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Abstract. We study the problem of the existence of stationary Nash equilibria in
infinite n-person stochastic games with limiting average payoff criteria for the players.
The state and action spaces in the games are assumed to be finite. We present some
results for the existence of stationary Nash equilibria in a multichain average stochastic
game with n players. Based on constructive proof of these results we propose an
approach for determining the optimal stationary strategies of the players in the case
when stationary Nash equilibria in the game exist.
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1 Introduction

In this paper we investigate n-person average stochastic games with finite state
and action spaces. The problem we are interested in is the existence of Nash equi-
libria in stationary strategies. This problem has been studied by many authors
(see [4-6,8,9,12,13,19-21]) however the existence of stationary Nash equilibria or
e-Nash equilibrium have been proved only for some classes of average stochastic
games. Rogers [16] and Sobel [19] showed that stationary Nash equilibria exist for
nonzero-sum stochastic games with average payoffs when the transition probability
matrices induced by any stationary strategies of the players are unichain. Mertens
and Neyman [12] proved the existence of uniform e-optimal strategies in two-player
zero-sum games, i.e. they showed that for every € > 0 each of the two players has
a strategy that guarantees the discounted value up to e for every discount factor
sufficiently close to 0. Important results for two-person non-zero sum games with
average payoffs have been obtained by Vieille [20] where he shows the existence
of e-Nash equilibria. Flesch et al.[7] constructed a three-player average stochastic
game with given starting state for which stationary Nash equilibria does not exist,
however a cyclic Markov equilibrium for such a game exists. In general case the
existence of Nash equilibria for an arbitrary stochastic game with average payoffs is
an open problem. Here we formulate a condition for the existence of stationary Nash
equilibria in n-person average stochastic games and based on constructive proof of
this condition we propose a continuous model for the considered games that allows
determining stationary Nash equilibria if such equilibria exist.

© Dmitrii Lozovanu, 2016

71



72 DMITRII LOZOVANU

2 Formulation of average stochastic game

We present the general formulation of n-person average stochastic game and
specify some basic notions that we shall use in the paper.

2.1 The framework of n-person stochastic game
A stochastic game with n players consists of the following elements:
— a state space X (which we assume to be finite);

— a finite set A%(x) of actions with respect to each player i€ {1,2,...,n}
for an arbitrary state x € X;

— a payoff fi(x,a) with respect to each player i € {1,2,...,n} for each
state € X and for an arbitrary action vector a € [ A%(z);
i

7 .
— a transition probability function p:X x [] [] A%(z) x X — [0,1]
zeX i=1
that gives the probability transitions p7 , from an arbitrary z € X

to an arbitrary y € Y for a fixed action vector a € [] A%(x), where
i

> opt, =1, VreX, ae[]Ai();
yeX ’ 7

— a starting state xg € X.

The game starts in the state xg and the play proceeds in a sequence of stages. At
stage t players observe state x; and simultaneously and independently choose actions
ai € A'(xy), i=1,2,...,n. Then nature selects state y = z;41 according to proba-
bility transitions pg! , for the given action vector a; = (a},a?,...,a}). Such a play
of the game produces a sequence of states and actions xg,ag,1,0a1,...,Ts, G, ...
that defines the corresponding stream of stage payoffs f} = fl(x,ar), fZ2 =
2z, a8),..., [ = f(z4,a¢), t = 0,1,2,.... The infinite average stochastic
game is the game with payoffs of players

t—1

. 1 .

wioztlin;toinf E<;E fﬁ), 1=1,2,...,n,
7=0

where wfﬂo expresses the average payoff per transition of player i in infinite game.
In the case n = 1 this game becomes the average Markov decision problem with
a transition probability function p : X x ] A(z) x X — [0,1] and immediate
zeX
rewards f(x,a) = f(z,a) in the states z € X for given actions a € A(x) = Al(z).
In the paper we will study the stochastic games when players use pure and mixed
stationary strategies of selection of the actions in the states.
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2.2 Pure and mixed stationary strategies of the players

A strategy of player i € {1,2,...,n} in a stochastic game is a mapping s that
for every state xy € X provides a probability distribution over the set of actions
A¥(zy). If these probabilities take only values 0 and 1, then s’ is called a pure
strategy, otherwise s’ is called a mized strategy. If these probabilities depend only
on the state 7; = x € X (i. e. s' do not depend on t), then s¢ is called a stationary
strategy. This means that a pure stationary strategy of player i € {1,2,...,n} can
be regarded as a map

stix—a € Az) for x€ X
that determines for each state x an action a' € A*(x), i.e. s'(x) = a’. Obviously,
the corresponding sets of pure stationary strategies S',S2,...,S™ of the players in
the game with finite state and action spaces are finite sets.

In the following we will identify a pure stationary strategy s*(z) of player i with
the set of boolean variables Sfb,(li € {0,1}, where for a given z € X S?E,(li =1 ifand

only if player i fixes the action a* € A*(z). So, we can represent the set of pure
stationary strategies S* of player i as the set of solutions of the following system:

o8t =1, Vr e X,
aicAi(z)
st . €{0,1}, Veze X, Va' e A(z).

