R | r; = 0if i > 1} is an accessible subring of the stage
no more than n in the ring En = E;

I.4. The mapping ¥ : Ry — Ro = R which transfers the element (a,0,...,0) €
§0 into the element a € Ry is isomorphic.
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I.5. From the definition of the operations of addition and multiplication in R it
follows that I = {0, r1,...m) [ 7 € Rjyi = 1,...,n} is an ideal in the ring R and
RQﬂI—{O}aHdRQ—I—I R

I.6. If ¢ : R — Ris a _mapping such that $(ro,71,...,7) = ¢(ro) for any
(rosT1y.vyT ) € R then ¢ p: R—Risa ring homomorphism, and besides ker = T
and §|g =

Identifying any elements (a,0,...,0) € Ry with the elements a € Ry, we shall

identify the ring Ro with the ring Ro Therefore we can consider that R = Ry is an
accessible subring of the stage no more than n of the ring Rn =R.

II. The definition of a pseudonorm f on the ring R and checking of some
properties of the pseudonormed ring (R, §).

- n—1
Let’s define &((ro,r1,...,m)) = ;) &i(ri — CPi_l(Tz'Jrl)) + &nlrn)-

I1.1. Let’s check that E is a pseudonorm on the ring RA

It’s easy follows from the definition of the function £ that £((—rg, —71,...,—7y)) =
&((ro,71,- .. 1)) > 0 for any (ro,71,...,rn) € R and &((rg,r1,...,7)) = 0 if and
only if (rg,71,...,7m) = (0,0,...,0).

Let a = (ag,a1,...,ay,) € Rand b= (bo,b1,...,by) € R. Then

~ n—1
Ela+b) = Y &(a; +bi — 7 (airs +bis1)) + Enlan +by) <

i=0
Z (Ei(ai — 97 N(air1)) + &b — 7 (bi41))) + Enlan) + €nl(bn) = E(a) + E(D).
Ifr = (ro,rl, cyrp) =a-b=(ag,a1,...,an) - (bo,b1,...,b,) then rg = ag - by,

T = G - bn, i = a; - b+ (foi(ao) — ai) - o7 (big1) + @5 (air) - (fo.i(bo) — b) for
i€{1,2,...,n—1} and
~ ~ n—1
(a-b) =&((ro,r1, .y mn)) = &nlrn) + Z:O Ei(ri — 7 (rivn)-
Let’s consider each term of this sum. It’s obvious that &, (r,) < &.(ay) - £n(bn).
Let h; = q; —cpi_l(aHl) and b, = b; —cpl-_l(b,url) fori € {0,1,...,n—1}; hy, = ay
and hj, = b,. Taking in consideration the definitions of mapping f; ; by induction
on the number j — ¢ it’s easy proved that

figlai) —a; = fij(ai) — gj1(0;(ay)) =
figlai) = fij (@7 Hairn)) + fij(o; (i) = fim1(05 0 (a;)) =
figlai — o7 aig1) + fij (@7 H(airn)) = fi-1i(05 01 (ag)) = fij(ha)+
fii(oi Hai)) = fir(ey 2y (ay)) = oo = fig(ha) + firrj(hig) + -+ fim1(hj1)
for any 0 < i < j <n. Then for i € {1,2,...,n — 2} we have

&i(ri — _1(T2+1)) §i(a; - b; +(f0 Z(GO)_ai)'@;l(bﬂl)""ﬁz‘_l(ai—l—l)'(fO,i(bO)_bi)_
®; 1(flz+1 bz+1 + (fo,iv1(ao) — ait1) - <P;r11(bz'+2) + 901_-1-11(0’24-2) (fo,i+1(bo) = bit1))) =

Siai-bi+ Z Fri(hi) - 07 (big1) + 05 (aira) - Z fri(hy) — o7 (air) - o7 (bi1) —

®; (Z Frir (hi) - 01 (biy2) + 075 (@iga) - Z frir1(hy,))) = &iai-bi+ Z Fri(hi) -

k=0



48 S.A. ALESCHENKO, V.I. ARNAUTOV

1—1
07 N (bis1 — @i (big2)) + 07 (a1 — o (aita)) - Z fr,i(hy,) — (a; — hg) - (b — hf) —
hi @7 (b — oy y) — @7 Haipr —higa) - 1)) = &(Z fri(hi) -0 (W y)+ 97 (higa)-
i—1
S fri(hy) + hi - (b — @5 (b)) + (@ — @5 H(aipr)) - b — by - B+ hy -7 (Rl ) +
k=0

