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Nontrivial convex covers of trees

Radu Buzatu, Sergiu Cataranciuc

Abstract. We establish conditions for the existence of nontrivial convex covers and
nontrivial convex partitions of trees. We prove that a tree G on n > 4 vertices has a
nontrivial convex p-cover for every p, 2 < p < ¢,2*(G). Also, we prove that it can be
decided in polynomial time whether a tree on n > 6 vertices has a nontrivial convex
p-partition, for a fixed p, 2 <p < [F].
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1 Introduction

We denote by G a connected tree with vertex set X(G), |X(G)| = n, and edge
set U(G), |U(G)| = m. We denote by d(x,y) the distance between two vertices z
and y of G [3]. The diameter of G, denoted diam(G), is the length of the shortest
path between the most distant vertices of G. The neighborhood of a vertex x € X
is the set of all vertices y € X such that z ~ y, and it is denoted by I'(x).

We remind some notions defined in [1, 2]. The metric segment, denoted (z,y),
is the set of all vertices lying on a shortest path between vertices z,y € X(G). A
subset S C X (G) is called convez if (z,y) C S, for all z,y € S.

By [6], a family of sets 2(G) is called a nontrivial convex cover of a graph G if
the following conditions hold:

1) every set of P(G) is convex in G;
2) every set S of P(G) satisfies inequalities: 3 < |S| < |X(G)| — 1;
3) X(G) =Uyep(c) Vs
4) Y € Uzep(c) Z for every Y € P(G).
Z4Y

If |P(G)] :;ép, then this family is called a nontrivial convezr p-cover of G. In
particular, 2(G) is called a nontrivial conver partition of G if it is a nontrivial
convex cover of G and any two sets of 2(G) are disjoint [6]. A nontrivial convex
p-cover of G is called a montrivial convexr p-partition if it is a nontrivial convex
partition of G.

Generally, convex p-covers and convex p-partitions of graphs are examined in
[4-8]. Particularly, nontrivial convex p-cover and nontrivial convex p-partition are
defined in [6], where it is proved that it is NP-complete to decide whether a graph
has a nontrivial convex p-partition or a nontrivial convex p-cover for a fixed p > 2.
Also, in [8] it is proved that it is NP-complete to decide whether a graph has any
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nontrivial convex partition. Further, there is specific interest in studying nontrivial
convex p-covers and nontrivial convex p-partitions for different classes of graphs. In
this paper we study nontrivial convex cover problem of trees.

The greatest p > 2 for which a graph G has a nontrivial convex p-cover is said to
be the mazimum nontrivial convex cover number @7 (@G). Similarly, we define the
mazimum nontrivial convex partition number 072 (G). A nontrivial convex cover
that corresponds to 72" (@) is denoted by Pyme=(G). In the same way we denote
by Pgme=(G) a nontrivial convex partition that corresponds to 8724 (G).

A vertex € X(G) is called resident in P(G) if z belongs to only one set of
2(G). Let L = [z, 22,...,2%] be a vertex path of a tree G. By R (z) we denote
the set of vertices v € X(G) for which there is a path L' = [z,...,v] such that L'

has no elements of L except x, where xz € L.

2 Existence of nontrivial convex covers

Recall that a terminal vertezr of a tree G is a vertex of degree 1.
Lemma 1. A tree G with diam(G) > 3 has a nontrivial convez cover.

Proof. We know from [7] that a tree on n > 4 vertices has a nontrivial convex 2-
cover. Since a tree with diam(G) > 3 has at least n > 4 vertices, we obtain that G
with diam(G) > 3 has a nontrivial convex cover. O

Theorem 1. Let G be a tree with diam(G) > 3. There exists a mazimum nontrivial
convez cover Pymaz (G) such that every terminal vertez of G is resident in P gmaz (G)
and any two terminal vertices do not belong to the same set of P ymaz(G).

Proof. From Lemma 1 we know that G has a nontrivial convex cover. Let P maz (G)
be a maximum nontrivial convex cover of GG, where there is at least one terminal
vertex z that is not resident in Pymez(G). Since z is a terminal vertex of G and
diam(G) > 3, we see that there is a vertex y adjacent to = that is adjacent to the
set of nonterminal vertices S and to the set of terminal vertices S’ of G such that
S # @ and S’ # 2.

