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A New Characterization of Curves
in Euclidean 4-Space E*

Giinay Oztiirk, Selin Giirpmar, Kadri Arslan

Abstract. In the present study, we characterize a regular curve whose position
vector can be written as a linear combination of its Serret-Frenet vectors in Euclidean
4-space E*. We investigate such curves in terms of their curvature functions. Further,
we obtain some results of T-constant, N-constant and constant ratio curves in E*.
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1 Introduction

Let z : I ¢ R — E* be a unit speed curve in Euclidean 4-space E*. Let us
denote T'(s) = a'(s) and call as a unit tangent vector of z at s. We denote the
first Serret-Frenet curvature of x by k1(s) = [[2”(s)||. If k1(s) # 0, then the unit
principal normal vector Nj(s) of the curve x at s is given by Nj(s) + k1(s)T'(s) =
k2(s)Na(s), where ko is the second Serret-Frenet curvature of z. If ka(s) # 0,
then the unit second principal normal vector Na(s) of the curve z at s is given by
Ni(s) + k2(s)N1(s) = k3(s)N3(s), where k3 is the third Serret-Frenet curvature of
x. Then we have the Serret-Frenet formulae (see [12]):

T'(s) = ri(s)Ni(s),

Ni(s) = —r1(s)T(s) + r2(s)Na(s), (1)
Ny(s) = —ra(s)Ni(s) + r3(s)N3(s),

Ni(s) = —ra(s)Na(s).

If the Serret-Frenet curvatures k1(s), k2(s) and k3(s) of x are constant functions
then x is called a screw line or a helix [11]. Since these curves are the traces of
1-parameter family of the groups of Euclidean transformations, F. Klein and S. Lie
called them W-curves [20]. If the tangent vector 1" of the curve x makes a constant
angle with a unit vector U of E* then this curve is called a general helix (or inclined
curve ) in E* [22]. It is known that a regular curve in E" is said to have constant
curvature ratios if the ratios of the consecutive curvatures are constant [21]. The
Frenet curves with constant curvature ratios are called ccr-curves [22]. We remark
that a regular curve in E* is a ccr-curve if Hy(s) = "L(s) and Hs(s) = 12(s) are
constant functions.
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Rectifying curves in Euclidean 3-space E* are introduced by B. Y. Chen in [4]
as space curves whose position vector (denoted also by z) lies in its rectifying plane,
spanned by the tangent and the binormal normal vector fields T'(s) and Na(s) of the
curve. In the same paper, B. Y. Chen gave a simple characterization of rectifying
curves. In particular, it is shown in [8] that there exists a simple relation between
rectifying curves and centrodes, which play an important role in mechanics kinemat-
ics as well as in differential geometry in defining the curves of constant procession. It
is also provided that a twisted curve is congruent to a non-constant linear function
of s [4]. Further, in the Minkowski 3-space E3, the rectifying curves are investigated
in [10,15,16]. In [16] a characterization of the spacelike, the timelike and the null
rectifying curves in the Minkowski 3-space in terms of centrodes is given.

For a unit speed regular curve x : I C R — E*, the hyperplanes at each point of
x(s) which are spanned by {T, N1, N3} , {T, N2, N3} are known as the first osculating
hyperplane and the second osculating hyperplane, respectively. If the position vector
x lies on its first (resp. second) osculating hyperplane then x(s) is called osculating
curve of first (resp. second) kind. In [17], Ilarslan and Nesovic considered the
rectifying curve in Euclidean 4-space E*. They characterized the rectifying curves
given by the equation

2(s) = A(s)T(s) + p(s)Na(s) + v(s) N3(s), (2)

for some differentiable functions A(s), u(s) and v(s). Actually, these curves are os-
culating curves of second kind. Further, in the Minkowski 4-space E{, the rectifying
curves are investigated in [1,18,19]. Recently, quaternionic rectifying curves in the
semi-Euclidean space Ej have been considered in [9].

For a regular curve z(s), the position vector x can be decomposed into its tan-
gential and normal components at each point, i.e., z = 27 + 2. A curve x(s) with
k1(s) > 0 is said to be of constant ratio if the ratio HxTH : HxNH is constant on x(I)
where HxTH and H:UN H denote the length of 27 and 2V, respectively [2].

