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General form transversals in groups

Eugene Kuznetsov

Abstract. The classical notion of transversal in group to its subgroup is generalised.
It is made with the help of reducing any conditions on the choice of representatives
of the left (right) cosets in group to its subgroup. Obtained general form transversals
are investigated and some its properties are studied.
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1 Introduction

In the theory of quasigroups and loops the following notion of left (right)
transversal in group to its subgroup is well-known [1-4].

Definition 1. Let G be a group and H be its subgroup. Let {H;}, . be the set
of all left (right) cosets in G to H (E is a set of indexes with distinguished element
1), and we assume Hy = H. A set T = {t;}icp of representativities of the left
(right) cosets (by one from each coset H; and ¢, = e € H) is called a left (right)
transversal in G to H.

As is easy to see, in this definition the choice of representatives of left (right)
cosets in GG to H is not free — there exist two conditions: Hy = H and t; = e € H.
Let us reduce these two conditions and investigate obtained below general form
transversals in group to its subgroup.

2 General form transversals in group to its subgroup

2.1 Definitions and elementary properties

Let G be a group and H be its subgroup. Below we shall use the following
notations:

E is an index set (E contains a distinguished element 1);

left (right) cosets in the group G to its subgroup H are numbered by the indexes
from E;

{H;},c is the set of all left (right) cosets in G to H;

e is the unit of group G;

Below all definitions and propositions will be formulated for the left cosets in G
to H; for the right cosets in G to H it may be done analogously.
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Definition 2. Let G be a group and H be its subgroup. Let {H;}; . be the set of
all left cosets in G to H. A set T = {t;}icr of representativities of the left (right)
cosets (by one from each coset H;, i.e. t; € H;) is called a left general form
transversal in G to H (see also [6,7]).

Remark 1. Generally speaking the numbering of left cosets {H;}, . in G to H may
be such that the subgroup H obtain an index a € F which is different from 1, i.e.
H=H,# H,;.

Remark 2. Generally speaking the unit e of the group G (and subgroup H) may not
belong to the left general form transversal T in G to H, i.e. e ¢ T.

Definition 3. If for left general form transversal T' = {t; };cp in G to H the following
condition holds: ¢;, = e for some ig € E, then such transversal T is called a left
reduced transversal in G to H. In opposite case T is called a left non-reduced
transversal in G to H.

Definition 4. If for left general form transversal T' = {t; };cp in G to H the following
condition holds: H = H; (i.e. the index of the subgroup H in the set of left cosets in
G to H is equal to 1), then such transversal T is called a left ordered transversal
in G to H. In opposite case T is called a left non-ordered transversal in G to
H.

Definition 5. A left general form transversal T' = {t;}icp in G to H which is a left
reduced and ordered transversal in G to H is usually called a left transversal in
G to H.

Example 1. Let us have:

G = S3={id, (12),(13),(23),(123),(132)},
H St1(S3) = {id, (23)}.

Left cosets in G to H:

H, = H=1{id,(23)},
Hi, = {(12),(123)},
Hi; = {(13),(132)},
E = {i1iz,i3} = {1,2,3}.

1. iy # 1 and T = {(23),(12),(132)}. Then T is a left non-reduced non-ordered
general form transversal in G to H.

2.4 =1 and T = {(23),(12),(132)}. Then T is a left non-reduced ordered
general form transversal in G to H.

3. i1 # land T = {id, (123),(132)}. Then T is a left reduced non-ordered general
form transversal in G' to H.
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4.4 = 1 and T = {id,(12),(13)}. Then T is a left (reduced and ordered)
transversal in G to H.

Theorem 1. For an arbitrary left general form transversal T = {t;}icp in G to H
the folloving statements are true:

1. For every h € H the set T, = Th = {t;h}icp is a left general form transversal
in G to H too.

2. There exists an element hg € H such that the set Ty, = Thg is a left reduced
(maybe non-ordered) general form transversal in G to H.

3. For every € G the set ;T = nT = {nt; }icp is a left general form transversal
in G to H too.

4. There exists an element mg € G such that the set -, T = moT = {moti}icE s a
left (reduced and ordered) transversal in G to H.

Proof. 1. For every i € E and h € H we have
t;e H;, =— t;h e H,,
and so
(Th) NH, = {tih},

i.e. Th is a left general form transversal in G to H.
2. Let
TNH=h"

i.e. h* is a representative of general form transversal T" in the subgroup H. Then
we put
ho = (h*)~".