If in this system we change the restriction s’ , € {0,1} for 2 € X, a' € A'(z) by
the condition 0 < si 4 <1 then we obtain the set of stationary strategies in the
sense of Shapley [17], where Si 4 1s treated as the probability of choices of the

action a' by player i every time when the state z is reached by any route
in the dynamic stochastic game. Thus, we can identify the set of mixed stationary
strategies of the players with the set of solutions of the system

> S;ai:L Ve € X;
aiedi@) o (1)
st >0, Ve e X, Va'e A'(x)
T,a
and for a given profile s = (s!,s2,...,5") of mixed strategies s',s?,...,s" of the

players the probability transition pj , from a state z to a state y can be calculated

as follows .
k 1 2'” n
D D | @
k=1

((117(127___70,”)614(50)
In the sequel we will distinguish stochastic games in pure and mixed stationary
strategies.

2.3 Average stochastic games in pure stationary strategies

Let s = (s',s2,...,5") be a profile of pure stationary strategies of the players

and denote by a(s) = (a'(s),a?(s),...,a"(s)) € [] I A%(x) the action vector that
rzeX i=1
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corresponds to s and determines the probability dlstrlbutlons jo y px,y) in the
states & € X. Then the average payoffs per transition w} (s), wz,(s),...,wp (s)
for the players are determined as follows

s) = Z @Goyf(yals), i=1,2,....n,
yeX

where g; ., represent the limiting probabilities in the states y € X for the Markov
process with probability transition matrix P* = (p; ) when the transitions start
in xzg. So, if for the Markov process with probability matrix P° the correspond-

ing limiting probability matrix Q° = (q; ,) is known then wl w? ... W’ can be
determined for an arbitrary starting state x € X of the game. The functions
wi(s), w2, (s),...,wh(s) on S = St x 8% x ... x 8" define a game in nor-

mal form that corresponds to an infinite average stochastic game in pure stationary
strategies. This game is determined by the set of states X, the sets of actions
of the players {Ai(:z:)}izlfn, the probability function p, the set of stage payoffs
{fi(x, a}i:L—n and the starting position of the game xzy. Therefore we denote this
game by (X, {Ai(az)}i:L—n, {fi(x, a};—17. P o). If the starting position of the game
is chosen randomly according to distribution probabilities {6,} in X then such a

game we denote (X, {Al(x)}i:L—n, {f"(z, a}i:L—n,p, {6:}).

If an arbitrary profile s = (s',s2,...,5") of pure stationary strategies in a
stochastic game induces a probability matrix P°® that corresponds to a Markov
unichain then we say that the game possesses the unichain property and shortly
we call it unichain stochastic game; otherwise we call it multichain stochastic game.

For an average stochastic game in pure strategies a Nash equilibrium may not
exist. Therefore in this paper we study stochastic games in the case when players

use mixed stationary strategies.

2.4 Stochastic games in mixed stationary strategies

Let s = (s',s%,...,5") be a profile of mixed stationary strategies of the play-
ers. Then elements of probability transition matrix P° = (p; ) in the Markov
process induced by s can be calculated according to (2). Therefore if Q* = (g3 ,)
is the limiting probability matrix of P*® then the average payoffs per transition

wi (), w2 (s),...,wlk (s) for the players are determined as follows
) =D dhoyf (ws9), i=12,....m,
yeX
where

fi(yas): Z H yakf y,CL CL2 7an)

(at,a2,...,a™)€A(y)

expresses the average payoff (immediate reward) in the state y € X of player

i when the corresponding stationary strategies s',s?,...,s” have been applied by

players 1,2,...,n in y.
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Let gl,gz, ..., 5" be the corresponding sets of mixed stationary strategies for
the players 1,2,...,n, ie. each S fori € {1,2,...,n} represents the set of
solutions of system (1). Then the functions w} (s), w2 (s),...,wh (s) on S =
S xS % x S". define a game in normal form. This game corresponds to an
infinite average stochastic game in mized stationary strategies.

3 Preliminaries

We present some results for the average Markov decision problem and for the
average stochastic game with unichain property that we shall use for the multichain
average stochastic games.

3.1 A continuous model for the average Markov decision problem
with unichain property

In [9] it has been shown that an average Markov decision problem with unichain
property can be formulated as the following optimization problem:

Maximize
¥(s,q) = Z Z f(x7a)3x,a dz (3)
z€X a€A(x)
subject to
( dy — Z Z pg,ysx,aq:c =0, Yy € X;
zeX acA(x)
> G =1
zeX (4)
Z 3:(:,(1217 Ve € X
a€A(x)
Sz,a >0, Vzee X, ac A(Z’)

Here f(z,a) represents the immediate reward in the state = € X for a given action
a € A(x) in the unichain problem and P,y expresses the probability transition from
z € X toy € X for a € A(x). The variables s,, correspond to strategies of
selection of the actions a € A(x) in the states z € X and ¢, for z € X represent
the corresponding limiting probabilities in the states x € X for the probability
transition matrix P® = (pi’y) induced by stationary strategy s.