Clearly a curve z in E" is of constant ratio if and only if 27 = 0 or Ha: ||| is
constant [2]. The distance function p = ||z|| satisfies ||gradp|| = ¢ for some constant
c if and only if we have Ha:TH = c||z||. In particular, if ||gradp| = c then ¢ € [0, 1].
In [4], B. Y. Chen gave a classification of constant ratio curves in Euclidean space. A
curve in E" is called T-constant (resp. N-constant) if the tangential component 7
(resp. the normal component z™V) of its position vector x is of constant length [3,6].
Recently the present authors have studied curves with constant ratio in Euclidean
3-space E? in [13]. For more details see also [5,7].

In the present study, we give a generalization of rectifying curves in Euclidean
4-space E*. First of all, we consider a regular curve in Euclidean 4-space E* as a
curve whose position vector satisfies the parametric equation

|

x(s) = mo(s)T(s) +mi(s)N1(s) + ma(s)Na(s) + ms(s)Ns(s), (3)

for some differentiable functions m;(s), 0 <1 < 3. Next, we characterize osculating
curves of first and second kind in terms of their curvature functions 1(s), k2(s) and
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k3(s). We give necessary and sufficient conditions for the curves given with the
parametrization (3) to become W-curves. Furthermore, we obtain some results for
these types of curves to become ccr-curves. Finally, we consider T-constant and N-
constant curves in E*. Moreover, we obtain some explicit equations of constant-ratio
curves in E4.

2 Characterization of Curves in E*

In the present section, we consider unit speed curves with Serret-Frenet curva-
tures k1(s) > 0, ka(s), and k3(s). By definition of the position vector of the curve
(also defined by ), it satisfies the vectorial equation (3) for some differentiable func-
tions m;(s), 0 < ¢ < 3. By taking the derivative of (3) with respect to arclength
parameter s and using the Serret-Frenet equations (1), we obtain

'(s) = (mg(s) — r1(s)ma(s))T(s)

+(m(s) + K1(s)mo(s) — ra(s)ma(s))Ni(s) (4)
+(mi(s) + ra(s)mi(s) — r3(s)ma(s))Na(s)
+(m3(s) + ka(s)ma(s)) N3 (s).

It follows that

m6 — RKR1my =

—~
ot
N—

/
mi + K1mo — KeMg =

/
My + KoM — K3mz =

o o o =

mg + K3mo =
The following result explicitly determines the W-curves in E4.

Theorem 1. Let x: I C R — E* be a reqular curve given with the parametrization
(3). If x is a W-curve of E* then the position vector x is given by the curvature
functions

—As As —us s
—c1e” % + coe —cze M5 4 cyet
mo(s) = ki < : A & ) + ¢o,
A I
_ —As As —pus ws 1
mi(s) = cre” ™ + ce™ + cze™H + cqe? — — (6)
1
1 22 2 2 2
ma(s) = — <( * Hl) (—cle_)‘s +026’\s) + <M> (—036_“S + 046"5)>
Ko A n
R1

+—=co
K2
ms(s) = —I€3/m2(8)d8

where ¢; (0 <i < 4) are integral constants and

vV —2a — 2va? — 4b
2 b

A =
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vV —2a +2va2 — 4b
2 )
a = H%+Ii%+l€§,

2.2
b == K/l K/3,
are real constants.

Proof. Let = be a regular W-curve in E*, then by the use of the equations (5) we
get

/

my = kKimy+ 1,
2 /

my = komgy — K1 (kimy + 1), (8)
"o 2 /

my = —K3mg — Komj,

In particular, one can show that the system of equations (8) has a non-trivial
solution (6). Thus, the theorem is proved. O

2.1 Osculating curve of first kind in E*

Definition 1. Let z : I C R — E* be a regular curve in E* given with the arclength
parameter s. If the position vector z lies in the hyperplane spanned by {7, N1, N3}
then z is called an osculating curve of first kind in E*.