We obtain
RreT = e=h"-(h")"'e(Thy,

i.e. due to item 1 general form transversal T} = Thy is a left reduced (maybe
non-ordered) general form transversal in G to H
3. Let us take an arbitrary element w € G and consider the set

ﬂT =7l = {Wti}ieE-

Because T is a left general form transversal in G to H then
G=JwH).
1€ER
So we obtain

G=nG=m- (U(tiH)> = J((xto) H),

i€l i€l
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i.e. every element g € G may be presented in the form g = t*h, where h € H and
t*enT.
Now let us show that for every ¢,j € E, i # j, the following equality is true

((mt)H)N ((ntj)H) = @.
Let us assume that it is not true, and so
mt;hi = wtjho = go
for some h1,ho € H. Then we obtain
tihy =tihy = ti=tjhohi' €t;H = (;H)N(t;H)+# 2,

that is in contradiction to the fact that T is a left general form transversal in G to
H.
4. Let us consider the left coset H; and take the element

r=t1=HNT.
Then we may take o = (7*)~!. Really we have
e= (")l 1" = moty € moT,

i.e. with the help of item 3 the left general form transversal moT is a left (reduced
and ordered) transversal in G to H. O

2.2 A transversal operation

Definition 6. Let T' = {t;};cr be a left general form transversal in G to H. Define
the following operation on the set E:

(T)
T - y=z <& tity=th, hecH.

Theorem 2. For an arbitrary left general form transversal T = {t;}icp in G to H
the following statements are true:

T
1. There exists an element ag € E such that the system <E,(-),a0> is a left
quasigroup with right unit ag.

2. If a left general form transversal T = {t;}icp is a reduced (but non-ordered)
transversal in G to H, then there exists an element ag € E such that the system

T
<E,(-),a0> s a left loop with unit ag.

3. If a left general form transversal T = {t;}icr is an ordered (but non-reduced)
T
transversal in G to H, then the system <E,(-), 1> is a left quasigroup with
right unit 1.
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4. If a left general form transversal T = {t;}icp is an ordered and reduced
T
transversal in G to H, then the system <E,('),1> is a left loop with
unit 1.
Proof. 1. For any arbitrary a,b € E consider the following equivalent equations on

the set E:

T
a(-)x:b,

toty = tyh, h € H,
ty =t; 'tyh =t.h*, h* € H,

T =c,
for some ¢ € E; moreover, the element ¢ = c¢(a,b) is uniquely determined by the

T
elements a,b € E. So the system <E , « )> is a left quasigroup. If ag is the index of

subgroup H as a left coset in G to H, i.e. H = H,,, then t,, = hg € H for some
element hy. For every x € E we have the following equivalent equations on the set
E:

x(:-F)ao = u,
tete, = tyh, heH,
tzho = tyh, heH,
te = tyhhg' =t,h*, h* € H,
u = x,

T T
i.e. forevery z € E: =z o ap = x. It means that the system <E,(-),a0> is a left

quasigroup with right unit ag.

2. If a left general form transversal T' = {t; };crg is a reduced (but non-ordered)
transversal in G to H, then t,, = e € H. For every z € E we have the following
equivalent equations on the set E:

ao (:-F)x = u,
taotz = tyh, heH,
ety, = tyh, heH,
ty = tyh, heH,

u = x,

T T
i.e. for every x € E: ag o x = z. It means that the system <E,(-),a0> is a left

loop with two-sided unit ag.
3. If a left general form transversal T' = {¢;};,cg is an ordered (but non-reduced)
transversal in G to H, then the proof is analogous to the proof of the item 1, but we
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T
have ag = 1 too (because H; = H,, = H). So we obtain that the system <E, % ), 1

is a left loop with unit 1.
4. It is an evident corollary of the items 2 and 3 O

2.3 Permutation representation

Definition 7. Let G be a group and H be its subgroup. A permutation repre-
sentation G of the group G by left cosets to its subgroup H is the following map
©:

p:G— Sg,

p:g9—4g,
N d
g(r)=y 624 g (H;) = Hy, z,y€ k.

If some left general form transversal T'= {t;};cp in G to H is chosen, then the
last formula may be rewritten in the following form:

~ d
g@)=y H g (. H)=t, 1

The map ¢ is a homomorphism from the group G to the symmetric group Sg. The
kernel of this homomorphism is called a core of G to H:

CoregH = m (rHr™1).
el

If CoreqgH = {e}, then the above-mentioned representation is a strict representation
and ¢ is an isomorphism.

It is easy to show that with the help of factorisation on the core it is always
possible to take into consideration the strict permutation representation G of the
group G by left cosets to its subgroup H. So below we assume that the above-
mentioned representation is a strict representation.

