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Abstract. The strong stability radius of the multicriteria investment Boolean prob-
lem with the Savage risk criteria is investigated. The problem is to find the set of
Pareto optimal portfolios. Upper and lower bounds of such a radius are derived for
the case where different Holder metrics are defined in the three problem parameters
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1 Introduction

Most of business and management decisions are made within uncertain and risky
environment. Investment managing problems are as a type of problems with un-
certainty of the initial data. Any separate investment asset has higher level of risk
and less return than the portfolio of those assets and there is no reason to invest in
one particular asset. Creating the portfolio by diversification and mixing variety of
investments an investor reduces the riskiness of the portfolio. Following Markowitz’s
portfolio theory the investor plotting on the graph an efficient frontier depending on
various pairs risk and expected return chooses portfolio drawing on individual risk-
return preferences. It gives ability to construct a portfolio with the same expected
return and less risk.

Based on Markowitz’s portfolio optimization concept [1, 2| a multicriteria Boolean
discrete variant of portfolio optimization holding constant expected return and min-
imize risk of portfolios consisting of the investment projects is considered. This
problem is viewed as a problem of finding the Pareto optimal portfolios set using
Savage’s risk criteria. It means that a portfolio is a Pareto optimal one, when its
total level of risk, i.e. the sum of all risks of the projects included in the portfolio is
minimal in the worst market situation for one type of the risk. Unlike classical mod-
ern portfolio theory where a portfolio consisting of percentage of each asset there are
several investment projects composes the portfolio. This model can be considered as
a discrete variant of Markowitz problem with encoding a portfolio selection where
for each project the risk matrix is constructed for several market states related to
each type of the risk.
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The model formulation requires statistical and expert evaluation of risks (e.g.
financial or ecological) [3] to be specified as the initial data. The collected data usu-
ally contain computational errors and inaccuracies. It leads to the situation when
the initial data representing risk values are inaccurate and uncertain. One of the
key questions while analyzing an uncertain data is about the limiting level of the
initial data changes (perturbations) which do not violate the optima. The quantita-
tive measure of the data perturbation level is known as the stability radius, which
concept is widely presented and analyzed in the recent literature focusing on finding
analytical expressions and bounds (see e.g. [4-8]). Similar approaches were also
developed in parallel in scheduling theory (see [9]). Analytical formulas are pairwise
comparisons of solutions that reflect the specific of the selected principle of opti-
mality, the structure of global perturbation of this problem and the structure of the
solution set, namely Boolean portfolios. The evaluation of the stability properties is
a global property itself. The particular definition of the stability radius concept de-
pends on chosen optimality principles (if the problem is multicriteria), uncertain data
and a type of distance metric used to measure the closeness in problem parameter
spaces. Various types of metrics allow to consider a specific of problem parameters
perturbation. So in the case of Chebyshev metric I, the maximum changes in the
initial data take into account only that allow perturbations to be independent. In
the case of Manhattan metric [; every change of the initial data can be monitored in
total. Holder metric ,,1 < p < oo, is the metric with a parameter and includes such
extreme cases as Chebyshev metric [,, Manhattan metrics [; and also Euclidean
metric l3. Thus, using Holder metric [, for obtaining the stability radius depending
on the properties of the initial data the control of perturbations can be varied.

Along with a quantitative approach to analyzing admissible level of the initial
data perturbations, a qualitative approach is developed in parallel. This approach
concentrates on specifying analytical conditions which will guarantee some certain
pre-specified behavior of the optimal solutions set. Within this approach authors
focus on finding necessary and sufficient conditions of different types of the problem
stability (see the monograph [10], the reviews [11, 12|, and the articles [13-17]), on
revealing relations between different types of stability [18, 19|, and also on finding
and describing the stability region of an optimal solution [20].

This work continues started in [21-29] researches of different types of stability
of vector nonlinear investment problems. Thus the work follows the approach of
obtaining qualitative characteristics of stability. One of such characteristics, called
commonly a stability radius of a problem, is defined as a limit level of problem
parameters perturbations in the metric space such that pre-specified property of the
problem solution set is preserved. Perturbing parameters usually are coefficients of
the scalar or vector criteria.