Assume that 2 : I ¢ R — E* is an osculating curve of first kind in E* given
with the arclength parameter s. By definition the curvature function msy vanishes
identically. So, from (5) we get

‘ =1
mg—k1myp = )
/
mi+kKk1mg = 0, (9)
KoM — K3ms3 = 0,
m3 = ¢C,
and therefore
—cH]),
mo = )
K1
mp = CHQ, (10)
m3 = C,

where Hy(s) = 22(s) and ¢ € R is a real constant. So, the position vector of x is
given by

z(s) = C{HéT(S) + HyNy(s) —|—N3(s)}. (11)

K1

By the use of (9) with (10) we obtain the following result.
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Lemma 1. Let x : I C R — E* be a unit speed in E*. Then, = is congruent to an
osculating curve of first kind if and only if

HL\'
(C 2) +erHy+1=0 (12)
K1

holds, where Ha(s) = {2(s) and c € R.
As a consequence of (12), we obtain the following result.

Theorem 2. Let z : I C R — E* be a reqular curve congruent to an osculating
curve of first kind. If x is a ccr-curve then
~1
H2 =
CR1
vhere ¢ = mg is a real constant.
Moreover, if two of the curvature functions are constant, we may consider the
following cases.
Suppose that x1(s) = constant > 0, k2(s) = constant # 0, and k3(s) is a non-
constant function. By the use of (12), we obtain the differential equation
cry(s) + chira(s) + Kika = 0, (13)
which has a non-trivial solution

K .
k3(s) = —ﬁ + ¢1cos(K18) + cosin (K1$) .

Similarly, assume that x1(s) = constant > 0, k3(s) = constant # 0, and ka(s) is
a non-constant function. Then the equation (12) implies the differential equation

() e "

Thus, the differential equation (14) has a non-trivial solution of the form

Ko(s) =

CR1Rk3

c1K3 cos (K18) — cokgsin (k18) — 1
Summing up these calculations, we obtain the following result.

Theorem 3. Let z: I C R — E* be a unit speed curve in E*. Then x is congruent
to an osculating curve of first kind if
i) k1(s) = constant > 0, ka(s) = constant # 0, and

K .
k3(s) = —i + c1 cos (k15) + cgsin (K1$) ,

it) k1(s) = constant > 0 , k3(s) = constant # 0, and

CR1R3

ria(s) = c1k3 cos (K18) — cakgsin (k1s) — 1

where Ha(s) = £2(s) and ¢,c1 and co € R.

K2
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2.2 Osculating curve of second kind in E*

Definition 2. Let  : I C R — E* be a regular curve in E* given with the arclength
parameter s. If the position vector z lies in the hyperplane spanned by {7, No, N3}
then z is called an osculating curve of second kind in E*.

In [17] K. Harslan and E. Nesovic considered the osculating curves of second
kind in E*. Observe that they called them rectifying curves in E*. It means that the
curvature function m; vanishes identically. So, from (5) we get

my = 1,
RoMmg — K1y = 0,
my — kgms = 0, (15)
my + kgmg = 0,
and therefore
mog = s+b,
mo = (S%b)Hl, (16)
1
ms = ;{(S+b)H{+H1},
3

where Hj(s) = {1(s) is the first harmonic curvature of 2 and b € R. So, the position

vector of x is given by

(s+b)H| + H;
K3

z(s) = (s+b)T(s)+ (s +b)H1Ni(s) + Ns(s). (17)

By the use of (9) with (10) we obtain the following result.

Theorem 4. Let z : I C R — E* be a unit speed curve in E*. Then, x is congruent
to an osculating curve of second kind if and only if

{(S—l—b)H{-i-Hl

K3

}/+/<;3(s+b)H1 =0 (18)

holds, where Hi(s) = {L(s), b € R.
In [17] K. Harslan and E. Nesovic gave the following result.

Theorem 5. [17] There is no osculating curve of second kind with non-zero constant
curvatures k1(s), k2(s) and k3(s).

As a consequence of (18) we obtain the following result.

Theorem 6. Let x : I ¢ R — E* be a regular curve congruent to an osculating
curve of second kind. If x is a ccr-curve then

— ¥l
53(8) - m’ (19)

where b, c € R.
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Proof. Let x be an osculating curve of second kind. If x is a ccr-curve then by

definition, the curvature functions Hi(s) = ;I and Ha(s) = ;2 are constant. So, by

the use of (18) one can get
rh(s) + (s +b)r3(s) = 0 (20)
which has a nontrivial solution (19). O

As a consequence of differential equation (18) one can get the following solutions
as in the previous section.