Theorem 3. For an arbitrary left general form transversal T = {t;}icp in G to H
the following statements are true:

1. There exists an element ay € E such that for every h € H: h (ag) = ap.

2. The following identities are fulfilled:

(a) For all z,y € E: Ly) =z - y;
N (T) (T)
(b) For all z,y € E: t- 1 (y) = x\y, where "\ is a left division for

(1) T)

. (T) . (
the operation ( E, - ",ag ) (i.e. x\y=z <= - z=1y);

(¢) For everyxz € E:  ty(ag) = z.
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3. If a left general form transversal T = {t;}icp is a reduced (but non-ordered)
transversal in G to H, then the following identities are fulfilled:

~ T
(a) For all z,y € E: tx(y)zw(')y;

R (T)
(b) For all x,y € E: ) =2\

(c) For everyx € E:  ty(ag) = ta,(z) = .

4. If a left general form transversal T = {t;}icp is an ordered (but non-reduced)
transversal in G to H, then the following identities are fulfilled:

(a) For all z,y € E: ) =2 - y;
. (T)
(b) For all x,y € E: t Hy) = 2 \y;
(c) For everyxz € E:  t,(1) = z.
5. If a left general form transversal T = {t;}icp is an ordered and reduced

transversal in G to H, then the following identities are fulfilled:

(a) For all z,y € E: ) =2 - y;
. (T)

(b) For all x,y € E: t Hy) = 2 \y;

(c) For everyx € E:  t,(1) =t () = .

Proof. 1. According to item 1 of Theorem 2 there exists an element ag € E such
that H = H,, (i.e. tq, = ho € H). Then for every h € H we have the following
equivalent equalities:

il (CLO) ai,
hte, = tah*, h* € H,
hhy = tqoh*, h* € H,
ta, = hho(h*)™' € H,
tal = ta07
al; = agp.

So we obtain that & (ag) = ag.

2. a. For all z,y € E we have the following equivalent equalities:

(T)
T Y =Uu,

tpty =tyh, heH,
totyH = t, H,

ty (y) = u.
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: ~ (T)
So we obtain that ¢,(y) =z - y.

b. For all z,y € E we have the following equivalent equalities:

' (y) =u
%\ZB(U):Z%
(T)

x - u=y,

(T)
u=1z\Y,

(1) (T) (7)
where "\ 7 is a left division for the operation <E, : ,a0> (ie. z\y = 2z <
(T) . -~ ™)
x - z=y). So we obtain that t,"(y) = z\ y.
c. According to item 1 of Theorem 2 there exists an element ag € F such that

(T)

for every x € E = -" ag = z. Then due to item 2a we have for every z € £

~ T
tz(ao) ::E(')a(] = .
3. Let the left general form transversal T = {t;};cg be a reduced (but non-
ordered) transversal in G to H. Then t,, = e. So all identities from the item 2 of
present Theorem are true; moreover, we have for every z € E

by () = é(z) = id(z) = =

4. Let the left general form transversal T = {t;}icg be an ordered (but non-
reduced) transversal in G to H. Then ap = 1. So all identities from the item 2 of
present Theorem are true; moreover, we have for every x € £

t.(1) = z.
5. It is an evident corollary of the items 3 and 4. O

Theorem 4. For an arbitrary left general form transversal T = {t;}icp in G to H
the folloving statements are true:

1. If P ={pi}icE is a left general form transversal in G to H such that for every
reE:

P = Thy,
Pz = t:ch07
where hg € H is an arbitrary fized element (see item 1 from Theorem 1),

P
then the transversal operation { E, ¢ )> is isotopic to the transversal operation

T .
<E,(-)>, and this isotopy has the form (id, hy,id).
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2. If S = {s; }icr is a left general form transversal in G to H such that for every
rekl:

S = T,

Sgr = Ty,

where m € G is an arbitrary fized element (see item 8 from Theorem 1),

S
then the transversal operation <E, (-)> is isotopic to the transversal operation

T
<E,(-)>, and this isotopy has the form (m=1,id, 7).

Proof. 1. Let P = {p;}icr be a left general form transversal in G to H such that
for every x € E:

P = Thy,
Pz = txh07

where hg € H is an arbitrary fixed element. According to items 1 and 2 from
Theorem 3 there exists an element ag € E such that for every h € H

il (ao) = ap,
tw(a(]) = T,
px’(a(]) = $l7

for all z,2’ € E. Then we have for all z € E/
o' = py(ag) = txho(ag) = tu(a) = z,

ie. forallz e F
Pz = t:chO-

According to item 2 from Theorem 3 we obtain for all z,y € F:

—
)

—
>

-y =pu(y) = xﬁo(y):x

P
i.e. the transversal operation <E,(-)> is isotopic to the transversal operation

T .
E, (' )>, and this isotopy has the form (id, hg,id).