We consider two cases.

1) Suppose that S contains a vertex z that is not resident in Pyme= (G). Firstly,
we replace vertex z by vertex z in every set of pwzrhax (G) that contains x. Secondly,
we add a convex set {z,y,z} to Pyma:(G). Further, we obtain a new nontrivial
convex cover 2P(G) in which z is resident, where [P(G)| > |Pyme= (G)|. Hence, we
get a contradiction.

2) Now suppose that every vertex of S is resident in pwghax (G). Firstly, we choose
a vertex z of S and a set Z of Pymaz (G) that contains z. Secondly, we replace vertex
z by vertex z in every set of P ma: (G)\{Z} which contains z. After, we add z and y
to set Z. Finally, we get a new nontrivial convex cover 2(G) in which z is resident,
where [P(G)| = [Pymas(G)|. On the other hand, if now set S’ contains one more
vertex that is not resident in 2(G), then taking into account case 1) we obtain a
contradiction.
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Consequently, there exists a maximum nontrivial convex cover p@%ax(G) such
that every terminal vertex of G is resident in Pgmas (G).

Now suppose that there are at least two terminal vertices x and y which belong
to the same set S of Pmaz(G).

Let us consider two cases.

1) Assume that |S| > 4. In this case, we replace set S in Pymas(G) by two
convex sets S’ = S\{z}, |S’| > 3, and S” = S\{y}, |S”| > 3. Further, we obtain a
new nontrivial convex cover 2(G) in which z and y belong to different sets, where
P(G)| > [Pymaz(G)|. Whence, we have a contradiction.

2) Assume now that |S| = 3. In our case S = {z,y, 2z}, where I'(z) = I'(y) = {z}.
As above, note that set I'(z)\{z,y} contains at least one nonterminal vertex h.

If A is not resident in pwghax(G), then we replace S by two convex sets {z, z, h}
and {y,z,h}. Further, we obtain a new nontrivial convex cover 2(G) in which z
and y belong to different sets, where [P(G)| > [Pyme=(G)|. Whence, we have a
contradiction.

If all nonterminal vertices of I'(z)\{z,y} are resident in Pgma=(G), then we
choose a set H that contains h. Further, we subtract  from S and add it to H.
Also, we add h to S and z to H. Consequently, we obtain a new nontrivial convex
cover 2(G) in which z and y belong to different sets, where [P(G)| = [P ma= (G)|.

It follows that any two terminal vertices do not belong to the same set of

p@%aac (G) . D
As a consequence of Theorem 1, we obtain 3 corollaries.

Corollary 1. Let G be a tree with diam(G) > 3 and p terminal vertices. Then,
Pen'" (G) = p-

Corollary 2. Let G be a tree with diam(G) > 3 and p terminal vertices, where
every nonterminal verter of G is adjacent to at least one terminal verter. Then,

o (G) =p
Corollary 3. Let G be a tree with 3 < diam(G) < 5 and p terminal vertices. Then,
e (G) =p

Theorem 2. A tree G on n > 4 vertices has a nontrivial convex p-cover, for every
P, 2<p <95 (G).

cn

Proof. It is know that a tree on n > 4 vertices has a nontrivial convex cover [7].
Let G be a tree on n > 4 vertices and let Pymas(G) be a maximum nontrivial
convex cover of G. If p**(G) = 2, then the theorem is proved. Let us analyze
case P (@G) > 3. We use the following procedure. We select two sets X7 and Xo
of Pcp%ax (@) such that 7 € X; and z9 € Xo, where z; is adjacent to x5. Since
union of sets X7 and X3 is convex in G, excluding from pwg;laz(G) sets X7, X9 and
adding set X7 U X5, we obtain a new family 2(G) that covers G by p = %% (G) —1
nontrivial convex sets. If p = 2, then the theorem is correct. Conversely, if p > 3,
then repeating ¢7%*(G) — 3 times this procedure for 2(G) we obtain a nontrivial
convex 2-cover of G. Consequently, the theorem is proved. O
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Next, we analyze nontrivial convex partitions of trees. The following two families
of trees # and & are needed for the sequel.
# is a family of trees G which satisfy the following conditions:

1) X(G) ={x,y, 21,22, ..., Tk, Y1, Y2, - - - , Yp }, Where k, k' > 2;
2) U(G) = {(z,9)} YUt (2, 20)} VUL {9 90)}-

% is a family of trees G which are constructed as follows:
1) We choose k > 0, k' > 2, k; > 2 and for every i, 2 < i < K/, we select k; > 1;

2) If k> 1, then we get X = {zo}U Ule{a:,} and U = Ule{(a:o,a:,-)}, otherwise
we get X = {9} and U = &;

3) We obtain sets X (G) = X UUL; U o{z!} and U(G) = UUUL  {(z0,29)} U
Uisi Urf(af, 2))}

It can easily be checked that diameter of all trees of # is 3, and diameter of all
trees of & is 4. Moreover, every tree of # and every tree of & has at least 6 vertices.

Algorithm 1. Determines whether a tree belongs to one of families: #, &.

Input: A tree G.

Output: YESA4: G belongs to 4, or YES-B: G belongs to &, or NO: G does
not belong to any of the families.

Step 1) If | X (G)| < 5, then return NO.

Step 2) Compute diam(G). If diam(G) < 2 or diam(G) > 5, then return NO;
otherwise, if diam(G) = 4, then go to Step /).

Step 8) Choose two different vertices x,y € X(G) such that |T'(x)] > 2 and
IT(y)| > 2. Neat, if |T(z)] > 3 and |T'(y)| > 3, then return YES-#4; otherwise
return NO.

Step 4) Check whether there exist two different terminal vertices x,y € X(G)
such that T'(x) NT'(y) # & and there is a terminal vertex z € X(G), where d(x, z) =
diam(Q). If there exist such vertices x,y € X(G), then return YES-&; otherwise
return NO.

Theorem 3. Algorithm 1 determines in time O(n3) whether a tree G belongs to one

of families: 4, &.

Proof. Correctness of the algorithm results from structure of trees of families 2 and
Z. Step 1) runs in constant time. If we use Floyd—Warshall algorithm for finding
the diameter of a graph, then the complexity of step 2) is O(n?). It is clear that step
3) is executed in O(n) time. Since Floyd-Warshall algorithm is executed in the step
2), we know all pairs of vertices for which distance is equal to diam(G). Further,
step 4) runs in O(n?) time. Based on the mentioned facts, the execution time of the
algorithm is O(n?). O
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Theorem 4. A tree G has a nontrivial convex 2-partition if and only if one of the
following conditions holds:

1) diam(G) > 5;
2) G €A,
3) GeB.

Proof. 1t is clear that if a tree G has a nontrivial convex 2-partition, then inequality
n > 6 holds. Let us analyze nontrivial convex 2-partition of G in dependency on its
diameter.

Suppose diam(G) = 2. Here G is a star graph. It can simply be verified that a
star graph has no nontrivial convex 2-partition.

Suppose diam(G) = 3. We choose two vertices z,2' € X(G) such that there
is a path L = [z,y,2,2] and length of L is equal to diameter of G. Evidently,
L is a unique path between vertices x and x’ and vertices z, 2’ are terminal, i.e.,
I'(z) = y and I'(2/) = 2. From relation n > 6, it follows that G contains at
least two vertices different from z, y, z, /. Assume that v € X(G) is different
from vertices z, y, z, 2/, and v € Rp(y) such that d(y,v) > 2, or v € Rr(z) and
d(z,v) > 2. Further, we obtain a contradiction, because d(y,z’) = d(z,x) = 2 and
length of paths L' = [2/,2,y,...,v], L? = [2,9,2,...,v] is greater then or equal to
4. Consequently, all vertices of G different from x, y, 2, 2’ are adjacent only to y or
to z. It can easily be checked that if y is adjacent only to z and z, or z is adjacent
only to 2’ and y, then G has no nontrivial convex 2-partition. In the converse case
G has a nontrivial convex 2-partition:

P(G) = {{z,y} URL(Y),{z,2'} URL(2)}.

In other words, if diam(G) = 3, then G has a nontrivial convex 2-partition if and
only if G € #4.