Stability of a multicriteria discrete optimization problem of finding the Pareto
set is commonly understood (see e.g. [10]) as discrete analog of the Hausdorff upper
semicontinuity property of the point-to-set mapping that defines the Pareto choice
function. Thus, the stability property means that there exists a neighborhood of the
initial problem parameters in which appearance of a new Pareto optimum is impos-
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sible. In other words, the Pareto set inside this neighborhood can only narrow in
the result of the problem parameters perturbations. Relaxation of this requirements
leads to a new stability type. It is understood as existence of such neighborhood
of the initial problem parameters in which appearance of new Pareto optimums is
possible; but at least one Pareto optimal solution (not necessarily one and the same)
preserves its optimality for any perturbation. Following the terminology of [30-33],
we call such a stability strong.

Strong stability was first time investigated in [34] for a one-criterion (scalar)
linear trajectorial problem. Later in [32, 35, 36| the lower and upper bounds of
this type stability radius were derived for the multicriteria linear Boolean integer
programming problem. The article [37] is devoted to obtaining similar bounds for
the vector investment problem with the Wald criteria. We also point out the work
[30] where necessary and sufficient conditions of the strong stability are found for the
multicriteria problem of threshold functions minimization. The mentioned results
were obtained in the case of the Chebyshev metric [, in the problem parameter
spaces.

In this paper the lower and upper bounds of the strong stability radius are found
for the multicriteria investment problem with the Savage risk criteria in the case
of different Holder metrics in the three problem parameter spaces. Separately we
investigate a particular case of the investment problem with the linear criteria, i.e.
the case when the state of the financial market does not doubt the investor.

2 Problem formulation and basic definitions

Consider a mutlicriteria discrete analogue of the Markowitz portfolio management
problem [1], which is based on diversification as a tool of risk minimization. Let

N, ={1,2,...,n} be a variety of alternative investment projects (assets);

Ny, be a set of possible financial market states (market situations, scenarios);

Ny be a set of possible risks;

rijk be a numerical measure of economic risk of type k € N, which the investor
may face if (s)he chooses project j € N,, assuming that the market state is ¢ € Ny,;

R = [Tijk] c Rmxnxs;

= (z1,22,...,2,)" € E" be an investment portfolio, where E = {0, 1},

1, if investor chooses project j,
LZ']' = .
0 otherwise;

X C E" be a set of all admissible investment portfolios, i.e. those realizations
which provide expected total income and do not exceed the budget;

R™ be a financial market state space;

R” be a project space;

R? be a risk space.

The presence of a risk factor is integral feature of financial market functioning.
One can find information about risk measurement methods and their classification
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in [38]. The last trend is to quantify risks using five R: robustness, redundancy,
resourcefulness, response and recovery. The natural target of any investor is to
minimize different types of risks. It creates a motivation for multicriteria analysis
within risk modelling. It leads to the usage of multicriteria decision making tools
[39, 40].

Assume that the efficiency of a chosen portfolio (Boolean vector) z = (zy,
T, ...,1,)" € X, |X| > 2, is evaluated by a vector objective function

f(xVR) = (fl(xaRl)LfQ(xaRQ) cee 7f8(x7RS))T7

each partial objective represents minmax Savage’s risk criterion (extreme pessimism)
[41]
fr(z, Ry) = Zléljf\i;fi TiET = Zléljf\i[i Z TijkTj — géi;{l, k € N,
JENR
where R, € R™*" is the k-th cut R = [ryz] € R™ ™ with rows ry =
(rilk, Tidksy - - ,’r'mk) e R™ 1€ N,,.

Thus, if an investor chooses the Savage risk (bottleneck) criterion [42, 43|, then
(s)he optimizes the total profit of the selected portfolio in the worst (maximum risk)
case. This approach takes place when the decision maker has pessimistic expectations
and wants to achieve the guaranteed result. In other words, the investor adhere to
the wise rule that suggests to expect the worst case.

A problem of finding the Pareto optimal (efficient) portfolios is referred to as a
multicriteria investment Boolean problem with the Savage risk criteria and is denoted
Z5 (R),s € N. The set of Pareto optimal portfolios is defined as follows

P(R)={ze X : X(z,R) =0},

where
X(z,R)={2"€ X : f(z,R)> f(z',R) & f(z,R) # f(«', R).