2. Let S = {s;}icr be a left general form transversal in G to H such that for
every x € E:

S = =T,

Sy = Tlg,
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where m € G is an arbitrary fixed element. Analogously to the item 1 of this

Theorem we have

x' = 5.(ag) = T tz(ag) = 7(z),

ie. for every x €

Sp(z) = Tia,

Sy = 7Tt7r71(x).
Then according to item 2 from Theorem 3 we obtain for all z,y € E:

(S) . A1

2Py = 8 ) = A ) = #E @)

: y)v

S
i.e. the transversal operation <E,(')> is isotopic to the transversal operation
(T) .. 1 .
E, - ), and this isotopy has the form (7%, id, 7). O

Remark 3. The last statement allows us to see a new sense of Theorem 2. Now
it is evident that the transition from a general form transversal to the reduced (or
ordered) transversal is just a transition from a left quasigroup transversal operation
to a left loop transversal operation (which is its isotope).

3 Quasigroup and loop general form transversals

Definition 8. Let T'= {t;};cp be a left general form transversal in G to H. If its
T
transversal operation <E, D is a quasigroup, then the transversal T is called a

left quasigroup general form transversal in G to H (in [5] such transversal is called
a stable transversal in G to H).

Remark 4. According to item 1 from Theorem 2 there exists an element ag € F
such that ag is a right unit in the operation <E, @)>; so if T is a left quasigroup
general form transversal in G to H, then the system <E, (T),a0> is a quasigroup
with the right unit ag.

Theorem 5. If T = {t; }icr is a left quasigroup general form transversal in G to

T
H, then there exists an element ay € E such that the system <E, (-),a0> s a loop.

Proof. 1t is an evident corollary from the item 2 of Theorem 2. O

Definition 9. A left reduced quasigroup general form transversal in G to H is
usually called a left loop general form transversal in G to H.
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Theorem 6. The following statements are equivalent:

1. A set T = {t,}rer is a left quasigroup general form transversal in G to H;

2. For every w € G the set Tm = {t,7}rep is a left general form transversal in
G to H;

3. For allmy,my € G the set miTmwy = {mitymatrck is a left general form transver-
sal in G to H;

4. For every m € G the set T = {t,}.cr is a left general form transversal in G
to H* = wHn !,

Proof. 1=2. Let a set T = {t;}.cr be a left quasigroup general form transversal
T
in G to H. Then the system <E, @ is a quasigroup. Let an element m € G be

an arbitrary fixed element from G. We shall consider the set T'mr = {t,7},cp and
prove that this set is a left general form transversal in G to H.
Because T' = {t;}zcp is a left quasigroup general form transversal in G to H,
then
T = tco h(]

T
for some t., € T" and hy € H. Because the operation <E , « )> is a quasigroup, then

for every z € E we have

tpm = txtc()h(] =1 (T) h1 = tRcO (x)hl
T - co

for some h; € H. Then every element g € G may be represented in the following
form:

9 =tesh* =tr, (e fcyhrhy 'h* = teyjeoThy "B = (te, jeem)R™,  B™ € H.

Let us assume that this representation is not unique, i.e. there exist a,b € F,
a #band hy, hy € H such that

taﬂ'hl =g = tbﬂ'hg.

According to item 1 of Theorem 3 there exists an element ag € E such that we have
the following equivalent equalities

ta hi(ao) =t ha(ag)
bt (a0) = ty7 (ag)
fateoho(ao) = tuteoho(ao)
faley(a0) = tvley(ao)
talco) = ty(co)
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a(i.“)c0 _ b@)co

a =

T
because the operation ( F, o is a quasigroup. We obtain a contradiction and so

the above mentioned representation is unique. Then the set T'm = {t,7},cp is a left
general form transversal in G to H.

2=-3. It is evident due to item 3 of Theorem 1.

