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1 Introduction

The notion of a quasi-ideal was firstly introduced for semigroups in [15] and for
rings in [16] by Steinfeld. Iseki in [6] discussed some characterizations of quasi-
ideals for a semiring without zero. Using quasi-ideals, Shabir, Ali, Batool in [14]
characterize a class of semirings. Chinram in [2] generalizes the concept of a quasi-
ideal to a I'-semigroup and discussed some of its properties. Also in [1] Chinram gave
some different characterizations of quasi-ideals in a I'-semiring while the concept of a
I-semiring was coined by Rao in [13]. The authors studied quasi-ideals and minimal
quasi-ideals in I'-semirings in [7] and quasi-ideals in regular I'-semirings in [8].

The notion of a bi-ideal was first introduced for semigroups by Good and Hughes
in [4]. The concept of a bi-ideal for a ring was given by Lajos [9] . Also in [10,11]
Lajos discussed some characterizations of bi-ideals in semigroups. Shabir, Ali, Batool
in [14] gave some properties of bi-ideals in a semiring.

The concept of a regular ring was introduced by J. von Neumann in [12] and
he gave the definition of a regular ring as follows: a ring R is regular if for any
b € R there exists x € R such that b = bxb. Analogously the concept of a regular
semigroup was introduced by Green in [5] and a regular semiring was introduced by
Zelznikov [17]. This concept of regularity was extended to a I'-semiring by Rao [13]
and wos studied by Dutta and Sardar in [3].

In this paper efforts are made to prove various characterizations of a regular
I'-semiring, intra-regular I'-semiring and a duo I'-semiring by using ideals, interior-
ideals, quasi-ideals and bi-ideals of a I'-semiring.

2 Preliminaries

First we recall some definitions of the basic concepts of I'-semirings that we need
in sequel. For this we follow Dutta and Sardar [3].

© R.D. Jagatap, Y.S. Pawar, 2017



4 R.D. JAGATAP, Y.S. PAWAR

Definition 1. Let S and I' be two additive commutative semigroups. S is called a
I'-semiring if there exists a mapping S xI' x .S — S denoted by aab for all a,b € S
and « € I' satisfying the following conditions:

(i) aa (b+ ¢) = (aab) + (acc),

(ii) (b + ¢) aa = (baa) + (caa),

(iii) a(a + B)c = (aac) + (afc),

(iv) aa (bfc) = (aad) fe ; for all a,b,c € S and for all a, 3 € T.

Definition 2. An element 0 € S is said to be an absorbing zero if 0aa = 0 = aa0,
anda+0=0+a=aforallae Sand aeT.

Definition 3. A non-empty subset T of a I'-semiring S is said to be a sub-I'- semiring
of S if (T,+) is a subsemigroup of (S,+) and aab € T for all a,b € Tand o €T

Definition 4. A non-empty subset T of a I'-semiring S is called a left (respectively
right) ideal of S if T is a subsemigroup of (S,+) and zaa € T (respectively aax € T)
forallaeT, r€ S and a €T

Definition 5. If T is both left and right ideal of a I'-semiring S, then T is known
as an ideal of S.

A quasi-ideal () in a I'-semiring S is defined as follows.

Definition 6. A subsemigroup @ of (S, +) is a quasi-ideal of S if (ST'Q)N(QT'S) C
Q.

Example. Consider a I'-semiring S = Mayx2(Ny), where Ny denotes the set of nat-
ural numbers with zero and I'= S. Define AaB= usual matrix product of A, o and
B; for all A,a,B €S. Then

Q= {( g 8 > | a € No} is a quasi-ideal of a I'-semiring S.

Definition 7. A non-empty subset B of a I'- semiring S is a bi-ideal of a I'-semiring
S if B is a sub-I"-semiring of S and BI'STB C B.

Example. Let N be the set of natural numbers and I' = 2N. Then N and I" both
are additive commutative semigroups. An image of a mapping N xI'x N — N is
denoted by aab and defined as aab = product of a, a, b, for all a,b € S and o € T'.
Then N forms a I'-semiring. B = 3N is a bi-ideal of N.

Now we define a generalized bi-ideal and an interior-ideal of a I'- semiring S.