i—1
Qpi_l(hi—i-l) : h;) = gz(kz_:ofk,z(hk) ! 902‘_1(]1;4.1) + 902-_ ( z+1) Z fk z(h/ ) + h h/ + h

o (W) + @p H(higa) - B).
If i =n —1 then
gn—l(rn—l - (P,_Lil (Tn)) - &n—l(an—l : bn—l + (fO,n—l(CLO) - an—l) : @;il(bn) +907_LE1 (an) :

n—2
(fO,n—l(bO) —bp—1) — @;El(an bn)) = &n-1(an-1-bp—1+ kZ_:O fk,n—l(hk) ) 901:&1(]1;1) +

onty(hn) - Z Jrm—1(hy,) — (an—1 — hn—1) - (by—1 — hj,_)) = En—l(:ngk,n—l(hk) :

oty () + ot (hn)- Z2fkn 1(h) 4 hn1- (W, o1 (W) + (a1 + 9511 (b)) -

s = et By = 61 (5 funea() 4 00) + 4 )+ a0 +

Tt - By e - @ Ly () + 932 () - B,y
Since the isomorphism ¢; : (R;,&;) — (Rit1,&+1) is a semi-isometric then ac-
cording to Theorem 3 the following inequalities are true:

&ila; - bi) §ilai - bi)
&i(bi) &i(ai)

It’s follows from the definition of the isomorphisms fj ;:

< &it1(pi(ai)) < &i(a;) and < &ita1(pi(bi) < &i(bi).

&i(fr,i(hi)) < &(hi) and &(fri(h)) < k(i)
forany0<k<z<n Thenforze{l .,n — 1} we have

&(Z Fuilhne) o7 (hiy) +07 (hiva): Z f;“(h’)+h hithigr (Byy) +07 (hiva):

) < kgofi(fk,i(hk))’€i+1(h§+1)+ Z Siv1(hig1) - &l fri(hy,)) +E&i(Rhe) - Ei(hg) +Ei(hi) -
i—1

Eiv1(Riq) + Civa(hig) - &(h)) < Z E(he) - Sira(Riq) + kgoim(hiﬂ) - &k(hy,) +

&'(hz'f) ~&i(hg) + &i(hi) - Siva(hiyq) + €z+1( i+1) - &i(hy).

If 7 = 0 then

€o(ro—¢1 " (r1)) = &olao-bo— ¢y (a1 -b1+ (vo(ao) —a1) ¢ 1(b )+ ( ) ((Po(bo)
b1))) = &o(ao-bo— gy ' (a1) - @5 (1) — (a0 — ¢y ' (a )) 1(901 (b2)) — @5 (1 (a2)) -
(bo—wg ' (b1))) = &o(ao-bo—(ao—ho)- (bo—hfy) —ho- @y (b1—h )=y (al—h1) hy) =
€o(ho-hiy+ho-oy " (B) +¢5 " (h1)-hy) < &o(ho)-Eo(hf) +Eo(ho)-E(hy)+E1(h1)-Eo(Ry).-
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It follows from the proven inequalities that

n—1 i—1
£(a-b) < §o(ho)’§o(h6)+§o(ho)'51(h3)+§1(h1)'§o(h6)+z(Z &k () i1 (Rigy )+
i=1 k=0

i—1
D Giprlhivn) - Eu(hy) + &ilhe) - &a(h) + &i(hi) - G (iy) + Eiva (higa) - &(h;)) +

k=0

n—1n—1
fn( Zzgz i 5] h/ +§n an Zgj h/ +Z§z z n(bn)
=0 7=0 7=0 =0

+£n(an n n (Z 5@ +£n Gn > (Z h/ +£n n ) = A(a) : A(b)

~ ~

Thus we have shown the inequality £ (a b) < &£(a)-£(b) for any a,b € R. Therefore
(R 13 ) ia a pseudonormed ring.

I1.2. Since 5(7«, 0,...,0) =& (r—0)+£&1(0)+...+£,(0) = &(r) for any r € R and
any element r € R is identifying with the element (r,0,...,0) € Ry then {|r = &.