It is evident that P*(R) # 0 for any matrix R € R™*"*5. Let us note that the
problem Z? (R) can be interpreted as "the worst case optimization".

Let the Holder metrics (generally speaking different) {,,1,, and I,, p,q,r € [1,00],
be defined in the spaces R"”, R™, and R correspondingly. It means that the norm
of the matrix R € R™*™*¢ is the number

1Rlgr = | (1Rl 1Rl - IRl |
1Billyg = (el Iraelly - el - k€ e

Recall that the Holder norm [, in the space R™ is defined as follows

1/p )
(Sjew, lask) s if1<p<o,
max{|aj| : j€ Np}, if p= o0,

llall, =
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where a = (a1, aq,...,a,)" € R".
It is easy to see that for any p,q,r € [1,00], the following inequalities hold

HrikaS HRkaqS HRHpqrv 1€ N, keNs. (1)

Following [30-37, 44, 45|, the strong stability radius (in terminology of [10] —
Ty-stability radius) of the problem Z7 (R), s € N, with the Hélder norms [, l;, and
[ in the spaces R™, R, and R® correspondingly is the number

sup = if 2 # 0
p=pn(p,q,1) = pa T
0, if Zpgr =0,

where

Epgr = {e>0: VR ¢ Qpr(€) (P*(R)N P*(R + R/) #0)},
Qpur(e) = (R € R 5 [|R [l < ).

Here Qp4-(¢) is the set of perturbing matrixes R’ with cuts R € R™*", k €
Ng; P*(R+ R') is the Pareto set of the perturbed problem Z*(R + R'); ||R||pqr is
the norm of the matrix R’ = [r};].

Thus, the strong stability radius of the problem Z£ (R) is a limit level of the
matrix R elements perturbations in the metric space R™*™*¢ such that for each of
those perturbations at least one (not necessary one and the same) optimal portfolio
of the problem Z3 (R) preserves its optimality in the perturbed problem Z5 (R+ R').

It is obvious that if P*(R) = X, then the set P*(R) N P*(R + R’) is not empty
for any perturbing matrix R € Qpq(¢) and any number ¢ > 0. That is why the
strong stability radius of such problem is not upper limited. Hereafter, a problem
with P*(R) # X is called non-trivial.

3 Auxiliary statements

Let u be any of the numbers p, ¢, r introduced earlier. For the number u, define
a conjugate number u’ by the following relations

u+1/u' =1, 1<u<oco.
Moreover, let v/ = 1 when u = oo; and v/ = oo when u = 1. Thus, the acceptable
range of the numbers u and v’ is the interval [1, 00]; and the numbers are tied by the

relations above. Also we assume 1/u = 0 if u = co.
Further we use the known Hoélder inequality

|a”8] < lallullb], (2)

valid for any vectors a and b of the same dimension.
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Lemma. For any portfolios x,2° € X, indexes i,i' € N,, k € N,, and numbers
p,q € [1,00], the following inequality is valid

rie’ — riga > —[| By lgl (112°] 1o, 2]l o,
where
v =min{p’,¢'}.
Indeed, if 7 # i’ then applying the Holder inequality (2), get
rina” =i 2 —((lriwllplla |y + rillpll2lly) =
> —{|([lrakllps rillp) g 12l [y =

> || Bellpg 11([12°[l 121l g = =1 Recllpq 111l [l

If i = i’ then we apply (1), the Holder inequality (2) and derive
riga’ — rips > —|lrallp on —zlly = —|[Rkllpq on —zlly 2

> —||Rillpq 12"l ezl g = =11 Rkllpg 11(12° s [l )1o-

Moreover, for a vector a = (ay,as,...,a,)T € R with |a;| = a, j € N, and
any number p € [1, 00|, easily obtain

lally = an'/?. 3)