Definition 8. A non-empty subset B of a I'- semiring S is a generalized bi-ideal
of a I'- semiring S if BI'ST'B C B.

Definition 9. A non-empty subset I of a I'- semiring S is an interior-ideal of a I'-
semiring S if [ is a subsemigroup of S and STIT'S C I.
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Proposition 1. For each non-empty subset X of a I'- semiring S the following
statements hold.

(i) STX is a left ideal of S.

(ii) XT'S is a right ideal of S.

(iii) STXTS is an ideal of S.

Proposition 2. If S is a I'- semiring S and a € S, then the following statements
hold.

(i) STa is a left ideal of S.

(ii) al'S is a right ideal of S.

(iii) STal'S is an ideal of S.

Now onwards S denotes a I'-semiring with absorbing zero unless otherwise stated.

3 Regular I'-Semiring

An element a of a I'-semiring S is said to be regular if a € al'STa.
If all elements of a I'-semiring .S are regular, then S is known as a regular I'-semiring.
The following theorem was proved in [8] by the authors.

Theorem 1. In S the following statements are equivalent.
(1) S is regular.
(2) For every left ideal L and a right ideal R of S, RI'L = RN L.
(3) For every left ideal L and a right ideal R of S,
(i) R* = RTR = R,
(ii) L> = LTL = L,
(i1i) RUL = RN L is a quasi-ideal of S.
(4) The set of all quasi-ideals of S is a regular T'-semigroup.
(5) Every quasi-ideal of S is of the form QT'STQ = Q.

Theorem 2. The following statements are equivalent in S.
(1) S is regular.

(2) For any bi-ideal B of S, BI'STB = B.

(8) For any quasi-ideal Q of S, QI'STQ = Q.

Proof. (1) = (2) Let B be a bi-ideal of S and b € B. As S is regular, b € bI'STb C
BI'ST'B. Therefore B C BI'ST'B. Hence B = BI'ST' B.

(2) = (3) As every quasi-ideal is a bi-ideal, implication (2) = (3) holds.

(3) = (1) Let R be a right ideal and L be a left ideal of S. Then RN L is a quasi-
ideal of S. Hence by assumption RNL = (RN L)I'ST (RNL)C (RI'S)T'L C RT'L.
Therefore RN L = RI'L. Thus S is a regular I'-semiring by Theorem 1. O

Theorem 3. In S the following statements are equivalent.

(1) S is regular.

(2) For every bi-ideal B and an ideal I of S, BN I = BTIT'B.
(3) For every quasi-ideal @ and an ideal I of S, @ NI = QT'ITQ.
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Proof. (1) = (2) Let B be a bi-ideal and I be an ideal of S. Now BTIT'B C
BI'ST'B C B and BI'IT'B C I. Therefore BI'IT'B C BNI. For the reverse inclusion,
let a € BNI. As S is regular, a € al'STa . Then al'STa C (al'STa)['STal'STa) C
(BT'STB)I'(STIT'S)I'B C BT'IT'B. Therefore a € QI'IT'Q). Hence we have BN I C
BI'IT'B. Thus we get BI'ITB=BnNI.

(2) = (3) Implication follows as every quasi-ideal of S is a bi-ideal.

(3) = (1) Let R be a right ideal and L be a left ideal of S. Then by assumption we
have, R=RNS = RI'STR C RTR and LNS = LI'STL C LT'L. Also RNL = RI'L
is a quasi-ideal of S. Hence by Theorem 1, S is a regular I'-semiring. O

Proof of the following theorem is straightforward.

Theorem 4. In S the following statements are equivalent.

(1) S is regular.

(2) For every bi-ideal B and a left ideal L of S, BN L C BT'L.

(8) For every quasi-ideal Q and a left ideal L of S, QN L C QT'L.

(4) For every bi-ideal B and a right ideal R of S, BN R C RI'B.

(5) For every right ideal R and a quasi-ideal Q of S, RNQ C RT'Q.

(6) For every left ideal L, every right ideal R and every bi-ideal B of S,
LNRNBC RI'BTL.

(7) For every left ideal, every right ideal R and every quasi-ideal @ of S, LNRNQ C

RTQTL.

