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Some Homomorphic Properties of Multigroups
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Abstract. Multigroup is an algebraic structure of multiset that generalized crisp
group theory. In this paper, we study the concept of homomorphism and its properties
in multigroups context. Some related results are established.
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1 Introduction

The idea of multigroup was proposed in [5] as an algebraic structure of multiset
that generalized the concept of group. The notion is consistent with other non-
classical groups in [4]. Although other researchers in [2,3,6, 7,10, 11] earlier used
the term multigroup as an extension of group theory (with each of them having
a divergent view), the notion of multigroup in [5] is quite acceptable because it is
in consonant with other non-classical groups and defined over multiset (see [9] for
multisets details).

Some new results on multigroups following [5] were presented in [1]. In this
paper, we study the notion of homomorphism in multigroups context, present some
of its properties and obtain some results.

2 Preliminaries

Definition 1 (see [8]). Let X = {z1,x2,...,2p,...} be a set. A multiset A over X
is a cardinal-valued function, that is, C4 : X — N such that 2 € Dom(A) implies
A(z) is a cardinal and A(xz) = Ca(z) > 0, where C4(z), denotes the number of
times an object z occur in A. Whenever C'4(z) = 0, implies 2z ¢ Dom(A). The set
X is called the ground or generic set of the class of all multisets (for short, msets)
containing objects from X.

A multiset A = [a,a,b,b,c,c,c| can be represented as A = [a, b, c]2,2,3. Different
forms of representing multiset exist other than this. See [8,9,12] for details.
We denote the set of all multisets by M.S(X).

Definition 2 (see [9]). Let A and B be two multisets over X, A is called a submul-
tiset of B written as A C B if Cy(x) < Cp(z) Vo € X. Also, if A C B and A # B,
then A is called a proper submultiset of B and denoted as A C B. A multiset is
called the parent in relation to its submultiset.
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Definition 3. Two multisets A and B over X are comparable to each other if A C B
or B C A.

Definition 4 (see [12]). Let A and B be two multisets over X. Then the intersection
and union of A and B, denoted by AN B and AU B respectively, are defined by the
rules that for any object x € X,

(i) Cang(z) = Ca(z) A Cp(z),
(ii) Caup(z) = Ca(z) V Cp(x),
where A and V denote minimum and maximum.
Definition 5. Let {A;};cr be a family of multisets over X. Then
() Cn,,a,(x) = Nigr Ca, (2)Ve € X,
(i) Cy,., 4:(@) = Ve; Ca,(x)Va € X.

Definition 6 (see [5]). Let X be a group. A multiset G is called a multigroup of
X if it satisfies the following conditions:

(i) Ca(zy) =2 Ca(x) A Caly)Ve,y € X,
(i) Cg(z™1) > Cg(z)Vz € X,
where C'¢ denotes the count function of G from X into a natural number N.
By implication, a multiset G is called a multigroup of a group X if
Ca(zy™) > Cq(z) A Cq(y), Yo,y € X.

It follows immediately from the definition that Cg(e) > Cq(z) Vo € X, where e
is the identity element of X. A multigroup G of X is complete if G, = X, where
G« ={x € X | Cs(x) > 0}. Also, the set G* is defined by

G"={x e X |Calx) =Cale)},
where e is the identity of X. We denote the set of all multigroups of X by MG(X).

Example 1. The following are examples of multigroups.

(i) Let Z4 ={0,1,2,3} be a group with respect to addition. Then
G =10,1,2,3]43,4,3 is a multigroup of Zy.

(ii) The zeros of f(z) = 2® — 22* 4+ 1 form a multigroup of a group
X ={1,-1,i,—i}.

(iii) Let X = {po, p1, P2, p3, p4, p5} be a permutation group on a set
S ={1,2,3} such that

po = (1), p1 = (123), p2 = (132), p3 = (23), pa = (13), p5 = (12).

Then A = [po, p1, p2, P3, P4, P5]7,4,4,3,3,3 s a multigroup of X.
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Definition 7 (see [5]). Let A, B € MG(X). Then the product of A and B denoted
as Ao B, is governed by

Cao(x) = \/ (Caly) ACs(2)),Vy,z € X.