Suppose diam(G) = 4. We choose two vertices x, 2’ € X(G) such that there is a
path L = [z,y, 2, h, 2']. Length of the L is equal to diameter of G and vertices x and
2’ are terminal. Since n > 6, tree G contains at least one vertex v different from z,
y, z, h, 2'. If v is adjacent to y or to h, then G has a nontrivial convex 2-partition:

P(G) = {{z,y} URL(y),{z,h,2'} URL(2) U RL(h)} or

P(G) = {{z,y,2} URL(y) U RL(2),{h, 2"} U RL(h)}, respectively.

Assume that there are no vertices different from z, y, z, h, 2’ which are adjacent
to y or to h. Then, there exist vertices 2’ different from y and h which are adjacent
to z. If we have [['(2")] = 1 or |T'(2’)| = 2, for all such 2/, then it is not hard to check
that G has no nontrivial convex 2-partition. Now assume that there are at least two
vertices 2’ and 2" different from z and adjacent to 2/, i.e., [I'(2’)| > 3. In this case,
we obtain a path L = [2”, 2/, z,y,2]. As mentioned above, it follows that G has a



NONTRIVIAL CONVEX COVERS OF TREES 77

nontrivial convex 2-partition. Equivalently, if diam(G) = 4, then G has a nontrivial
convex 2-partition if and only if G € &.

Suppose diam(G) > 5. There are two vertices x and 2’ in G such that d(z,z') =
diam(G). Let L = [z,2', 2%, ..., 2% 2/], k > 4, be a path between z and z’. L
contains at least 6 vertices. Moreover, L is a unique path between x and z’. Hence,

paths [z, 2!, 2%] and [23,..., 2%, 2'] generate a nontrivial convex 2-partition of G:

c(e) —{{w}UURL {w}UURL

The theorem is proved. O

Theorem 5. If a tree G on n > 6 vertices has a nontrivial convex partition, then
G has a nontrivial convex p-partition, for every p, 2 < p < 7% (G).

Proof. If a tree G has a nontrivial convex partition, then there is a maximum non-
trivial convex partition Pgmas (G). If 971%%(G) = 2, then the theorem is proved. If
07 (G) > 3, then repeating 07/ (G) — 2 times the procedure described in proof of
Theorem 2 we obtain a nontrivial convex 2-partition of G. Hence, G has a nontrivial
convex p-partition, for every p, 2 < p < 0% (G). O

The following corollaries are true.

Corollary 4. If a tree G on n > 6 vertices has a nontrivial convex partition, then
G has a nontrivial convex 2-partition.

Corollary 5. A tree G has a nontrivial convex p-partition, for every p, 2 < p <
07 (@), if and only if one of the following conditions holds:

1) diam(G) > 5;
2) G €A,
3) GeB.

3 Determination of nontrivial convex partitions

Let C be the set of all terminal vertices of G. Let x be a vertex of G for which
IT'(z) NC| > 2 or there is another vertex y € I'(z) such that I'(y) = {«, 2z}, z € C.
For x that satisfies the announced properties we define the set:

Sy ={z}U{ve X(G):vel(x)NC}U{v,v3 € X(G) : T'(v1) = {x,va},v3 € C}.

The set S, is called a nontrivial terminal set of G. Note that S, is a nontrivial
convex set of G. We say that a terminal vertex z of a tree G corresponds to a
nontrivial terminal set S, of G if S, contains z.

Let S(G) be the family of all nontrivial terminal sets of G.
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Lemma 2. All nontrivial terminal sets of S(G) are disjoint.

Proof. Suppose that there are at least two different nontrivial terminal sets S, and
S, of S(G) such that S, NS, # &. By the definition of nontrivial terminal set, we
have x = y and consequently S, = S,. Whence, we obtain a contradiction. O

Lemma 3. S(G) is unique for G.

Proof. Correctness of the lemma results from the definition of nontrivial terminal
set and Lemma 2. O

Lemma 4. Every set of S(G) belongs to ezactly one set Ofpegzlaz (G) such that any
two nontrivial terminal sets of S(G) do no belong to the same set of Pgmaz(G).