Theorem 5. In S the following conditions are equivalent.

(1) S is regular.

(2) INQ =QTITQ, for an ideal I and a quasi-ideal Q of S.

(3) INQ = QTITQ, for an interior ideal I and a quasi-ideal Q of S.

Proof. (1) = (2) Let @ be a quasi-ideal and I be an ideal of S. Now QT'IT'Q C
QLUSTQ C QTS by Proposition 1. Similarly we get QI'IT'Q C ST'Q. Therefore
QTITQ C (STQ)N(QTS) C Q, since Q is a quasi-ideal. Also QT'ITQ C I as I is an
ideal. Therefore QT'IT'Q) € QNI. For the reverse inclusion, let a € QNI. As S is reg-
ular, a € al'ST'a. We have a € (aI'STa) I'ST (al'STa) C (QT'STQ) T'(STITS)I'Q C
QIITQ. Hence QNI C QI'ITQ. Therefore QI'ITQ = Q N 1.

(2) = (1) Let @ be a quasi-ideal of S. By (2), QI'STQ = QNS. Hence QI'STQ = Q.
Therefore S is regular by Theorem 2.

(1) = (3) Let @ be a quasi-ideal and I be an interior ideal of S. Now QT'IT'Q C
QLSTQ C QTI'S by Proposition 1. Similarly we get QI'IT'Q C ST'Q. Therefore
QTITQ C (STQ)N(QTS) C Q. Also QT'IT'Q C I as I is an interior ideal. Therefore
QUITQ C @NI. For the reverse inclusion, let a € @QNI. As S is regular, a € al'STa.
Therefore a € (aI'STa) ['ST (aI'STa) C (QT'STQ)T'(STITS)I'Q C QTITQ. There-
fore QNI C QTIT'Q. Hence QUT'ITQ =Q N 1.

(3) = (1) Let @ be a quasi-ideal of S. By (3), QI'STQ = @NS. Hence QI'STQ = Q.
Hence by Theorem 2, S is regular. O
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Theorem 6. In S the following statements are equivalent.

(1) S is regular.

(2) QN L C QTL, for a quasi-ideal Q and a left ideal L of S.
(3) QN R C RT'Q, for a quasi-ideal Q and a right ideal R of S.

Theorem 7. S is regular if and only if RNQ N L C RIUQTL, for a right ideal R,
quasi-ideal Q@ and a left ideal L of S.

Proof. Suppose that S is a regular I'-semiring. Let R be a right ideal, ) be a quasi-
ideal and L be a left ideal of S. Let a € RNQ N L. As S is regular, a € al'STa.
Therefore a € (aI'STa) 'STa C (RT'S)T'QI (STL) C RT'QT'L. Hence RNQNL C
RI'QT' L. Conversely, let R be a right ideal and L be a left ideal of S. By assumption
RNSNLC RI'STL. Therefore RN L C RI'L. Thus we have RN L = RT'L. Hence
S is regular by Theorem 1. O

4 Intra-regular I'-semiring

Now we give the definition of an intra-regular I'-semiring.

Definition 10. A I'-semiring S is said to be an intra-regular I'-semiring if for any
xe S, re STal'z2l’S.

Theorem 8. S is intra-regular if and only if each right ideal R and left ideal L of
S satisfy RNL C LI'R.

Proof. Suppose that S is an intra-regular I'-semiring and R and L be a right ideal
and a left ideal of S respectively. Let a € RNL. As S is intra-regular, a € STal'al’S.
Now STal'al'S = (STa) I'(aI'S) C (STL)T'(RT'S) C LT'R. Therefore RN L C LI'R.
Conversely, for a € S, (a); = Noa + STa, (a), = Noa + al'S. By assumption
(a),N(a); € (a),I'(a),. Then (a), N (a); C (a),I'(a), = (Noa + STa)I' (Noa + al'S).
Also by assumption we have (a), € ST'a + STal'S and (a), C al'S + STal'S.
Hence we have (a), C ST'a + STaI'S C STal'al'S. Therefore we get a € ST'al'al'S.
Thus any a € S is an intra-regular element of S. Therefore S is an intra-regular

I'-semiring. O

Theorem 9. In S the following statements are equivalent.