4 The strong stability radius bounds

For a non-trivial problem Z£ (R) we denote

¢ =¢°(p,q) = min max  min gk(w'$/7f%k) 7
x@Ps(R) a’€P(x,R) k€N ]\(\]g;‘yp,7ux H;D’)Hv

g, 2, Rl
¢ =v°(p,q;r) = max ~ min ;
v'eps(R) agP*(R) |[([|2]ly, [[2[[p)]]o

/
R
X = Xs(pv 4, T) = nl/pml/qsl/r min max max w
+¢P*(R) «'€Ps(R) keN, ||z —2/|[1

Here

P(z,R) = X(z,R) N P*(R),
g(xz, 2’ R) = (g1(x,2',R1), go(x, ', Ra), ..., gs(x, ', Rs)) T,
gr(x, 7', Ry) = fi(x, R) — fr(2', Ry), k€ Ny,
v =min{p’,¢'},
Wl =

is a positive cutoff of a vector y = (y1,y2,...,ys)7 € R®, ie. yF = max{0,y},
k € N;.

)T
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Theorem 1. For any s,m € N and p,q,r € [1,00], for the strong stability radius
p5.(p,q,7) of the non-trivial problem Z3,(R) the following bounds are valid

0 < max{¢®(p,q), ¥*(p,q;7)} < pr(p> ¢, ) < min{x*(p, q,7), [|Rl|pgr}-

Proof. From the evident formula
Vi e P*(R) VYx ¢ P°(R) Jke Ns (fk(a:,Rk) > fk(x/,Rk)),

we easily get the inequality
Y =1v(p,q,r) >0,

which shows that lower bound of the radius pf,(p,q,7) and the radius itself are
positive numbers.
Now let us show validity of the lower bound

p =P q,r) > ¢*(p,q) = ¢. (4)

Suppose that ¢ > 0 (otherwise the inequality is evident).
Let R = [ngk] € R™*"%S he a perturbing matrix with cuts R, , k € N, from the
set Qpgr (). By the definition of ¢ and inequality (1), we get the formula

Vo ¢ PS(R) 32° € P(z,R) Vk € N,

fi(@, Ry) — fru(2°, Ry) , ,
> o > [|R[pgr > || Ryllpg ) -
< (2L 205 o P kllpg

Using the lemma, for any k € N, derive

fr(z, R+ Ry) — fu(a®, Ry, + R}) = mj%x(”k + )T — Ny (riw + g )2’ =

1E€ENm

. ! 0 /.0
= min max (7ygX + 7y X — Tigd — TpX ) =
i€Npm 'ENpm (ri 'k ! )

= fu(@, Ri) = fu(@®, Ri) = | Rillpg ||(12llpr, ||2°[[p)]s > 0,

where 77, is the i-th row of the k-th cut R} of R’. This means that « ¢ P*(R +
R’). Resuming, we conclude that any non-efficient portfolio of the problem Z3 (R)
preserves optimality in the perturbed problem Z3 (R + R’). Therefore, the following
relations are valid

0 # P (R+ R)C P°(R).
Hence, P*(R)NP*(R+R’) # () for any perturbing matrix R’ € Q,,-(¢), i.e. inequality
(4) is true.
Now we pass to the proof of the lower bound

p=po(p.q,r) > (p,qr)=1.

As in the previous case, let R/ = [ngk] € R™*™%5 he a perturbing matrix from
the set Q,4-(¢). As it was established earlier, v is a positive number. To prove
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inequality p > 1) it is sufficient to show that there exists portfolio * that belongs to
the set P*(R)N P*(R+ R').

By the definition of v, there exists a portfolio z° € P*(R) such that for any
portfolio = € P*(R) the following inequalities hold

0 < l[(Ifz[ly, [|2° )l < lllg(a, 2% R)IF]]r- (5)
Let us now prove the formula
Vo & PS(R) VR € Qg (v) (2 ¢ X", R+ R)). (6)

We prove it by contradiction. Supposing to the contrary, obtain the formula

3z ¢ P*(R) 3R € Qpor(¥)) (:p e X(z° R+ R)) :
It implies that for any index k € Ng we get the inequality
gk("i‘a ‘Toa Rk + Rk) < 07

where f%k is the k-th cut of the matrix R = [fijk]. Hence, taking into account the
lemma and inequality (1), we get relations

0> gi(#,2° Ry + Ry) = fi(2, Ry, + Rg) — fr(a®, Ry + Ry) =
_ ) =~ \A o ) o3 0 _
= Z%%fi(nk + k)T Z%%fi(nk + Tig)x