In this problem the average reward (s, q) is maximized under the conditions
(4) that determines the set of feasible stationary strategies in the unichain problem.
An optimal solution (s*,¢*) of problem (3), (4) with s} , € {0,1} corresponds to an
optimal stationary strategy s*: X — A where a* = s*(z) for v € X if 53 , = 1.
Using the notations oy q = $z4¢s, for z € X,a € A(x), problem (3), (4) can be
easily transformed into the following linear programming problem:

Maximize
W)=Y Y f@a)am (5)

z€X acA(z)
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subject to
dy — Z Z pg,yax,a =0, Yy € X;
z€X acA(x)

> =1

zeX (6)
> Oa— ¢z =0, Vr € X;

a€A(x)

Qy.a >0, Vxe X, a€ A(a;)

This problem can be simplified by eliminating ¢, from (6) and finally we obtain the
problem in which it is necessary to maximize the objective function (5) on the set
of solutions of the following system:

Z Qy,a — Z Z pg,y Qg o = 07 Vy € )(7
acA(y) z€X acA(z)

> pa=1 (7)

z€X acA(x)
Qpq >0, Ve e X, ac Ax).

Based on the mentioned above relationship between problem (3), (4) and problem
(5), (7) in [9] the following lemma is proven.

Lemma 1. Let an average Markov decision problem be given, where an arbitrary
stationary strateqy s gemerates a Markov unichain, and consider the function

1/}(3) = Z Z f(xaa)sx,a qx

z€X a€A(x)

where q, for ¥ € X satisfy the condition

dy — Z Z Pg,ysx,aQ:c =0, VyelX;

zeX acA(x)
> gr =1
zeX

Then the function (s) on the set S of solutions of the system

Yo Sza=1, VYrelX,
a€A(x)

Sz.0 >0, Vze X, ae Ax)

depends only on 5, for x € X,a € A(x), and (s) is quasi-monotone on S.

Thus, the average unichain decision problem can be represented as the problem
of the maximization of a quasi-monotone function (s) on a compact set S. Using
this result in [10] it has been shown that an average stochastic game with unichain
property can be formulated as a continuous game with quasi-monotone payoffs.



STATIONARY NASH EQUILIBRIA FOR AVERAGE STOCHASTIC GAMES ... 77

3.2 Determining stationary Nash equilibria for average stochastic
games with unichain property

An average stochastic game with unichain property can be formulated in the
terms of stationary strategies as follows.

Let S=5' xS x---x 5", where each S fori € {1,2,...,n} represents the set
of solutions of system (1), i.e. S’ represents the set of mixed stationary strategies
for player i. On S we define the average payoffs for the players as follows:

. n .
Pi(st s ..., s = > II s];’akfl(x,al,az,...,a”)qx,
z€X (al,a?,..,a")€A(x) k=1

i=1,2,...,n,

where ¢, for x € X are determined uniquely from the following system of linear
equations

ok (ata?an) :
[[ s «pay Oz = Qy, Yy € X;
z€X (al,a?,...,a")€A(z) k=1 ’

ZQJ:ZL

zeX

where ste S, i=1,2,...,n.

The functions ¢(s',s%, ..., s"), i = 1,2,...,n on S define a game in
normal form that corresponds to a stationary average stochastic game with unichain
property. For this game in [11] the following results are proven.

Lemma 2. For an arbitrary wunichain stochastic game each payoff func-
tion i(st, s%, ..., s"), i € {1, 2, ..., n} possesses the property that
Pi(E,8%, ..., 5L 0 F T L) Y ds quasi-monotone with respect to s' € S for
arbitraryﬁxed§k€§k, k=1,2,...;i—1,i4+1,...,n.

Based on this lemma in [11] the following theorem is proven.

Theorem 1. Let (X, A, {Xi},_15, {fi(:n,a)}izlfn, p, =) be a stochastic game
with a given starting position x € X and average payoff functions

¢1(817 827 ttty Sm)7 ’l/)2(817 827 et Sn)? ctt ¢m(817 827 ) Sm)

of players 1,2,...,n, respectively. If for an arbitrary s = (s',s?,...,s") € S of
the game the transition probability matriz P* = (p; ) corresponds to a Markov
unichain then for the continuous game on S there exists a Nash equilibrium s* =
(', 52", ..., s™*) which is a Nash equilibrium for an arbitrary starting state x € X of
the game and (s, s, ..., ™) = wi(s'", 82" ..., s™), Ve e X, i =1,2,...,n.
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4 Some auxiliary results for multichain average decision problem

In this section we propose a continuous model for the multichain average decision
problem and extend the results from Section 3.1 for the general case of decision
problem. We shall use these results in the next section for the multichain average
stochastic games.

4.1 Linear programming approach for multichain decision problem

It is well-known that the optimal stationary strategies for a multichain average
Markov decision problem can be found using the following linear programming prob-
lem (see [11,14]):

Maximize B
¥(a,B) = Z Z f(z,a)og., (8)
z€X acA(x)
subject to
Z Qy.a — Z Z pg‘,y Oga = 0, VYye X;
acA(y) z€X acA(x)
Z Qy.a + Z /Byva - Z Z pg‘,yﬂ:&a - Hyy Vy S X, (9)
a€A(y) acA(y) 2€X acA(z)
\ Qz.q > 07 5@/,@ > 07 Va € X, a € A(I]}')7

where 6, for y € X represent arbitrary positive values that satisfy the condition

> 0y, = 1. Recall that f(z,a) denotes the immediate cost in a state € X for a
yeX
given action a € A(x) in the decision problem and pg , represent the corresponding

probability transitions from a state x € X to the states y € X for a € A(x), where

> Pey =1
yeX

This problem generalizes the unichain linear programming model (5), (7) from
Section 3.1. In (9) the restrictions

ST ayat Y Bya— Y, . PrBra=0, VWyeX (10)
acA(y) acA(y) zeX acA(x)

with the condition ) 6, =1 generalize the constraint

yeX
D> aya=1 (11)

z€X acA(y)

in the unichain model. Condition (11) is obtained if we sum (10) over y.