(1) S is intra-regular.

(2) For bi-ideals By and By of S, B1 N By C ST'B1I'BoT'S.

(8) For every bi-ideal B and a quasi-ideal Q of S, BN Q C (STRTBILS) N
(STBI'QIS).

(4) For every quasi-ideals Q1 and Q2 of S, @1 N Q2 C STQ,I'QT'S.

Proof. (1) = (2) Suppose that S is intra-regular. Let By and B be bi-ideals of S.
Let a € BiNBsy. As Sisintra-regular, a € ST'al'al’'S. a € STal'al'S C ST B1I'BsI'S.
Therefore B1 N By C ST'B1I'B,T'S.

(2) = (3), (3) = (4) Implications follow as every quasi-ideal is a bi-ideal.
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(4) = (1) Let L be a left ideal and R be a right ideal of S. Then R and L both are
quasi-ideals of S. By (4), RN L C STLT'RI'S = (STL)T' (RT'S) C LT'R. Therefore
we get RN L C LI'R . Thus by Theorem 8, S is an intra-regular I'-semiring.

Thus we have proved (1) = (2) = (3) =(4) = (1). O

Theorem 10. In S the following statements are equivalent.

(1) S is intra-regular.

(2) For a left ideal L and a bi-ideal B of S, LN B C LT'BT'S.

(3) For a left ideal L and a quasi-ideal Q of S, LNQ C LT'QTS.
(4) For a right ideal R and a bi-ideal B of S, RN B C STBT'R.
(5) For a right ideal R and a quasi-ideal Q of S, RN Q C STQTR.

Proof. (1) = (2) Suppose that S is intra-regular. Let L be a left ideal and B be a
bi-ideal of S. Let a € BN L. As S is intra-regular, a € ST'al'al’'S. a € STal'al'S C
STLT'BI'S C LI'BT'S. Hence BNL C LI'BT'S.

(2) = (3), (4) = (5) As every quasi-ideal is a bi-ideal, implications follow.

(3) = (1) Let L be a left ideal and R be a right ideal of S. Then R is a quasi-ideal
of S. By (3), RNL C LTRT'S C LT'R. Therefore we get RN L C LT'R . Thus by
Theorem 8, S is an intra-regular I'-semiring.

(1) = (4) Suppose that S is intra-regular. Let R be a right ideal and B be a bi-ideal
of S. Let a € BN R. As S is intra-regular, a € ST'al'al’S. Hence a € STal’'al'S C
ST'BT'RI’S € ST BT'R. This shows that BN R C STBI'R.

(5) = (1) Let L be a left ideal and R be a right ideal of S. By (5), RNL C STLI'R C
LT'R, since L is a quasi-ideal of S. Therefore we get RN L C LI'R. This shows that
S is an intra-regular I'-semiring by Theorem 8. O

Theorem 11. In S the following statements are equivalent.

(1) S is intra-regular.

(2) KNBNR C KI'BI'R, for a bi-ideal B, a right ideal R and an interior ideal K
of S.

(3) IN BN R C IT'BT'R, for a bi-ideal B, a right ideal R and an ideal I of S.

(4) KNQNR C KTQTR, for a quasi-ideal Q, a right ideal R and an interior ideal
K of S.

(5) INQN R CITQTR, for a quasi-ideal Q, a right ideal R and an ideal I of S.

Proof. (1) = (2) Suppose that S is intra-regular. Let R be a right ideal, K be an
interior ideal and B be a bi-ideal of S. Let a € K N BN R. As S is intra-regular,
a € STal'al'S. Therefore a € STal'al'S C (STKT'S)T'BT' (RI'STS) C KT'BI'R .
Thus we have K " BN R C KI'BI'R.

(2) = (3), (4) = (5) As every ideal is an interior ideal, implications follow.

(2) = (4), (3) = (5) Clearly implications follow, since quasi-ideal is a bi-ideal.
(5)= (1) Let L be a left ideal and R be a right ideal of S. As L is a quasi-ideal of
S, by (5) we have SN LNRC STLI'R C LT'R. Therefore we have RN L C LI'R.
Hence by Theorem 8, S is an intra-regular I'-semiring. O
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Theorem 12. In S the following statements are equivalent.