Corollary 1. Let x : I C R — E* be a unit speed curve in E*. Then x is congruent
to an osculating curve of second kind if
i) k1(s) = constant > 0, ka(s) = constant # 0, and k3(s) =

[17]),

i) ka(s) = constant # 0, k3(s) = constant # 0, and

1 (see
‘\/ c1 —82—2115‘

k1(s) = 7 (cosin (k3s) + ¢ cos (k3s)) ,

s+
it1) k1(s) = constant > 0, k3(s) = constant # 0, and

(s +b) k1
c1 cos (k1s) — cosin (k18)’

Ka(s) =
where c1, ca and b € R.

2.3 T-constant curves in E*

Definition 3. Let z : I C R — [E” be a unit speed curve in E™. If HxT is constant

then x is called a T'-constant curve. For a T-constant curve z, either xTH =0or
|zT|| = A for some non-zero smooth function A (see [3,6]). Further, a T-constant
curve zx is called of first kind if Ha:TH = 0, otherwise of second kind.

As a consequence of (5), we get the following results.

Theorem 7. Let x : I C R — E* be a unit speed curve in E* given with the
parametrization (5).Then x is a T-constant curve of first kind if and only if

!/

(R/), R

H>R' " =0. 21

o R+ o T 0 (21)
where Ha(s) = 22(s) and —mq(s) = R(s) = ml(s) is the radius of the curvature of

K2
the curve x.
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Proof. Let z be a T-constant curve of first kind, then from (5) we get

1 _omj _ mh 4 mika
mp=——, My=—", M3 = —""—.
K1 K2 K3
Further, substituting these values into m4 + k3mg = 0 we get the result. O

Remark 1. Any unit speed regular curve in E* satisfying the equality (21) is a
spherical curve lying on a sphere S(r) of E4. Thus every T-constant curves of first
kind are spherical.

The following theorem characterizes T-constant curve of second kind in E%.

Theorem 8. Let © : I C R — E* be a unit speed curve in E* given with the
parametrization (5).Then x is a T-constant curve of second kind if and only if

!/

<H1m0 - *) R
/ 2 _
H, (mmo — R) + 5—3 - FQ =0, (22)

where mg € R, Hi(s) = 71(s), Ha(s) = {2(s) and —mi(s) = R(s) = 11 is the

K2
radius of the curvature of the curve x.

Proof. Let 2 be a T-constant curve of second kind, then from (5) we get

1 _ my 4 kimg _ mb+mika
mp=—— Mma2= , M3 = .
K1 K9 K3
Further, substituting these values into m4 + k3mg = 0, we get the result. O

The following result explicitly determines the T-constant W-curves of second
kind in E4.

Corollary 2. Let x : I C R — E* be a reqular T-constant curve of second kind in
E*. If x is a W-curve of E*, then the position vector x has the parametrization

x(s) = AT — RNy + Hi ANy + (bs + ¢) N3,

where R = Hil, H, = =L ¢ is integral constant, b = —Hik3A and X € R.

?2)
The following result provides a simple characterization of T-constant curve of
second kind in E*.

Theorem 9. Let z : I C R — E* be a T-constant curve of second kind. Then the
distance function p = ||z|| satisfies

p==1V2As+ec. (23)

for some real constants ¢ and A = my.

Proof. Differentiating the squared distance function p? = (x(s),x(s)) and using (3)
we get pp’ = mg. If x is a T-constant curve of second kind then by definition, the
curvature function mg(s) of x is constant. It is easy to show that this differential
equation has a nontrivial solution (23). O
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2.4 N-constant curves in E*

Definition 4. Let x : I C R — E™ be a unit speed curve in E”. If HxNH is constant

then x is called an N-constant curve. For an N-constant curve x, either HxN H =0or
H:L‘N H = p for some non-zero smooth function u (see [3,6]). Further, an N-constant
curve z is called of first kind if Ha:N H = 0, otherwise of second kind.