The relationship between feasible solutions of problem (8),(9) and stationary
strategies in the average Markov decision problem can be established on the basis
of the following randomized stationary decision rule (see [14]):
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Let (a,3) be a feasible solution of the linear programming problem (8), (9)
and denote X, = {x € X| )" 34 > 0}. Then («, () possesses the properties that
aeX
Y. Bra>0for x € X\ X, and a stationary randomized decision rule d, g(x)
a€A(x)
for a feasible solution («, ) is defined by

: if xe Xy
Z Qg.a
a€A(x)
Sda,ﬁ(m)(a) = ﬁx,a i oreX \ b (12)
> Bra
a€A(x)

where sy (»)(a) expresses the probability of choosing the actions a € A(z) in the
states x € X for the average decision problem under decision rule d. This means
that for a given feasible solution («, 3) the decision rule d determines a stationary
strategy Sg.q = sdaﬁ(x)(a) of choosing the actions a € A(z) in the states z € X. If
for each x € X, it holds oy, >0 for a single a € A(z) and for each = € X\ X,
it holds B4 > 0 for a single a € A(z) then (12) generates a deterministic

decision rule
a if az, >0 and z € X,;

do 5(2) =
#(7) { a if >0 andz e X\ X,

that corresponds to a pure stationary strategy s, where sz, = sq, ﬁ(x)(a) forx e X
and a € A(z).

Remark 1. In [14] problem (8), (9) is regarded as the dual model of the following
linear programming problem:

Minimize
o(e,w) = Z 0wy (13)
reX
subject to
€x +wz > f(z,a) + Y PG ey Ve e X, Vae Ax);
yeX
(14)
Wz > Y P Wy Ve € X, Va € A(x).
yeX ’

The optimal value of objective function in this problem as well as the optimal value
of objective function in problem (8), (9) express the optimal average reward when
the initial state is chosen according to distribution {6,}. Solving problem (13), (14)
we obtain the value w} for each x € X that represents the optimal average reward
when transition starts in x with probability equal to 1. This means that if (a*, 3%) is
the optimal solution of problem (8), (9) then we can determine the optimal strategy
s* and the optimal values of object functions of problems (13), (14) and (8), (9),

where ¢(e*,w*) = ¥ (a*, 5%).
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4.2 Multichain decision model in the terms of stationary strategies

The continuous model we propose for the multichain average decision problem
that generalizes the unichain continuous model (3), (4) is the following:

Maximize
S g, W Z Z f z,a sx ,adx (15)
z€X a€A(x)
subject to
Gy — Z Z p;,y Sz,aqz = 0, Yy € X;

z€X a€A(x)

qy + wy - Z Z pg,ysx,awx - 9y7 Vy € )(7
z€X a€A(x) (16)
Z Sy,a - 17 vy S X,
acA(y)

Sz >0, Ve X, Vae A(x); w, >0, Vo € X,

where 6, are the same values as in problem (8), (9) and $;4, ¢z, w, for z € X,
a € A(z) represent the variables that must be found.

Theorem 2. Optimization problem (15), (16) determines the optimal stationary
strategies of the multichain average Markov decision problem.

Proof. Indeed, if we assume that each action set A(x),x € X contains a single action
a’ then system (9) is transformed into the following system of equations

— > Pyl =0, Vy € X;
reX
Qy+wy— > prywy =0, VyeX
reX

with conditions ¢y, w, > 0 for y € X, where ¢y = ay v, wy = By, Yy € X
and pg, = pg:y, Vz,y € X. This system uniquely determines ¢, for x € X and
determines w, for x € X up to an additive constant in each recurrent class of
P = (pzy) (see [14]). Here g, represents the limiting probability in the state =z
when transitions start in the states y € X with probabilities 6, and therefore the
condition ¢, > 0 for x € X can be released. Note that w, for some states may
be negative, however always the additive constants in the corresponding recurrent
classes can be chosen so that w, became nonnegative. In general, we can observe that
in (16) the condition w, > 0 for z € X can be released and this does not influence
the value of objective function of the problem. In the case |A(x)| =1, Vo € X the
average cost is determined as ¢ = > f()q., where f(z) = f(z,a),V2 € X,

zeX
If the action sets A(x), x € X may contain more than one action then for a given

stationary strategy s € S of selection of the actions in the states we can find the
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average cost 1(s) in a similar way as above by considering the probability matrix
P* = (p;,), where
pgsg,y = Z p;,ysm,a (17)
a€A(x)

expresses the probability transition from a state x € X to a state y € X when the
strategy s of selections of the actions in the states is applied. This means that we
have to solve the following system of equations

Gy — > D5yl =0, Yy € X;
zeX

qytwy — > phywe =10, VyeX
zeX

If in this system we take into account (17) then this system can be written as follows

Qy — Z Z p%y Sz,aqz = 0, Yy € X;
z€X a€A(x)
(18)
Qytwy— Y Y. DPhySzaWe =0, VyeX.
z€X acA(z)