(1) S is intra-regular.

(2) INBNL C LTBT'I, for a bi-ideal B, a left ideal L and an interior ideal I of S.
(3) INBNLC LTBTI, for a bi-ideal B, a left ideal L and an ideal I of S.

(4) INQNLC LTQTI, for a quasi-ideal Q, a left ideal L and an interior ideal I
of S.

(5) INQNLCLTQTI, for a quasi-ideal Q, a left ideal L and an ideal I of S.

Proof. (1) = (2) Suppose that S is intra-regular. Let L be a left ideal, I be an
interior ideal and B be a bi-ideal of S. Let a € IN BN L. As S is intra-regular,
a € STal'al'S. a € STal’'al'S C (ST'STL)I'BT (STIT'S) C LI'BT'I. Thus we have
INBNLCLIBII.

(2) = (3), (4) = (b) Clearly implications follow, since an ideal is an interior ideal.
(2) = (4), (4) = (5) As every quasi-ideal is a bi-ideal, implications follow.

(5) = (1) Let L be a left ideal and R be a right ideal of S. As right ideal R is a
quasi-ideal, and S itself is an ideal of S, SN RN L C LT'RT'S by (5). Therefore
LTRT'S C LTR. Thus we get RN L C LI'R. Therefore S is an intra-regular
I'-semiring by Theorem 8. O

5 Regular and Intra-regular I'-semiring

Theorem 13. For S the following statements are equivalent.

(1) S is reqular and intra-regular.

(2) Each right ideal R and left ideal L of S satisfy RN L = RI'L C LT'R.
(3) Each bi-ideal B of S satisfies B = B> = BI'B.

(4) Each quasi-ideal Q of S satisfies Q = Q* = QI'Q.

Proof. (1) < (2) Proof follows from Theorems 1 and 8.

(1) = (3) Suppose that S is regular and intra-regular. Let B be a bi-ideal of S.
Then B? = BI'B C B. For the reverse inclusion, let a« € B. As S is regular
and intra-regular, we have a € al'STa and a € STal'al'S. Hence a € al'STa C
al'ST (aI'STa) C al'ST (STal'al'S)TSTa C. (BU'STB)I(BTSTB) C BT'B. There-
fore B C BI'B. Thus we get B = BI'B = B2

(3) = (4) As every quasi-ideal is a bi-ideal, implication follows.

(4) = (1) Let L be a left ideal and R be a right ideal of S. Then RN L is a quasi-
ideal of S. By (4), RNL = (RNL)> = (RNL)I(RNL) C LTR. This shows
that S is an intra-regular I-semiring by Theorem 8. Similarly RN L = (RN L)% =
(RNL)T'(RNL) C RI'L. Hence we get RN L = RI'L. Therefore S is a regular
I'-semiring by Theorem 1. O

Theorem 14. In S the following statements are equivalent.

(1) S is regular and intra-regular.

(2) For bi-ideals By and By of S, B N By C (B1I'By) N (B2I'By).

(8) For every bi-ideal B and a quasi-ideal Q of S, BNQ C (QT'B) N (BTQ).
(4) For quasi-ideals Q1 and Q2 of S, Q1 N Q2 C (Q1I'Q2) N (Q2I'Q1).
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(5) For every quasi-ideal Q and a generalized bi-ideal G of S, GNQ C (GT'Q) N
(QTG).

(6) For every left ideal L and a bi-ideal B of S, BN L C (BT'L)N (LT'B).

(7) For every left ideal L and a quasi-ideal @ of S, QN L C (QT'L) N (LT'Q).

(8) For every right ideal R and a bi-ideal B of S, BN R C (BI'R) N (RI'B).

(9) For every quasi-ideal Q and a right ideal R of S, RNQ C (RT'Q) N (QTR).
(10) For every left ideal L and a right ideal R of S, RN L C (RT'L) N (LTR).