T=yz

Definition 8 (see [5]). For any multigroup A € MG(X), there exists its inverse,
A~1 defined by
Cpaa(z)=Ca(z™') V2 € X.

For example, let X = {0,1,2,3} be a group of (Z4,+). Let A = [0,1,2,3]4323
be a multigroup of X, then A=! = [0,3,2,1]4323. From Definition 6 (ii),
Ca(z7l) > Cu(z)Vz € X and also, Cu(z) = Ca((x71)71) > Ca(x™1). Hence,
Ca(z) = Ca(z™1). Since Cy-1(x) = Ca(z7!), we have Ca(x) = Cy-1(x). There-
fore, A = A~! for every A € MG(X).

Proposition 1 (see [5]). Let A € MS(X). Then A € MG(X) if and only if A
satisfies the following conditions;

(i) Ao AC A,
(i) AV CAor ACA or A7l = A,
(iii) Ao A71 C A.
Proposition 2 (see [5]). Let A, B € MG(X), then the following hold.
(i) Ao A=A,
(ii) AoB=Bo A,
(iii)) (Ao B)™! =B 1o A"l
(iv) (Ao B)oC = Ao (Bo().

Proposition 3 (see [5]). Let A,B € MG(X). Then Ao B € MG(X) if and only if
AoB=DBoA.

Definition 9. Let {A;},c;,I = 1,...,n be an arbitrary family of multigroups of
X. Then {A;}icr € X is said to have descending or ascending chain if either
A1 C Ay C...CA,or Ay D Ay D ... D A,, respectively.

3 Main Results

Throughout this section, we assume that multigroups are completely defined over
the underlying groups.

Definition 10. Let X and Y be groups and let f : X — Y be a homomorphism.
Let A and B be multisets over X and Y respectively. Then
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(i) the image of A under f, denoted by f(A), is a multigroup of Y defined by

_ | Vaeg-1() Cal2), ) #0
Cra) (v) = { 0, ! otherwise

for each y € Y.

(ii) the inverse image of B under f, denoted by f~!(B), is a multigroup of X
defined by

Ci-1py(z) = Cp(f(z)) Vo € X.

Definition 11. Let X and Y be groups and let A € MG(X) and B € MG(Y),
respectively.

(i) A homomorphism f from X to Y is called a weak homomorphism from A to
B if f(A) C B. If f is a weak homomorphism of A into B, then we say that
A is weakly homomorphic to B denoted by A ~ B.

(ii) An isomorphism f from X to Y is called a weak isomorphism from A to B
if f(A) C B. If f is a weak isomorphism of A into B, then we say that A is
weakly isomorphic to B denoted by A ~ B.

iii1) A homomorphism f from X to Y is called a homomorphism from A to B if
(iif) p D
f(A) = B. If f is a homomorphism of A onto B, then A is homomorphic to
B denoted by A ~ B.

(iv) An isomorphism f from X to Y is called an isomorphism from A to B if
f(A) = B. If f is an isomorphism of A onto B, then A is isomorphic to B
denoted by A = B.

Definition 12. Let f : X — Y be a homomorphism. Suppose A and B are
multigroups of X and Y, respectively and A is homomorphic to B. Then the kernel
of f from A to B is defined by

kerf ={z € X | Ca(z) = Cp(€'), f(e) = €'},
where e and €' are the identities of X and Y, respectively.

Proposition 4. Let f : X — Y be a homomorphism. For A,B € MG(X), if
A C B, then f(A) C f(B).

Proof. Straightforward. O

Proposition 5. Let X,Y be groups and f be a homomorphism of X into Y. For
A, Be MG(Y), if AC B, then f~Y(A) C f~1(B).

Proof. Straightforward. O



SOME HOMOMORPHIC PROPERTIES OF MULTIGROUPS 71

Definition 13. Let f be a homomorphism of a group X into a group Y, and
A e MG(X). If for all z,y € X, f(x) = f(y) implies Ca(x) = C4(y), then A is

f-invariant.

Lemma 1. Let f: X — Y be groups homomorphism and A € MG(X). If Vz,y €
X, f(z) = f(y), then A is f-invariant.