I1.3. Let’s show that ¢ : (E,E) — (R, €) is an isometric homomorphism, i.e.
E(G (7)) = inf{f(?+a) \a € ker¢} for all 7 € R. Let 7= (ro,71,...,mm) € R and
b= (0, fo,1(ro) =71, .., fon(ro) —n). Then b € T and so

~ ~ ~

inf{{A‘(?Jra)‘aekercﬁ}g (F+D) = E((ro, 1, -, )+

~

(0, fo,1(r0) =1, fom(ro) = 10)) = &((ro, fo,1(r0), -, fon(ro))) =

€o(ro — ¢y *(fo1(ro))) + &1(fo1(ro)—

01 (fo,2(10))) + -+« + &1 (fon1(ro) — ot 1 (fon(r0))) + &n(fon(r0)) =

€0(0) +&1(0) + ... + &n-1(0) + &nlp(ro)) = &E((r0)) = E(B(7)).

On the other hand, since fo, = ¢ and &;(d;) > &,(fin(dy)) for every d; € R; and
any i € {0,1,...,n} then for every element a = (0,aq,...,a,) € I we have

EF+a) =&((ro,m1 +ar,...,mn + an) = &o(ro — g (11 + a1))+
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n—1

Z gl(rl +a; — ‘pi_l(ri-i-l + ai—i-l)) + gn(rn + an) > gn(fo,n(TO) - fO,n(‘pal(rl + al)))""
i=1

n—1

Zgn fzn 7‘@“‘&@) fz n( (rz+1+az+1)))+£n(rn+an) = gn(fo,n(TO)_fl,n(rl"i'al))"i'

i=1

> &alfim(ri+ai) = firin(riss + aig)) + &nlrn + an) >
i=1

n—1
€n (fo,n(To) — fin(ri+a1) + Z(fi,n(n' + a;) — fix1,n(Tig1 + aip1)) +rp + an> =
i1

&n (fon(ro)) = &nl(r0)) = E(B(F)).
Since @ € I is any element then inf {5(?+ a)‘ € ker (ﬁ} > £(3(7)) and so
inf {g(?—i— a) ‘Ei € ker {5} = &(H(7)). Therefore 3 : (R,€) — (R,€) is an isometric

homomorphism.
The theorem is completely proved.

Designation 1. Let R be a ring. Put R = R and for any natural number n define
R™ as the subgroup generated by the set {a-bla € R®,;b € R',0 < s,t <mn,s+t=mn}.
It’s easy to note that R™ is an ideal in the ring R.

Definition 3. A ring R is called a nilpotent ring if R™ = 0 for some natural number
n. The minimal one from these natural numbers is called the index of nilpotence.

Theorem 5. Let (R,€) and (R,€) be associative pseudonormed rings, ¢ : R — R
be a ring isomorphism and R™ = 0. Then the following statements are equivalent:

1. &(p(r)) < &(r) for any r € R.

2. ¢ is a superposition of n semi-isometric isomorphisms, i.e. there exist
pseudonormed rings (R,&) = (Ro,&), (R1,€1),...,(Rn, &) = (R,€) and semi-
isometric isomorphisms ¢; : (R;, &) — (Ri+1,&+1) fori = 0,1,...,n — 1 such
that ¢ = pp 0 @p_10...0 . L

3. There exists a non-associative pseudonormed ring (R,§) such that (R, &) is
accessible subring of the stage no more than n of the pseudonormed ring (E €) a
the isomorphism o can be extended up to an isometric homomorphism @ : (A 3

e S)
(R, ).

Proof 1 = 2.
Let R, = Rfor k=0,1,---,n—1and R, = R; let ¢,,_1 = ¢ : R — R and
v = € : R — R be the identical mapping for k = 0,1,--- ,n — 2 ; let &(r) = &(r),

&n(F) = &(7), &n—1(r) = E((r)) and



PROPERTIES OF ACCESSIBLE SUBRINGS OF PSEUDONORMED RINGS ... o1

§p—1(r-a) §-1(a-1)
&r1(a) 7 &ra(a)

5kov::sup{£1¢0ﬂ>

fork=1,2,--- ,n—2.

Let’s prove by induction on the number k that each function & is a pseudonorm
on the ring Ry.