Proof. (1) = (2) Suppose that S is regular and intra-regular. Let By and Bo
be bi-ideals of S. Let a € By N By. As S is regular and intra-regular, a €
al’STa and a € STal'al'S. Hence a € al'STa C (al'STSTa)T (aI'ST'STa) C
(B\LST B;)T(B>I'STBy) C Byl Bo.

Similarly we can show that a € BoI'B;j. Therefore a € BN By implies a € B11'Bs
and a € Bol'B;. This gives B1 N By C (Berg) N (BQFBl)

(2) = (3), (3) = (4) Implications follow as every quasi-ideal is a bi-ideal.

(4) = (1) Let L be a left ideal and R be a right ideal of S. Then R and L both
are quasi-ideals of S. By (4) , RN L C (RI'L) N (LT'R). RN L C LI'R implies S
is an intra-regular I'-semiring by Theorem 8. Also RN L C RI'L. Therefore we get
RN L= RI'L. Hence by Theorem 1, S is a regular I'-semiring.

(1) = (5) Suppose that S is regular and intra-regular. Let G be a generalized
bi-ideal and @ be quasi-ideal of S. Let « € G N Q. As S is regular and intra-
regular, a € al'STa and a € STal'al'S. Therefore a € al'ST'a C al'ST (aI'STa) C
(al'STSTa) T (aI'STSTa) C (GLSTG)T(QTSTQ) C GI'Q. Hence a € GT'Q. Simi-
larly we can show that a € QI'G.Therefore a € GNQ implies a € GI'Q and a € QI'G,
which gives GNQ C (GT'Q) N (QT'G).

(5) = (1) Let L be a left ideal and R be a right ideal of S respectively. As R is a
generalized bi-ideal and L is a quasi-ideal of S, proof follows from (4) =(1).

(1) = (6) Suppose that S is regular and intra-regular. Let B be a bi-ideal and L
be a left ideal of S. Let a € BN L. As S is regular and intra-regular, a € al'STa
and a € STal'al'S. a € aI'STa C aI'ST (al'STa) C (al'ST'STa)I" (aI'ST'STa) C
(BI'STB)I'(STSTSTL) C BT'L. Therefore we get a € BI'L. Similarly we can show
that ¢ € LI'B. Therefore a € B N L implies a € BI'L and a € LI'B. Hence
BNLC (BLL)N (LTB).

(6) = (7) As every quasi-ideal is a bi-ideal, implication follows.

(7) = (1) Let L be a left ideal and R be a right ideal of S respectively. As R is a
quasi-ideal of S, proof follows from (4) = (1).

(1) = (8) Suppose that S is regular and intra-regular. Let R be right ideal
and B be a bi-ideals of S. Let « € BN R. As S is regular and intra-regular,
a € al'STa and a € STal'al'S. Therefore a € al'STa C al'ST(al'STa) C
(aI'STSTa) T (al'STSTa) C (BT'STB)I'(RI'STSTS) € BI'R. Therefore we get
a € BI'R. Similarly we can show that a € RI'B. Therefore a € B N R implies
a € BT'R and a € RT'B, which gives BN R C (BT'R) N (RI'B).

(8) = (9), (9) = (10) Implications follow as every left ideal is a quasi-ideal.
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(10) = (1) Let L be a left ideal and R be a right ideal of S. Proof follows from
(4) = (1). O

Theorem 15. In S the following statements are equivalent.

(1) S is reqular and intra-reqular.

(2) For bi-ideals By and Bz of S, B N By C (B1I'B5I'By) N (B2I'B1I'Bs).

(8) For a quasi-ideal Q and a bi-ideal B of S, QN B C (BT'QT'B) N (QT'BTQ).
(4) For quasi-ideals Q1 and Q2 of S, Q1 N Q2 C (Q1I'QI'Q1) N (Q2I'Q1T'Q2).
(5) For a bi-ideal B and a left ideal L of S, BN L C BI'LT'B.

(6) For a quasi-ideal Q and a left ideal L of S, QN L C QT LT'Q.

(7) For a bi-ideal B and a right ideal R of S, BN R C BI'RT'B.

(8) For a quasi-ideal Q and a right ideal R of S, @ N R C QT'RT'Q.