Proof. From the definition of nontrivial terminal set and definition of nontrivial
convex partition, it follows that every set of S(G) belongs to exactly one set of
Pomaz(G). Suppose that there is a set C' of Pymaes(G) that contains at least two
different nontrivial terminal sets of G. Let S¢ be the family of all nontrivial terminal
sets which are in C' and k = |S¢| > 2. By Lemmas 2 and 3, we know that S(G)
is unique for G and all nontrivial terminal sets are disjoint. Further, we separate
C into disjoint nontrivial convex sets S1, 51, ..., Sk, where every set contains exactly
one nontrivial terminal set of S. We select a vertex x from all vertices of C' which
remain uncovered by new nontrivial convex sets such that z is adjacent to a vertex
y,y €S, S € {51,51,...,5}, and further add = to S. If some uncovered vertices
remain, then we repeat the above procedure. Since k > 2, we get a new convex cover
P (@) of G such that [P(G)| > |Pgme=(G)|. Hence, we have a contradiction. O

Lemma 5. A tree G on n > 3 vertices with 2 < diam(G) < 4 has at least one
nontrivial terminal set.

Proof. From the definition of nontrivial terminal set, we get that every tree G of
order n > 3 with diam(G) = 2 contains exactly one nontrivial terminal set S, =
X (G). It can easily be checked that a tree G € # has exactly two nontrivial terminal
sets, and a tree G € & has at least two nontrivial terminal sets. Similarly, if a tree
G with diam(G) = 3 does not belong to #, or diam(G) = 4 and G ¢ &, then G
has exactly one nontrivial terminal set S, = X(G). O

Lemma 6. A tree G with diam(G) > 5 has at least two nontrivial terminal sets.

Proof. Let G be a tree with diam(G) > 5. Let x and y be two terminal vertices
such that d(z,y) = diam(G). Assume that = does not correspond to any nontrivial
terminal set. By the definition of nontrivial terminal set, we see that x is adja-
cent to a vertex z that is adjacent to at least two vertices different from z and
all of them are nonterminal. Let z', 22, ..., zF, where k > 2, be vertices differ-
ent from x and adjacent to z. Path between x and y contains exactly one vertex
2 e {zl,z2, e ,zk}. Since zl, z2, RN 2% are nonterminal vertices, to every vertex

2 e {2122, ..., 2FY\{#'} corresponds a vertex z* different from z such that z* is
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adjacent to 2”. Since for every two vertices of G there is only one path that con-
nects them, this yields that for every z* we get d(z*,y) > diam(G). Consequently,
we obtain a contradiction. Similarly, we get a contradiction if assume that y does
not correspond to any nontrivial terminal set. Since diam(G) > 5, vertices x and
y correspond to different nontrivial terminal sets. Hence, a connected tree G with
diam(G) > 5 has at least two nontrivial terminal sets. O

Algorithm 2. Determines S(G) for a tree G.
Input: A tree G.

Output: S(G).

Step 1) Fiz set S(G) = @.

Step 2) Determine all terminal vertices C' of G.

Step 3) Go through all vertices x € X(G)\C. If for a vertex x of G we have
IT'(z) N C| > 2 or there is another vertex y € I'(x) such that T'(y) = {x, 2z}, where
z € C, then we define the set Sy = {z} U{v € X(G) : v € T'(z) N C} U{v,vs €
X(G) :T(v1) = {z,v2},v9 € C} and then add it to S(G).

Step 4) Return S(G).

Theorem 6. Algorithm 2 determines family of nontrivial terminal sets S(GQ) of a
tree G in time O(n?).

Proof. Correctness of the algorithm results from Lemmas 2, 3, 5 and 6. Clearly,
steps 1) and 4) run in constant time. The step 2) operates in O(n) and the step 3) is
executed in O(n?) time. Further, the execution time of the algorithm is O(n?). O

Let Z(G) be a family of subtrees that is obtained after elimination of all non-
trivial terminal sets of S(G) from a tree G.

Theorem 7. The following relation holds:

gmar(G) — S(G) + Xarezc) 00 (G, if IX(G)] = 3;
o 0, if 0 < |X(GQ)] <2.

Proof. By Lemma 4, we conclude that through the elimination of all nontrivial
terminal sets of S(G) from G, in fact, we eliminate minimal nontrivial convex sets of
G which contain nontrivial terminal sets. Besides, after elimination of all nontrivial
terminal sets of S(G) from G we obtain a family of subtrees Z(G) such that some
of them also contain nontrivial terminal sets.