An arbitrary solution (¢, w) of the system of equations (18) uniquely determines g,
for y € X that allows us to determine the average cost per transition

W(s) =D f(#,0)80.a0 (19)

rzeX a€eX

when the stationary strategy s is applied. If we are seeking for an optimal stationary
strategy then we should add to (18) the conditions

Z Spa=1, Ve e X; 5,,>0, Ve € X,a € A(x) (20)
a€A(x)

and to maximize (19) under the constraints (18), (20). In such a way we obtain
problem (15), (16) without conditions w, > 0 for z € X. As we have noted the
conditions w, > 0 for x € X do not influence the values of the objective function
(15) and therefore we can preserve such conditions that show the relationship of the
problem (15), (16) with problem (8), (9). O

The relationship between feasible solutions of problem (8), (9) and feasible solu-
tions of problem (15), (16) can be established on the basis of the following lemma.

Lemma 3. Let (s,q,w) be a feasible solution of problem (15), (16). Then

Oy a = Sx,aqx, 5:(:,(1 = Sz,aWx, Vr € X,CL € A(x) (21)

represent a feasible solution («,[3) of problem (8), (9) and ¢(s,q,w) =Y («, B). If
(e, B) is a feasible solution of problem (8), (9) then a feasible solution (s,q,w) of
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problem (15), (16) can be determined as follows:

—Yza for z e X,, a€ A(x);

Z Qg.a
Spa = aeAéx) (22)
L for x € X\ X,, a€ Ax);

Z Bra

acA(x

Z Ogq, Wy = Z Bra for e X.
a€A(x) acA(x)

Proof. Assume that (s,q,w) is a feasible solution of problem (15), (16) and («, )
is determined according to (21). Then by introducing (21) in (8),(9) we can observe
that (9) is transformed in (16) and ¥(s,q,w) = ¥(a, ), ie. (a,f) is a feasible
solution of problem (8), (9). The second part of lemma follows directly from the
properties of feasible solutions of problems (8),(9) and (15),(16). O

Note that an arbitrary pure stationary strategy s of problem (15), (16) corre-
sponds to a basic solution («, 3) of problem (8), (9) for which (22) holds, however
system (9) may contain basic solutions for which stationary strategies determined
through (22) do not correspond to pure stationary strategies. Moreover two different
feasible solutions of problem (8), (9) may generate through (22) the same stationary
strategy. Such solutions of system (9) are considered equivalent solutions for the
decision problem.

Corollary 1. If (af,3%), i=1,k, represent the basic solutions of system (9) then
the set of solutions

k

k
= {(@)] (/) =3 N(a',5), SN =1, XN>0, i=TFk}
=1

1=1

determines all feasible stationary strategies of problem (15), (16) through (22).

An arbitrary solution (a,3) of system (9) can be represented as follows: o =
Zle Aal, where Zle AN=1; \'>0, i=1,k, and 3 represents a solution of the
system

Z ﬁx,a - Z Z pg,ggﬁz,a =0, — Z Qg a, Vo € X;

a€A(y) 2€X a€A(z) a€A(x)

ﬁy,a >0, Vxe X, ac A(l‘)

If (o, B) is a feasible solution of problem (8), (9) and (o, 3) & M then there exists a
solution (o', 3") € M that is equivalent to («, ) and ¥(a, B) = ¥(d/, ).
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4.3 The main property of the object function

Using problem (15), (16) we can now extend the results from Section 3.1 for the
general case of average decision problem.

Theorem 3. Let an average Markov decision problem be given and consider the

function
= Z Z f(m,a)sm,a Az, (23)

r€X acA(x)

where q, for ¥ € X satisfy the condition

Ay — Z Z p%y Sz,aqz = 0, Yy € X;
z€X a€A(x)
(24)
qy + wy - Z Z pg,ysl‘,awx - 9y7 Vy € X.
z€X acA(z)

Then on the set S of solutions of the system

Yo Sza=1 VrelX,
a€A(x) (25)
S20>0, VrelX, aecAx)

the function (s) depends only on sz, for x € X,a € A(z) and (s) is
quasi-monotone on S .

Proof. For an arbitrary s € S system (24) uniquely determines ¢, for z € X and
determines w, for z € X up to a constant in each recurrent class of P* = (p; ),

where p; = > pPg,Sea, Yo,y € X. This means that ¢(s) is determined
a€A(x)

uniquely for an arbitrary s € S, i.e. the first part of the theorem holds.

Now let us prove the second part of the theorem.

Consider arbitrary two strategies s’, s” € S and assume that s # s”. Then
according to Lemma 3 there exist feasible solutions (o/, ") and (&”,(") of linear
programming problem (8), (9) for which

U(s) =, 8), P(s") = (", B"), (26)

where

' " s .
o = Spalys Ogy = Sy CLqm, Ve e X, a € A(x);

ﬁxa - xaw/mv ;/,y = Sm,a%m \V/l‘ € X? a € A(l‘)7

Z Ay Whg= D Bha YreX;

a€A(x a€A(x)

Z ol Z Bra YreX.

a€A(x a€A(x)
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The function (a, 3)) is linear and therefore for an arbitrary feasible solution

(@, 8) of problem (8), ,(9) holds

(@, B) =t f) + (1= t)y(a”, 6") (27)

if0<t<1and

(@) =t(@,3) + (1 —t)(a", 5").
Note that (@, 3) corresponds to a stationary strategy 3 for which

¥(5) = (@, P), (28)
where .
a_m’a if ze Xg;
Spa=4 Ja (29)
@ if ze X\ Xa.
Wy

Here Xz = {z € X| ) @, > 0} is the set of recurrent states induced by
a€A(x)

P® = (p;,), where p; = are calculated according to (17) for s =3 and

G, =t +(1—-1t)q", w,=tw,+ (1 —-t)wl, VreX.