= min max (rik:% — ri/kazo + TR — fi/kazo) >
i€ENm 'ENm,

> g1, (%, 2%, Rie) = ||kl lpg [1(1E ], 11201 fo-
Having them, we derive
ge(@, 2%, Ri) < || Rillpq 1112l 11210
and then conclude that
g (@, 2%, Ri)]™ < [|Rllpg (/121 [l )1
As a result, we get the following contradiction with inequality (5)

19w (@, 2%, Bi) e < [|Rllrpg [1U1E 1210 < @ (1A 112115 o-

Hence, formula (6) is proved.
Now we show the way of choosing the required portfolio

z* € PS(R)N P*(R+ R)),

where R’ € Qg (). If 2° € PS(R+ R’) then * = 2°. Suppose 2° ¢ P*(R+ R’). Due
to the external stability property of the Pareto set P5(R + R') (see e.g. [46], p. 39)
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we can choose a portfolio z* € P*(R + R') such that z* € X (2%, R+ R'). Using the
proved formula (6), we easily find out that z* € P*(R). Thus, the inequality p > 1)
is proved.

Further we show correctness of the upper bound

Py a,7m) < X (pyg,7) = X (7)

By definition of Y, there exists a portfolio 20 ¢ P*(R) such that for any efficient
portfolio z € P*(R) and any index k € N, the following inequality holds

X||$0 - 3§‘||1 > nl/pml/qsl/rgk(xo’ z, Rk) (8)

Let € > x. We set the elements of the perturbing matrix R° = [r%k] € Rmxnxs
with cuts Rg, k € Ng, by the rule

=6, if i€ Np, 2}=1, ke N,
O
RS i €Ny, a=0, kEN,
Here the number § is chosen to satisfy the inequality
X < ont/Pmtaglt < ¢ 9)

Therefore, with proved (3) we derive
HT?/CHP = 5n1/p7 (&S Nmu ke N87

HRngq = 5n1/pml/q7 = st
HROHpqr — snt/Pml/agl/.

This means that R® € Q,,,.(). Moreover, all the rows r?k, i € Ny, of any k-th
cut Rg, k € Ng, are equal and consist of the components § and —§. So, denoting
c= T?k, i1 € Np,,, k € N4, we obtain the relations

c(@® —x) = —6||2° —z||; <0

valid for any portfolio 2 # x°. Therefore, taking into account (8) and (9), for any
portfolio z € P*(R) and any index k € Ny, we derive

gk(xo, x, R, + Rg) = min (r; + c)oc0 — min (ry + ¢)x =

ZENm ieNm

= min 72’ — min rgr 4+ o2 — x) = gr(2% 2, Rp) + (2 — z) <
i€ENm i€Nm

< (x(nl/p7nl/qsl/’“)_1 — 5)\]3;0 —z|l; <0.

Thus, any portfolio z € P*(R) of the problem Z? (R) does not belong to the Pareto
set of the pertubed problem Z2 (R + R?). In other words, for any number £ > ¥,
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there exists a matrix R? € Q- (¢) such that PS(R+ R°) N P*(R) =0, i.e. p < ¢ for
any € > x. Inequality (7) is proved.

Now we must only verify the inequality p < ||R||pq-. Suppose z° ¢ P*(R) and
€ > ||R||pgr- Choose a number ¢ such that

0 < on'/Pm'1 < ¢ — || R pgr- (10)

We build an auxiliary matrix V' = [v;;] € R™*" with components

=6, if i€ Np, 2)=1,
Vi =
T8 if i€ Ng, a¥=0.
Using (3), calculate
IV lpg = ont/Pmt/a, (11)

It is evident that all the rows v;, ¢ € N,,, of the matrix V are the same and
consist of the components § and —4. Denoting d = v;, i € N,,, we get the relation

d(z® —2) = —6]|2° — z|[1 <0 (12)

valid for any portfolio  # 2z and, in particular, for the efficient portfolio x € P? (R).
Let R? € R™*™*% be a perturbing matrix with cuts R?, k € N, set by the rule