Proof. Suppose f(z) = f(y) Yo,y € X. Then Cp)(f(z)) = Cra)(f(y)) implies
Ca(xz) = Ca(y). Hence, A is f-invariant. O

Lemma 2. If f: X — Y is a homomorphism and A € MG(X), then
(i) AT = (f(A)~,
(i) F(FAY) = F((FAD.
Proof. (i) Let y € Y. Then we get
Crany) = Caa(fH ) =Calf'(v)
= Cy)(y) = Cpay-1(y)Vy € Y.
Hence, f(A™1) = (f(4))~"

(if) Similar to (i). 0

Proposition 6. Let X and Y be groups such that f : X — Y is an isomorphic
mapping. If A€ MG(X) and B € MG(Y), respectively, then

(i) (f7H(B)~ =BT,
(it) fH(f(A) = fH (7 H(B)))

Proof. Recall that, if f is an isomorphism, then f(z) =y Vo € X, Yy € Y. Conse-
quently, f(A) = B.
(i)

Ciyprpy-1(@) = Crapy(a™) = Cra(p)(2)
= Cp(f(z)) =Cp-1((f(z))™)
= CB—l(f(ZL‘) :C’f—l(B—l)(l‘).

Hence, (f~(B))~ = £~ (B).
(ii) Similar to (i). O

Proposition 7. Let f : X — Y be a homomorphism of groups. If{A;}icr € MG(X)
and {B;}ier € MG(Y'), respectively, then

(7’) f(UieI Az) = Uie] f(Al)?
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(1) F(Mier Ai) = Nies £(A),
(m) f_l(ﬂz'el Bi) = ﬂie] f_l(Bi);
(i) [~ Uier Bi) = Uier [~ (By).

Proof. (i) Let z € X and y € Y. Since f is a homomorphism, so f(z) = y. Then
we have,

CrUser a0®) = Cuie, a(FHW)
= Vou (')

el

= V)

el
- CUieI f(Ai)(y)7vy eY.

Hence, f(Uier Ai) = Uies f(Ai).
The proofs of (ii)-(iv) are similar to (i). O

Theorem 1. Let X be a group and f : X — X be an automorphism. If A €
MG(X), then f(A) = A< f~Y(A) = A, consequently, f(A) = f~1(A).

Proof. Let x € X, and suppose f(A) = A, we get

Cray(z) = Ca(f~(2)) = Cal(z)
= Ca(f(z)) = Cp14)(2)

implies that f~1(A) = A.
Conversely, let f~1(A) = A, we have

Hence, f(A4) = A.
Therefore, f(A) = A& f~1(A) = A. O

Theorem 2. Let f : X — Y be a homomorphism. If A € MG(X), then
fY(f(A) = A, whenever f is injective.

Proof. Suppose f is injective, then f(z) =yVz € X and Vy € Y. Now

Cragan@) = Cra(f() =Cra(y)
= Ca(f'(y)) = Calx).

Hence, f~1(f(4))

I
>
O
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Corollary 1. Let f : X — Y be a homomorphism. If B € MG(Y), then
f(f~Y(B)) = B, whenever f is surjective.

Proof. Similar to Theorem 2. O

Remark. Let f : X — Y be a homomorphism, 4 € MG(X) and B € MG(Y),
respectively. If kerf = {e} that is, kerf C A*, then f~1(f(A)) = A since f is

one-to-one.

Proposition 8. Let X, Y and Z be groups and f: X =Y, f:Y — Z be homomor-
phisms. If {A;}ier € MG(X) and {B;}icr € MG(Y') for each i € I, then

(i) f(A) € Bi = A; € fH(By),
(ii) glf(Ai)] = [9f1(Ai),
(iii) f~H g™ (Bi)] = [gf]7H(By).
Proof. The proof of (i) is trivial.

(ii) Since f and g are homomorphisms, then f(z) =y and g(y) = =z
Ve € X,Vy € Y and Vz € Z respectively. Now

Cotran(2) = Crap(97'(2) = Cpran(®)
= COa,(f'(y) = Ca, (),

and

Capian(z) = Corpean(2) = Craylg™(2))
Cran) = Ca,(f ()
= Cy,(x)Vzr € X.