(9) For a quasi-ideal @ and a generalized bi-ideal G of S, @ NG C (QIT'GTQ) N
(GTQT'G).

Proof. (1)= (2) Suppose that S is regular and intra-regular. Let B; and B2 be bi-
ideals of S. Let a € By N By. As S is regular and intra-regular, a € al'ST'a and a €
STal'al'S. Hence a € aI'STa C al'ST'(al'STa) C (aI'STa)T (al'STa) T (aI'STa)
C (BTSTB)T (BsI'STBy) T (BiT'STB;) C BiTBsI'By. Therefore By N By C
B1I'BsI'By. In the same manner we can show that B N By C ByI'B1I'By. Thus we
get B1 N By C (BlPBQFBl) N (BQFBlFBQ).

(2)= (3), (3)= (4) Implications follow as every quasi-ideal is a bi-ideal.

(4) = (1) Let L be a left ideal and R be a right ideal of S. Then RN L is a quasi-
ideal of S. By (4), (RNL)N(RNL)C((RNL)T( RNL)T( RNL)) C LTRTR C
LT'R. Hence RN L C LI'R. This shows that S is an intra-regular I’-semiring by
Theorem 8. Also RN L C (RNL)T(RNL)T (RNL)) implies RN L C RTL.
Therefore RN L = RI'L. Thus S is a regular I'-semiring by Theorem 1.

(1)= (5) Suppose that S is regular and intra-regular. Let B be a bi-ideal and
L be a left ideal of S. Let a € BN L. As S is regular and intra-regular,
a € al'STa and a € STal'al'S. Therefore a € al'STa C aI'ST(al'STa) C
(aD'STa) T (STa) T (aT'STa) C (BTSTB)T (STL)T (BTSTB) C BTLTB. Hence
we have BN L C BI'LT'B.

(5) = (6) As every quasi-ideal is a bi-ideal, implication follows.

(6) = (7) Proof is similar to (4)= (1).

(1) =(7) = (8) = (1) can be proved similarly to (1) = (5) = (6) =(1). Proof of
(1) = (9) is similar to (1) = (2) and proof of (9) = (1) is parallel to (1) = (4) =
(1).

Thus we have shown that (1) = (2) = (3) =(4) = (1), (1) = (5) = (6) =(1) and
(1) = (7) = (8) = (1) and (1) = (9) =(1). 0

Theorem 16. In S the following statements are equivalent.

(1) S is reqular and intra-regular.

(2) BN RN L C BTRT'L, for a bi-ideal B, right ideal R and a left ideal L of S.
(3) QN RNL C QURTL, for a quasi-ideal Q, right ideal R and left ideal R of S.
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Proof. (1) = (2) Suppose that S is regular and intra-regular. Let B be a bi-ideal,
R be a right ideal and L be a left ideal of S. Let a € BN RN L. As S is regular and
intra-regular, a € al'STa and a € STal'al'S. Hence a € al'ST'a C aI'STal'STa) C
(aT'STSTa)T (aT'S)['STa) € (BI'STB)T (RI'S)T'STL) € BI'RTL. Therefore B N
RNLC BT'RTL.

(2) = (3) As every quasi-ideal is a bi-ideal, implication follows.

(3) = (1) Let L be a left ideal and R be a right ideal of S. As R is a quasi-
ideal and S itself a right ideal of S, by (3) we have RN SN L C RI'STL C RT'L.
Therefore RN L C RI'L. Thus we get RN L = RI'L. Hence S is a regular I'-
semiring by Theorem 1. Similarly L is a quasi-ideal and S itself a left ideal of S
gives LNRNS C LTRT'S C LTR by (3). Thus RN L C LT'R. This shows that S
is an intra-regular I'-semiring by Theorem 8. O

6 Duo I'-semiring
Now we define the notion of a duo I'-semiring as follows.

Definition 11. A T - semiring S is said to be a left (right) duo I' - semiring if every
left (right) ideal of S is a right (left) ideal.

A T -semiring S is said to be a duo I' - semiring if every one-sided ideal of S is
a two-sided ideal.
That is a '-semiring S is said to be a duo I'-semiring if it is both left duo and right
duo.