R0 {V—Rl, if k=1,
— Ry, if k#1.
Applying (10) and (11), get
1B lpgr < [V llpg + [|Rllpqr = 8n/Pm*/® + [|R]|pqr < e.
Furthermore, taking into account the structure of the matrix V' we derive
f1@° V) = fi(z,V) = d(2° — 2),
what with (12) gives
g1(2°, z, Ry + RY) = f1(2°, Ry + RY) — fi(z, Ry + RY) =
= f1(z°, V) = fi(z, V) = d(z° — z) = —6]|2° — 2]|; < 0.
Additionally, it is evident that
(2, Ry, + BY) =0, k€ N,\{1}
Finally, we conclude that
2 € X(z,R+ RY).

Hence, z ¢ P*(R+ RO) if x € P*(R). That is the set P*(R) N P*(R+ RY) is empty.
Resuming, we have p}, (p,q,r) < € for any number ¢ > ||R|[pq. Consequently,
(D @,7) < || Rl|pgr- O
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From Theorem 1 the known result follows.

Corollary 1 [37]. If p=q =r = o then, for any s,m € N, the following bounds
of the strong stability radius of the problem Z%5 (R) hold

0 . gk(xa 33',, Rk)
< max min max —m———
2/€P*(R) =¢P*(R) keNs |l +'[[x

/
R
é an(O0,00, OO) S min max max %(L’/k)
xﬁéPS(R) Z'IEPS(R) kENs ||':U_;L' ||1

5 Case of linear criteria (m — 1)

When m = 1 our investment problem becomes a vector (s-criteria) linear Boolean
programming problem. We rewrite the problem in more convenient form

VA4 : N,
1(R) kT — Max, k € N,

where z = (z1,22,...,2,)7 € X € R" r, € R" is the k-th row of the matrix
R = [ry;] € R®*". Such a case can be interpreted as a situation when the financial
market state does not doubt the investor. As previously, we assume that the Holder
norms I, and I, p,r € [1,00], are defined correspondingly in the project space R"
and in the criterial risk space R®. For the problem Zj(R) we will use the previous
notations P*(R), P(x, R) etc.

In this linear case the lower bound of the problem Z7(R) strong stability radius
pi(p,r) can be improved.

Theorem 2. For any p,r € [1,00] and s € N, for the strong stability radius p;(p,)
of the non-trivial problem Z3(R) the following bounds are valid

0 < max{¢", 9"} < pi(p,r) < min{x", [ R||pr},

where ( :
¢ = iR R
_ N+
R =
X =x*(p,r) = n/Pst/T min max max r(r — ')

2¢P5(R) 2/ePs(R) keN. ||z —2'||;’
Rpr = |11y lr2llps s 17 [p) |-

Proof. The upper bounds follow directly from Theorem 1.
From the evident formula

V' € P(R) Vx ¢ P*(R) 3Jke€ Ny (rg(z —2a') > 0),
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we conclude that
* =™ (p,r) > 0.

Thus, the lower bound of the strong stability radius and the radius itself are positive
numbers.

Now let us show that pf(p,r) > ¢*. Suppose ¢* > 0 (otherwise the inequality is
evident).

Let R € R°*™ be a perturbing matrix with rows r, € R", k € N, and the norm

1Bl = (1111, e, - 15T < 7,
ie. R € Q,(¢*). By the definition of ¢*, for any portfolio z ¢ P*(R) there exists
a portfolio 2 € P(x, R) such that

0
re(z —
@=2) 5 o S R > 1kl k€ N

[ ™

Having these inequalities and Holder’s inequality (2), derive

(i + 7% (@ = 2°) > ri(x = %) = [rillplle = 2°l[y > 0, k€ Ny,

and, as a result, deduce
r¢ Pz, R+ R).

Therefore, any non-efficient portfolio of the problem Zj(R) retains this non-
efficiency in any perturbed problem Zj(R + R') with R' € Q,,(¢*) or, strictly,
0 # P*(R+ R') C P5(R). Thus, P(R) N P5(R+ R') # () for any perturbing matrix
R € Qu(yp), e pi(p,r) = "

Further, remembering that ¢* > 0, we show the inequality p{(p,r) > ¥*.