Hence, g[f(4:)] = [9./](Ai)-
(iii) Similar to (ii). O

Theorem 3. Let X and Y be groups and f : X — Y be an isomorphism. Then the
following statements hold.

(i) Ae MG(X) if and only if f(A) € MG(Y).
(ii)) B € MG(Y) if and only if f~Y(B) € MG(X).

Proof. (i) Suppose A € MG(X). Let z,y € Y, then 3f(a) = z and f(b) = y since
f is an isomorphism for all a,b € X. We know that

Cp(z)=Ca(f (@)= \/ Cala)
(z)

acf~1(z
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and

Cply) =Calf W)=\ Cal)

Clearly, a € f~Y(x) # 0 and b € f~(y) # 0. Fora € f~(z) and b € f~(y) =
v = f(a) and y = f(b). Thus f(ab™") = f(a)f(b~") = f(a)(f(b))™" = ay~'. Let

c=ab = ce fl(zy™!). Now,

Cp(zy™)

\V  Calo)
cef~Hxy=t)
= CA(ab_l)
> CA( ) A Ca(b)
= Crp(a) ANCp1(p)(b)
= (f(a)) NC(f ( )
= Cp(z) NCp(y)Vz,y €Y.
Hence, f(A) € MG(Y).
Conversely, let a,b € X and suppose f(A) € MG(Y). Then

py(ab™")
(ab™1))

(@) f(b™1)

(@) (F®)™)
(a)) A CB(f(b))
Cy-1(py(a) A Cy-1(p)(b)
CA(a)/\CA(b)

Ca(ab™) = cf_

Y

(
Cp(f
Cp(f
Cp(f
Cp(f

Va,b € X. Hence, A € MG(X).

(i) Similar to (i). O

Corollary 2. Let X and Y be groups and f: X — Y be an isomorphism. Then the
following statements hold.

(i) A=t € MG(X) if and only if f(A™1) € MG(Y),
(ii) B~ € MG(Y) if and only if f~1(B~!) € MG(X).
Proof. By combining Definition 8 and Theorem 3, the result follows. ]

Corollary 3. Let X and Y be groups and f : X — Y be homomorphism. If
Nicr 4i € MG(X) and (;c; Bi € MG(Y'), then

(i) f(Nier Ai) € MG(Y),
(ii) [~ (Nier Bi) € MG(X).
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Proof. Straightforward from Theorem 3. O

Corollary 4. Let f: X —Y be groups homomorphism. If | J;c; Ai € MG(X) and
Uicr Bi € MG(Y), whenever {A;}icr and {B;}icr have sup/inf assuming chain,
then

(i) f(Uies Ai) € MG(Y),
(i) f~ (UZE[ i) € MG(X).

Proof. Straightforward from Theorem 3. O

Theorem 4. Let f : X — Y be an isomorphism. If A € MG(X) and B € MG(Y),
then

(i) f(A)o B e MG(Y) if and only if f(A)o B = Bo f(A),
(ii) f1(B)o A€ MG(X) if and only if f~'(B)o A= Ao f~1(B).

Proof. (i) By Theorem 3, it follows that f(A) € MG(Y). So, f(A),B € MG(Y).
Suppose f(A)o B € MG(Y). Then

Crayov) = Ciray-1o-1(y)
C(Bof(ay-1(v)
= Cposa)(y)Vy €Y.

Conversely, suppose f(A)o B = Bo f(A). Then

Cirayon)1(¥) = Craofcay-1(y)
C(say)-10B-1(Y)
= Ciapsy)Vy €Y,

and

Clr(a)oB)o(f()oB)Y) = Crayo(Bof(A))oB(Y)
Cr(a)o(f(A)oB)oB(Y)
Cs(a)of(A)o(BoB) (Y)
= Cruypplz)Vy €Y.

Hence, f(A) o B € MG(Y) by Propositions 1, 2 and 3.

(ii) Combining Propositions 1, 2 and 3, Definition 10, Theorem 3 and (i), the proof
follows. O
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