3=-4. If the condition of item 3 holds then a fortiori is true that for every m € G
the set 7Tr~1 = {rt,m '} ,cp is a left general form transversal in G to H. So for
all a,b € F, a # b we have the following equivalent statements:

{ G= U (ntym 1H,

el
@ = (nter *H) N (rtyn ™ H),

G=r1Gr =71 ( U (thw_l)H> 7= | tu(n" ' Hnr),
zeE zel

=1t @ 7= Y(ntymr LH) N (ntyn 1 H))1 = (to(x = Hm)) N (ty(n " Hr)).
Because the element 7 € G is an arbitrary element from G then the element 7!
will be an arbitrary element from G too. So the set T = {t;},cp is a left general
form transversal in G to H™ = 7' Hn'~! for every n’ € G (where n/ = 7~ 1).

4=1. Let for every m € G a set T be a left general form transversal in G to
H™ = 7Hn~!. In order to prove that the set T is a left quasigroup general form
transversal in G to H, it is sufficient to prove that for all arbitrary fixed elements
a,b € E the equation

has unique solution in the set E.
We have the following equivalent equalities:
T
x @ a = b
tota = toh, he H

te = tyht L = (tpt; 1) - (taht; ) (1)

Because the set T is a left general form transversal in G to H'* = t,Ht;' (when
T = tq), then there exists the unique element ¢ = ¢(a,b) € E such that

tyt € to - (Lt HESY).
Substituting this product in (1) we obtain:
te =te- (taht71) - (taht ') = to - (t,h*t;Y), h* € H.

Because the set 7' is a left general form transversal in G to H's = t,Ht_ !, then
2 = ¢. The proof is finished. O
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Corollary 1. The following statements are equivalent:
1. A set T = {t,}rer is a left quasigroup general form transversal in G to H;

2. For every m € G the set Tm = {t,w}rcr is a left quasigroup general form
transversal in G to H;

3. For all m,m9 € G the set mTwy = {mit,mo}recr is a left quasigroup general
form transversal in G to H.

Theorem 7. The following statements are equivalent:

1. A set T ={ty}rer is a left loop general form transversal in G to H;

2. For every w € G the set Tm = {t,m}rep is a left general form transversal in
G to H;

3. For all m € G the set nTr ' = {nt,m }ucr is a left reduced general form
transversal in G to H;

4. For everym € G the set T = {t,}rer is a left reduced general form transversal
in G to H* = nHn 1.

Proof. 1t is an evident corollary from Theorems 1 and 6. O
Corollary 2. The following statements are equivalent:
1. A set T ={t,}rer is a left loop general form transversal in G to H;

2. For every m € G the set Tm = {t,m}rer is a left quasigroup general form
transversal in G to H;

3. For all 7 € G the set tTn~ ' = {nt,m Yuecr is a left loop general form
transversal in G to H.

Theorem 8. Let T = {t,}.cr be a left loop general form transversal in G to H.
According to Definition 9 and Theorem 3 there exists an element ag € E such that
tAao = id. Then for every x € E, x # ag, the permutation ty is a fized-point-free
permutation on the set E.

Proof. Let the conditions of Theorem hold and assume that it is not true, i.e. there
exist ¢cg € E and a1 € F, a1 # ag, such that

{ %\al (CO) = Cp,
a1 # ag.

Then according to Theorem 2 we have the following equivalent equalities

~

ta(c0) = co,
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(T) (1)
ay - ¢ = C=a - Cp,
(T) (1)
ap -cg = a1 - ¢,
ap = ap,

T
since the system E,(-),ao is a loop. But the last equality contradicts to the

assumption that a; # ag. The proof is finished. O

References

[1] BAER R. Nets and groups. Trans. Amer. Math. Soc., 1939, 46, 110-141.

[2] JounsoN K. W. Transversals, S-rings and Centralizer Rings of Groups. Lecture Notes in
Mathematics, vol. 848, Springer-Verlag, Berlin/Heidelberg/New York, 1981.

[3] KuzNETSov E. A. Transversals in groups. 1. Elementary properties. Quasigroups and related
systems, 1994, 1, 22-42.

[4] LAL R. Transversals in groups. J. Algebra, 1996, 181, 70-81.

[5] NIEMENMAA M., KEPKA T. On multiplication groups of loops. J. Algebra, 1990, 135, No. 1,
112-122.

[6] PFLUGFELDER H.O. Quasigroups and Loops. An Introduction. Sigma Series in Pure Mathe-
matics (Book 7), Helderman-Verlag, 1991, 160 p.

[7] SmiTH J. D.H. Loop transversals to linear codes. J. Comb., Inf. and System Sciences, 1992,
17, 1-8.

EUGENE KUZNETSOV Received  January 30, 2016
Institute of Mathematics and Computer Science

Academy of Sciences of Moldova

5 Academiei str., Chishinau, MD-2028

Moldova

E-mail: kuznet1964@mail.ru