As earlier, let R’ € R**™ be a perturbing matrix with rows 7, € R", k € N, and
the norm || R/||,r < 9%, i.e R’ € Qpe(v*).

By the definition of v¥*, there exists a portfolio z° € P*(R) such that for any
portfolio = ¢ P*(R)

0 < ¢*llz —2°ly < |I[R(z —a”)] ¥}, (13)
First, let us show that
Vo ¢ PP(R) VR € Qu(y") (¢ ¢ X(2°, R+ R)). (14)

Suppose that there exist a portfolio Z ¢ P*(R) and a perturbing matrix R € Qpr (V")
with rows 7, k € Ng, such that € X (2%, R + R). Then for any k € N, we have

(re 4+ 7%)T < (g + 75)2°,

and, consequently,
(T — 2°) < (2 — 7).
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Having this, easily get the inequality
[k (@ — 2%)]" < |F(2® - 7)),
that with Hélder’s inequality (2) gives us
(@ = 2)]* < [|7kllpl1T — 2%,
This means that
IR@ — ) |l < | Rllpr | — 2°llpr < "7 = 2°|pr-

This derived contradiction to (13) proves (14).

Next, we show that there exists a portfolio 2* € P*(R) N P*(R+ R') in the case
where R’ € Q,,(¢*).

If the portfolio x° € P*(R) from (13) is in the Pareto set P*(R + R’') then
v* = 2% If 2° ¢ P*(R+ R’') then due to the external stability property of the Pareto
set PS(R + R') (see, e.g., [46], p. 39) we can choose a portfolio z* € P*(R + R')
such that 2* € X (2%, R+ R'). Using the proved formula (14), we easily find out that
x* € P°(R). Therefore, the inequality pj(p,r) > ¢* is proved. O

From Theorem 2 the two known results follow.

Corollary 2 [36] (see also [10]). If p =r = oo then for any s € N the following
bounds of the strong stability radius of the linear non-trivial problem Z;(R) hold

o
Y*(00,00) = max  min  max rel@ = @) <
@'€Ps(R) x¢Ps(R) keNs ||z — /|1
< 8 « . ri(z —a')
< pi(00,00) < x*(00,00) = min max  max

2¢P5(R) a'ePs(R) keN. ||z — 2|1

Corollary 3 [34]. If p = oo then for any r € [1,00] the following bounds of the
strong stability radius of the linear scalar (single criterion) non-trivial problem

ZY(R), R € R, hold

. R(x — ')
1 * *
pr(o0, ) = ¢7(00) = X7 (00, 7) = 2¢P\(R) w/ePL(R) ||z — 2|1

In another particular case the lower bound takes the following form.
Corollary 4. Ifp=1, r € [1,¢|, and s € N then

pi(L,r) = max{e™(1), ¥ (1,7),

where

*(1) = min max  min ri(z — '),
v ( ) x¢PS(R) z'€P(x,R) k€N k( )
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*(1,r) = i R(z — )],
(L) S xin];gr(lR)ll[ (z — )]

Here is one more case where a formula is valid for the strong stability radius.

Consider a linear problem Z{(R), s € N, with the Hélder norms [, and [, in
the spaces R and R*. A stability radius of an efficient portfolio 2 € P*(R) of the
problem Z$(R) is the number

Sup Oy, if Oy # 0,

s/.0 _
prap.r) {0, if O =0.

where
Opr ={e>0: YR € Q,(e) (2° € PS(R+ R'))}.
For the case P*(R) = {2z}, it is easy to see that

p5(p,r) = pi(2°,p, 7).

Therefore, using the known formula (see [47, 48]) for the stability radius of an efficient
solution of the linear boolean programming problem with the Holder norms, we state
the following

Corollary 5. If P*(R) = {2} then for any p, v € [1,00] and s € N the strong
stability radius of the problem Z7(R) is calculated by the formula

s IR — )l
p,r) = min .
)= i o,

The results presented in the work were partially reported at the 28th European
Conference on Operational Research (EURO-2016) [49].

In conclusion we remark that in [8] similar bounds of the stability radius are
found for the multicriteria linear Boolean problem Z7(R) with the Holder metrics in
the parameter spaces.
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