We can see that Xg = Xo U Xov, where X = {z € X[ > o), > 0} and
a€A(x)
Xy = {:E S X| Z Oégﬂ > 0}.

a€A(x)
¢(§) = Z Z f($7a)§m,aqx

z€X acA(x)

The value

is determined by f(x,a), 5z, and @, in recurrent states x € X and it is equal to

(@, B). If we use (29) then for z € X7 and a € A(z) we have

ta;c,a + (1 - t)ag,a . ts;c,aq;c + (1 - t)sl/ qg .

_ zT,a
T T (- 0g th+ (1Dl
tq;c / (1-— t)qg "

Tt (- gt (- g e
and for x € X \ Xz and a € A(x) we have

Bt (L=0)B,  tsh wy + (1 —1)sy

z,a%x
Szv,a - " "

tw!, + (1 — t)w! tw!, + (1 — t)w”

tw’ (1—-t)yw! p

T /

- tw!, + (1 — t)w! Sz.a tw!, + (1 — t)w! Sz,a:

T
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So, we obtain

Spa = txséw +(1-— tm)sgﬂ, Va € A(z), (30)
where )
1q; .
/—_// lf T € Xa7
g )t (;U/ t)q! (31)
and from (26)—(28) we have
P(3) = t(s') + (1 = )y(s"). (32)

This means that if we consider the set of strategies
S(s',s") = {3] 82.a = tms;m +(1- tm)sg,a, Ve € X,a € A(x)}
then for an arbitrary 5 € S(s, s”) holds

min{y(s), 1 (s")} < ¥(5) < max{y(s),9(s")}, (33)

i.e ¢(s) is monotone on S(s',s”). Moreover, using (30)—(33) we obtain that S pos-
sesses the properties

%in} Su.a = Syq, VT € X,a € A(x); %in%gx,a =sll Vr € X a € Ax). (34)

xT,a’ x,a’

and respectively

lim(s) = o(s);  limo(s) = B(s").

t—1 t—0

In the following we show that the function 1(s) is quasi-monotone on S. To
prove this it is sufficient to show that for an arbitrary c € R the sublevel set

Lo () ={s € 8] ¥(s) < c}

and the superlevel set
Li(p) ={s €S| ¢¥(s) > c}

of function v (s) are convex. These sets can be obtained respectively from the sublevel
set

Ly () = {(, )] ¥(e, 8)) < ¢}
and the superlevel set

LE(W) = {(a, B)] ¥(e, B)) = c}

of function ¢ (a, 3) for linear programming problem (8), (9) using (22).
Denote by (of, "), i = 1,k the basic solutions of system (9). According to
Corollary 1 all feasible strategies of problem (8), (9) can be obtained trough (22)
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using the basic solutions (of, "), i = 1,k. Each (af,3%), i = 1,k, determines a
stationary strategy

a
=2 for x € X, a € A(x);

for v € X\ X,i, a € A(z)

for which (s?) = ¥ (a?, 3*) where

Xot ={z € X[ ) ab, >0} g¢;= Z gy wh= Y B, VoeX. (36)

acA(x) acA(z a€A(x)

An arbitrary feasible solution («, 3) of system (9) determines a stationary strategy

C;z’a, for x € X4, a € A(x);
Sp.a = 3 (37)
wix’“, for € X\ X,, a € A(z),

for which (s) = ¥(a, 3) where

Xa:{x€X|Zagc,a>0}y qgc—zagcm wx—Zﬁxa7V$eX

a€A(x) a€A(x) a€A(x)

Taking into account that («, 3) can be represented as

k k
(o, B) = Z)\i(ai,ﬂi), where Z)\i =1, N'>0,i=1k (38)
i=1 i=1
_ E
we have (o, 8) = > ¢¥(a*, ')\ and we can consider
i=1

k k k k
Xo= UXM-; a:Z)\iai; q:Z)\i t w:Z)\iwi. (39)
i=1 i=1 i=1 i=1

Using (35)—(39) we obtain:

Qg q o Zi:l A a:c,a o Zi:l A S:c,aqx o Z /\Zq; 7

Sr.a = = = st . Vo e Xy, a€ Ax);
o qx qx qx i1 qx wa “ ( )
Bx a Zi:l A ﬁx a Zi:l A Sz,aWzx /\sz
S = ? = ? = d = 3 vf]}' E X X ,a E A
z,a Wy Wy Wy ; Wy x ,a \ [e% ( )
and
k k
Gz = Z ANqh,  wy = Z)\’w; for zeX. (40)
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So,

i i
:E

xa if q. > 0;
(41)

Sz,a =
Yo i if ¢ =0,

:B[l

k
k
where ¢, and w, are determined according to (40).