If 0 < |X(G)| < 2, then evidently 072" (G) = 0. In the contrary case, if | X (G)| >
3, then taking into account Lemmas 2 — 6, we obtain:

HerLLax( ) "i‘ Z emam G/
G'eZ(G)

The theorem is proved.
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Next, we propose recursive procedure Maxf(G) that determines the number
(@) of a tree G. After, we prove that this procedure executes in polynomial
time.

Maz0(G)

Input: A tree G.

Output: 07 (Q).

Step 1) If 0 < | X(G)| < 2, then return 0.

Step 2) Apply Algorithm 2, i.e., determine S(G), remove every nontrivial ter-
minal set of S(G) from G and obtain Z(G).

Step 3) For every tree G' of P (G) apply procedure Maz0(G') and after return
the number 07,°%(G) = |S(G)| + X arez(q) Mazd(G").

Theorem 8. Procedure Max6(G) determines the number 6727 (G) of a tree G in
time O(n?).

Proof. From Theorem 7, we know that for a tree G procedure Maz6(G) returns the
number 072 (G). By Theorem 6 we obtain that in general case the processing time
of procedure Maz0(G) is:

where Zle n; <n—6andk > 1.

The worst behavior of procedure Maxz6(G) occurs when in every examined tree
there are exactly two nontrivial terminal sets which consist of three elements such
that after their elimination a single subtree remains. In this case, processing time
of Maz0(Q) is:

T(n) = T(n — 6) + O(n?).

Using arithmetic progression, we get T(n) = O(n3). Finally, the procedure
Mazf(G) determines number 079 (G) in time O(n?). O

Corollary 6. It can be decided in time O(n®) whether a tree G on n > 6 vertices
has a nontrivial convex p-partition, for a fived p, 2 <p < |%].

4 Conclusion

In this paper we establish conditions for the existence of nontrivial convex covers
and nontrivial convex partitions of trees. We prove that a tree G on n > 4 vertices
has a nontrivial convex p-cover for every p, 2 < p < (). In addition, we prove
that if a tree G has a nontrivial convex partition, then G has a nontrivial convex p-
partition for every p, 2 < p < 07'%*(G). Also, we propose polynomial algorithm that
recognizes whether a tree belongs to one of families # or &. Finally, we develop
polynomial algorithm for determining the number 67/%*(G) of a tree G. But the
general convex cover problem of trees remains the task of further research.



NONTRIVIAL CONVEX COVERS OF TREES 81

References

(1]

BoOLTYANSKY V., SOLTAN P. Combinatorial geometry of wvarious classes of convex sets.
Chisinédu, 1978 (in Russian).

CATARANCIUC S., SUR N. D-convex simple and quasi-simple graphs. Chisinau, Republic of
Moldova, 2009 (in Romanian).
HARARY F. Graph Theory. Addison—Wesley, 1969.

ARTIGAS D., DANTAS S., DOURADO M. C., SZWARCFITER J. L. Convez covers of graphs.
Matematica Contemporanea, Sociedade Brasileira de Matematica, 2010, 39, 31-38.

ARTIGAS D., DANTAS S., DOURADO M. C., SZWARCFITER J. L. Partitioning a graph into
conver sets. Discrete Mathematics, 2011, 311, 1968-1977.

BuzaTu R., CATARANCIUC S. Convex graph covers. Computer Science Journal of Moldova,
2015, 23, No. 3(69), 251-2609.

BuzaTu R. Covers of graphs by two convex sets. Studia univ. Babeg-Bolyai, Series Informatica,
2016, LXI, No. 1, 5-22.

BuzATu R., CATARANCIUC S. Cover of undirected graph into nontrivial convex sets. Proceedings
of the 5th International Conference: Mathematical Modeling, Optimization and Information
Technology, March 22-25, Chisinau, Republic of Moldova, 2016, 64-79 (in Romanian).

RADU BuUzATU, SERGIU CATARANCIUC Received  July 27, 2016
Moldova State University

60 A. Mateevici, MD-2009, Chiginau

Republic of Moldova

E-mail: radubuzatu@gmail.com, s.cataranciuc@gmail.com