It’s obvious that &, (—r) = &(r) > 0 for any r € Ry and & (r) = 0 if and only
if 7 = 0. Let’s show the validity of inequalities & (r1 + r2) < & (r1) + &k(r2) and
k(1 - 12) < &k(r1) - &i(r2) for any 71,12 € Ry,

Indeed, for any a € R\{0} we have

(a € R\{O}}

§-1((r +72)-a) _ &a(ri-a)  &i(r2-a) <

§k—1(a) ~ &-(a) §k—1(a)
sup {&21_#‘1) e R\{O}} + sup {5’21_#(5 c R\{O}} < &) + &(r),
gk_l(gk. (1T(I ;rrz)) : 5’f£—k1_(f('(l§1) i gkﬁ_kl—(?(;l?) :
sup {7@ : 0l R\{O}} + sup {75’“5‘;_(?(';) be R\{O}} < &) + &(r2)
and
E(p(r1 +12)) = E(p(r1) + @(r2)) < E(p(r1)) +E(p(r2)) < Ek(r1) + Ex(r2)-
Therefore

§e—1((r1 +12) - a) §e—1(a-(r1+12))
£k—-1(a) 7 Ek—1(a)

Ek(r1+r2) = sup {{((p(rl +79)), ‘a € R\{O}} <

&r(r1) + &k(ra).
For any a € R\{0} we have

§—1((ri-r2)-a) _ &a(ri-(r2-a)) &a(ra-a) _
§k—1(a) §k-1(r2 - a)) §r-1(a)

sup {&21—#‘() € R\{O}} sup {%‘c € R\{O}} < &k(r1) - Ek(r2),

§i—1(a-(r1-r2)) _ G—ala-r1) &e-1((a-r1)-r2) <

{p—1(a) §k—1(a) §p—1(a-m)

sup{ S0 e m oy} s { S22 e g0y} < 60 - i)

<

and

E(p(r1 -r2)) = E(p(r1) - @(r2)) < E(p(r1)) - £(p(r2)) < Ek(r1) - Ex(ra).
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Therefore

§e—1((r1-12) -a) Ep—1(a- (r1-72))
{r—1(a) Er—1(a)

6u(r1 ) = sup { (1 ), aemo)f <
Ek(r1) - Ek(r2).

Thus the function & is a pseudonorm on the ring Ry.

Let’s prove that ¢y : (Rk,&k) — (Rk+1,8k+1) 1 a semi-isometric isomorphism
for k=0,1,--- ,n—2.

Let’s check the validity of inequality &x11(pr(r)) < &k(r).

Since
&k(r-a) Ek(a-T)

Ele(r)) < &(r), g s (@)

< & (r) and

< &(r)
for any a € R\{0} then

_ §im1(r-a) &—a(a-r)
sup{ﬁ(%ﬁ(r))’ &_1(a) 7 &_1(a)

oe RO} <60)

and
Ert1(n(r) = Err1(e(r)) = Epr1(r) < &k(r)

for any r € Ry.
Let’s show that the inequalities k(7 - q) < &p1(pr(r)) - Ek(q) and &g - 1) <

Ekr1(pr(r)) - & (q) are true.
Indeed, for any g # 0 we have

&k(r - q) i(r - a)
A0 < sup{ £ () ‘a € R\{O}} <

= €(r-a) &(a-7) i (r
sup {€otr)), 2 S0 Do ¢ (0 = ()
and
k(g 1) Ek(a-r)
S <o\ T e R0 <
= E(r-a) &(a-7) e
sun{€ptr)), S S0 Do ¢ (0} = 1)
Thus
§(r - q) < &kr1(r) - &(q) = Epr1(e(r)) - &) = Eer1(on(r)) - Ek(q)
and

§e(q 1) < &1 (r) - Ek(q) = Err1(e(r)) - §k(a) = k1 (pk () - &)

All conditions of Theorem 3 are satisfied. Therefore ¢y : (Rg, k) — (Rikt1,8k+1)
is a semi-isometric isomorphism for £ =0,1,--- ,n — 2.
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Let’s consider ¢, 1 : (Ry_1,&n—1) — (Rn,&). Since &,_1(r) = &(p(r)) for any
r € R that the isomorphism ¢,—1 = ¢ : (Ry—1,&—1) = (R,&n-1) — (Rn,&n) =
(R, §) is isometric.

Therefore there exist pseudonormed rings (R, &) = (Ro, &), (R1,&1), .-, (Rn, &n) =
(R,€) and semi-isometric isomorphisms ¢; : (R;, &) — (Riy1,&41) for i =
0,1,...,n—1such that ¢ =, 0@,_10...0g.

The implication 1 = 2 is proved.

The implication 2 = 3 follows from Theorem 4. The implication 3 = 1 follows
from Theorem 2.

The theorem is completely proved.
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