We can see that if X', s, g%, 4 = 1, k are given then the strategy s defined by (41) is
a feasible strategy because s, , > 0,Vz € X, a € A(x) and ZaEA Sp0 =1, Vo e X.
k . .
Moreover, we can observe that ¢, = E AN, wy = E Naw! for z € X represent
=1
a solution of system (24) for the strategy s defined by (41). This can be verified by

introducing (40) and (41) in (24); after such a substitution all equations from (24)
are transformed into identities. For ¢(s) we have

Z foasxaql‘—z foai( 'q:;”’ )x:

z€X acA(x z€Xa a€A(x) i=

f:( > Z flz,a) maqm>¥ f:zb(sl)x

i=1 “z€X_; acA(x =1

0ls) = 0N, (12)

where s is the strategy that corresponds to («, ).

Thus, assuming that the strategies s',s?,...,s* correspond to basic solutions
(', BY), (a2, 52),...,(a*, B%) of problem (8), (9) and s € S corresponds to an arbi-
trary solution («, 3) of this problem that can be expressed as convex combination of
basic solutions of problem (8), (9) with the corresponding coefficients A}, A2, ... JAE
we can express the strategy s and the corresponding value ¢(s) by (40)—(42). In
general the representation (40)—(42) of strategy s and of the value v(s) is valid for
an arbitrary finite set of strategies from S if (a,3) can be represented as convex
combination of the finite number of feasible solutions (a!, 31), (a2, 3%),..., (*, %)
that correspond to s',s2,...,s¥; in the case k = 2 from (40)—(42) we obtain (30)-
(32). It is evident that for a feasible strategy s € S the representation (40), (41) ma%gf

. —k =1 =
be not unique, i.e. two differen vectors A = ()\1, )\2, ...,A ) and A= )\ , A
may be that determine the same strategy s via (40), (41). In the followmg we Wlll
assume that s',s?, ..., s" represent the system of linear independent basic solutions

of system (25), i.e. each s' € S corresponds to a pure stationary strategy.
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Thus, an arbitrary strategy s € S is determined according to (40), (41) where
AL A2, . 0\F correspond to a solution of the following system

k
DN =1 XN>0i=1Lk
=1

Consequently, the sublevel set L (1) of function v(s) represents the set of strategies
s determined by (40), (41), where A, A2, ..., \¥ satisfy the condition

k . .

2 (N <

T | (43)
YA =1 XN>0, i=1k

=1

and the superlevel set LT (1)) of 1(s) represents the set of strategies s determined
by (40),(41), where A}, A2, ..., \F satisfy the condition

k

2PN = ¢

! | (44)
A =1 XN>0, i=1k

=1

Respectively the level set L.(1) = {s € S| 1(s) = ¢} of function 1(s) represents the
set of strategies s determined by (40), (41), where A', A2, ..., A satisfy the condition

M=~
<
o,
=
I
D

.
Il
—

(45)

=
2
I
“b—‘
2.
v
=
-~
I
\.b—‘
RA

<.
I
—_

Let us show that L7 (v), Lt (v), Lc(1) are convex sets. We present the proof
of convexity of sublevel set L (1)). The proof of convexity of L} (¢)) and L.(v) is

similar to the proof of convexity of L_ ().
Denote by A the set of solutions (A', A2, ..., A\F) of system (43). Then from (40),

(41), (43) we have
reX

where S, represents the set of strategies
Z’? gl st o
Sl D e SR NG > 0,
Zk . )\qu 1 x
1= xX
Sp.a = a € A(r)

Yo Nwls! o
ZZ_; )\'x 'x’a if Zf:l )‘Zq; =0,
A e
=1 x
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in the state 2 € X determined by (A, A\%,...,\¥) € A.
For an arbitrary o € X the set A can be represented as follows A = A7 UAY,
where

k
AR ={(\L N0 e Al YD NG > 0},
=1

k
AY={(\ A% ) e Al Y NG =0}
i=1

and Zle Nawl >0 if Zle Mgt = 0.
Therefore S, can be expressed as follows S, = SF U SY, where S, represents
the set of strategies

b Ngist,
Spa = 22_1—‘]',’ for a € A(x) (46)

k .
>im1 N,
in the state z € X determined by (A}, A2,...,\F) € AF and Sg represents the set of
strategies

-~ Nwls!
Spa = Z_;— for a € A(z) (47)
i1 AW
in the state € X determined by (A, A2,... \*) € AD.
Therefore S, can be expressed as follows S, = S U S), where S; represents
the set of strategies

=1 M 4520
Sp.a = 22_1—‘]',’ for a € A(x) (48)

k .
2im1 N
in the state z € X determined by (A}, A2,...,\F) € A} and 5‘2 represents the set of

strategies i
Uyl ol
Spa = M, for a € A(x) (49)
i1 AW
in the state € X determined by (A, A2,... \*) € AD.
Thus, if we analyze (48) then observe that s, , for a given z € X represents
a linear-fractional function with respect to A, A\2,..., \¥ defined on convex set A
and S; is the image of s,, on A}. Therefore S is a convex set. If we analyze
(49) then observe that s, , for given x € X represents a linear-fractional function
with respect to A, \2,..., \F on convex set AY and Sg is the image of s, , on AY.
Therefore SO is a convex set (see [1]). Additionally we can observe that A} NA9 =
and in the case A}, A% # ) the set AU represents the limit inferior of A;". Using this
property and taking into account (34) we can conclude that each strategy s, € S’g
can be regarded as the limit of a sequence of strategies {s’} from S; . Therefore we
obtain that S, = 5’;’ U S’g is a convex set. This involves the convexity of the sublevel
set L (¢). In analogues way using (44) and (45) we can show that the superlevel
set LT (¢) and the level set L.(1)) a convex set. This means that the function 1)(s)
is quasi-monotone on S. ]
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5 Existence of stationary Nash equilibria for the multichain average
stochastic game

In this section we present an result concerned with the existence of stationary
Nash equilibria in a multichain average stochastic game with n players. We prove
this result using a continuous model for the considered game that generalizes the
continuous model from Section 3.