So, for an N-constant curve z in E*

|2V ()]

becomes a constant function. Therefore, by differentiation
mimy + mamy + mgm;, =0. (25)
For the N-constant curves of first kind we give the following result.

Proposition 1. Let z : I ¢ R — E* be a unit speed curve in E*. Then x is an
N -constant curve of first kind if and only if xz(I) is an open portion of a straight
line through the origin.

Proof. Suppose that z is an N-constant curve of first kind in E*, then by definition
|2 (s)|| = p = 0. Further, differentiating x(s) = mg(s)T(s) and using the Frenet
equation (1) we get k1 = 0. O

Further, for the V-constant curves of second kind, we obtain the following results.

Theorem 10. Let z(s) € E* be a unit speed regular curve that fully lies in B*. If
x is an N-constant curve of second kind, then the position vector x of the curve has
the parametrization

(s+0b)Hi + H;
K3

2(s) = (s + B) T(s) + (s + b) HNa(s) + Na(s),  (26)

where Hy(s) = {1(s), b € R.

Proof. Suppose that z is an N-constant curve of second kind in E*, then from
the equations in (5) and (25) we get m1 = 0, mo(s) = s+ b, ma(s) = £L(s)mo
my(s)

and mg(s) = for some constant function b. This completes the proof of the
k3(s)
theorem. ]

Corollary 3. Every N-constant curve of second kind in E* is an osculating curve
of second kind.

The following result provides a simple characterization of N-constant curve of
second kind in E*.
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Theorem 11. Let x : I C R — E* be an N-constant curve of second kind. Then
the distance function p = ||z|| satisfies

p=TFVs>+2bs+d (27)

for some constant functions b, d.

Proof. Differentiating the squared distance function p? = (x(s), z(s)) and using (3)
we get pp’ = mg. If x is an N-constant curve of second kind then from the previous
theorem mg(s) = s+ b. It is easy to show that this differential equation has a
nontrivial solution (27). O

Definition 5. Let z : I C R — E™ be a unit speed regular curve in [£”. Then the
position vector x can be decomposed into its tangential and normal components at
each point:

x:xT—i-a:N.

If the ratio HmTH : H:L’NH is constant on x(I) then z is said to be of constant ratio,
or equivalently ||z|| : ||z|| = ¢ =constant [2].
For a unit speed regular curve x in E", the gradient of the distance function

p = ||z(s)|| is given by

< x(s),2'(s) >

[z (s)

gradp = @f(s) =

- T(s), (28)

where T is the tangent vector field of z.
The following results characterize constant-ratio curves.

Theorem 12. [7] Let v : I C R — E" be a unit speed regular curve in E". Then x
is of constant ratio with HxTH s ||lz|| = ¢ if and only if ||gradp|| = ¢ which is constant.
In particular, for a curve of constant ratio we have ||gradp|| = ¢ < 1.

As a consequence of (28) we obtain the following result.

Corollary 4. Let x : I C R — E” be a unit speed reqular curve in E™. If x
is of constant ratio then the distance function p = ™2, where ||gradp| = ¢ and

C )
mo =< z(s),2'(s) > .

Theorem 13. [7] Let x : I C R — E" be a unit speed regqular curve in E™. Then
llgradp|| = ¢ holds for a constant ¢ if and only if one of the following three cases
oceurs:

(i) ||gradp|| = 0 <= x(I) is contained in a hypersphere centered at the origin.

(ii) ||gradp|| = 1 <= x(I) is an open portion of a line through the origin.

(i) ||gradp|| = ¢ <= p = ||z(s)|| = ¢s, for c € (0,1).

The following result provides some simple characterization of T-constant and
N-constant curves in E*. Observe that this result is also valid in 3-dimensional case
(see [13]).
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Corollary 5. Let 2 : I C R — E* be a unit speed regular curve in E*. Then up to
a translation of the arc length function s, we have

i) If © is a T-constant curve of first kind then ||gradpl|| = 0,

it) If x is an N-constant curve of first kind then ||gradp|| = 1,

i) If x is a T-constant curve of second kind then p?> = mgs + b,

i) If z is an N-constant curve of second kind then p* = (s + a)2 +my,
where mg, m1,a, b are real constants.
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