Theorem 17. If S is reqular, then S is left duo if and only if for any two left ideals
Aand B of S, AnB = AI'B.

Proof. Let S be a regular I'-semiring . Assume that S is left duo. Let A and B be
any two left ideals of S. As S is left duo, A is a right ideal of S. Then by Theorem
1, An B = AI'B. Conversely, suppose that the given condition holds. Let L be a
left ideal of S. Then by assumption LI'S = LN.S C L. This shows that L is a right
ideal of S. Therefore S is a left duo I'-semiring,. O

Proof of the following theorem is analogous to proof of Theorem 17.

Theorem 18. If S is regular, then S is right duo if and only if for any two right
ideals A and B of S, ANB = AI'B

Theorem 19. If S is reqular, then S is left duo if and only if every quasi-ideal of
S is a right ideal of S.

Proof. Let S be a regular I'-semiring. Suppose that S is left duo. Let @ be any
quasi-ideal of S. Then there exists a right ideal R and a left ideal L of S such that
@ = RN L. Therefore @ = RN L is a right ideal of S. Conversely, let L be a left
ideal of S. Then L is a quasi-ideal of S. Hence by assumption L is a right ideal of
S. Therefore S is a left duo I'-semiring. O
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Proofs of the following theorems are similar to proof of Theorem 19.

Theorem 20. If S is reqular, then S is right duo if and only if every quasi-ideal of
S is a left ideal of S.

Theorem 21. If S is reqular, then S is duo if and only if every quasi-ideal of S is
an ideal of S.

Theorem 22. If S is reqular, then S is duo if and only if every bi-ideal of S is a
ideal of S.

Theorem 23. In S the following conditions are equivalent.
(1) S is regular duo.

(2) INB = ITBII, for every ideal I and a bi-ideal B of S.
(8) INQ = ITQTI, for every ideal I and a quasi-ideal Q of S.

Proof. (1) = (2) Suppose that S is a regular duo I'-semiring. Let I be an ideal and
B be a bi-ideal of S. Then by Theorem 22, B is an ideal of S. Therefore I'BI'l C I
and IT'BI'I C B, since I and B are ideals of S. Hence IT'BI'l C I N B. For the
reverse inclusion, let @ € I N B. S is regular implies a € al'ST'a. a € al'STa C
al'STal'STa) C (IT'S)T'BT (STI) C ITBTI. Therefore I N B C ITBTI. Hence
INB=1II'BTI.

(2) = (3) As every quasi-ideal of S is a bi-ideal of S, implication follows.

(3) = (1) Let L be a left ideal and R be a right ideal of S. Hence SN L = STLT'S
and SN R = STRI'S by (3). Therefore L = STLT'S and R = ST'RI'S. Now
LTS = STLTSTS C STLT'S = L and STR = STSTRI'S C STRI'S = R. Hence
LTS C L and STR C R. This shows that L is a right ideal and R is a left ideal
of S. Therefore S is a duo I'-semiring by Definition 11. As S is a duo I'-semiring,
RNL=RTLTR by (3). RNL=RILI'R C RI'L. This shows that RN L = RI'L.
Hence by Theorem 1, S is regular. O

Theorem 24. If S is a I'- semiring then the following statements are equivalents.
(1) S is regular duo.

(2) For every bi-ideals A and B of S, AN B = AT'B.

(8) For every bi-ideal B and a quasi-ideal Q of S, BN Q = BT'Q.

(4) For every bi-ideal B and a right ideal R of S, BN R = BT'R.

(5) For every quasi-ideal @ and a bi-ideal B of S, @ N B = QI'B.

(6) For every quasi-ideals Q1 and Q2 of S, @1 N Q2 = Q1'Qs.

(7) For every quasi-ideal Q and a right ideal R of S, @ N R = QT'R.

(8) For every left ideal L and a bi-ideal B of S, LN B = LI'B.

(9) For every left ideal L and a right ideal R of S, LN R = LT'R.

Proof. We can prove the equivalence of statements such as (1) = (2) = (3) = (4)
= (1), 1) = ()= (6)=(7) = (1) and (1) = (8) = (9) = (1) . Proof of each
implication is straightforward so omitted. O
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