5.1 A continuous model for the multichain stochastic game

The continuous model for a multichain average stochastic game that generalizes
the continuous model (23)—(25) is the following:

Let gi, i €{1,2,...n} Dbe the set of solutions of the system

> st =1 VrelX;

uEAl () o (50)
st >0, Vee X, a' € A'(x).

x,a®

that determines the set of stationary strategies of player i. Each S’ is a convex
compact set and an arbitrary its extreme point corresponds to a basic solution s’
of system (50), where s;’ai € {0,1}, Vz € X, a' € A(x), i.e each basic solution
of this system corresponds to a pure stationary strategy of player i. On the set
S=5'x5 x--x5" wedefine n payoff functions

wl(817827 T Sn) = Z Z H xakfz($7alaa2"'an)qm7

z€X (al,a?,..,an)eA(z) k=1 (51)
1=1,2,...,n,

where ¢, for x € X are determined uniquely from the following system of linear
equations

7 1a2, n
Qy— 2 > [T s xak r[?y o )‘Ix:(), Vy € X;
z€X (al,a?,...,a")€A(z) k=1
(52)
n n
qy+wy— > > H xak :(c?ya7---7a )wx:HI,VyEX,
z€X (al,a?,...,a")€A(z) k=1
for an arbitrary profile (s!,s?, ..., s™) € S. Each (s',s%, ..., s") € S in the
considered continuous game corresponds to a profile of mixed stationary strategies
of the players and ¢(s', s2, ..., s"), i = 1,2,...,n, defined by (51), (52) represent

the corresponding average payoffs of the players in the case when the staring state
is chosen according to distribution {6,}. If 6, =0, Vo € X \ {z¢} and 6, = 1 then
we obtain the continuous game model for the average stochastic game with given
starting state xg, i.e. (st s2,...,8") = wfﬂo(sl,sz, sM),i=1,2,....n
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5.2 The main result

From Theorem 3 as a corollary we can obtain the following lemma.

Lemma 4. For an arbitrary average stochastic game with 6, > 0,Vx € X each

payoff function (s, s, ..., s"), i€ {1,2,...,n} possesses the property that
PiELE2 L, 5 s E T L 3 s quasi-monotone with respect to s' € Kk for
arbitrary fived s* ng, k=1,2,...,i—1,i+1, ..., n.

Proof. Indeed, if players 1,2,...,i—1,i+1, ..., n fix their stationary strategies 5° €
gk, k=1,2,...,9—1,7+1, ..., n, then we obtain an average decision problem with
respect to s* € S and average cost function ¢i(3!,32, ..., 3L st 5t . 30,

According to Theorem 3 this function possesses the property that the value of the
function is uniquely determined by st € §" and it is quasi-monotone with respect to
sion S O

Theorem 4. Let (X, A, {Xi},_17, {fi(x,a)}i:L—n,p, {6.}) be an average stochas-
tic game with given distribution {0} for the initial state and consider the con-
tinuous game with average payoffs ' (s',s%,...,s"), i = 1,2,....n for the
players. If for an arbitrary profile 3 = (3',5%,...,3"%) € S each payoff function
Pi(st,s2,...,s"), i € {1,2,...,n} possesses the property that
lim ¢'(3',35%,..., 37 s3T5 = ¢l (ELE, . F L ELE L)
5t—3"

then for the considered continuous game there exists a Nash equilibrium s* =

(s¥", s, ..., ") € S that is a stationary Nash equilibrium for the average stochas-
tic game (X, A, {Xi},_17, {fi(x,a)}i:m, p, x}) with an arbitrary initial state
rzeX.

Proof. According to Lemma 4 each function f(s',s%,...,s"), i € {1,2,...,n}
satisfies the condition that ¢¢(3',3%, ..., 31 s!,3+ ... 3") is quasi-monotone
with respect to s € S for an arbitrary fixed Ek'e gk, k=1,2, ..., 1—1,
i+1, ..., n. In the considered game each subset S’ is convex and compact and
according to the conditions of the theorem each payoff function (s, s? ..., s")

is continue with respect to s* in 5. Therefore, these conditions (see [2, 3,15, 18])

provide the existence of a Nash equilibrium s* = (sl*, 25 s"™*) for the game with

payoff functions %(s!,s?, ..., s"), i € {i,2, ..., n} on xS x..-xS". O

6 Conclusion

The results presented in the paper show that for finite state space stochastic
games with average payoffs stationary Nash equilibria exist if the conditions of The-
orem 4 are satisfied. For determining stationary Nash equilibria in the considered
games the continuous model from Section 5.1 can be used. For average stochastic
games with unichain property the continuous model from Section 3.2 can be used.
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