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Abstract. The aim of this paper is to study the notion of lacunary I-convergence
in probabilistic normed spaces as a variant of the notion of ideal convergence. Also
lacunary I-limit points and lacunary I-cluster points have been defined and the rela-
tion between them has been established. Furthermore, lacunary Cauchy and lacunary
I-Cauchy sequences are introduced and studied. Finally, we provided example which
shows that our method of convergence in probabilistic normed spaces is more general.
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1 Introduction

Steinhaus [45] and Fast [13] independently introduced the notion of statistical
convergence for sequences of real numbers. Over the years and under different names
statistical convergence has been discussed in the theory of Fourier analysis, ergodic
theory and number theory. Later on it was further investigated from various points
of view. For example, statistical convergence has been investigated in summability
theory by (Connor [7], Fridy [15], Salat [40]), number theory and mathematical
analysis by (Buck [1], Mitrinovi¢ et al. [37]), topological groups (Cakalli [2, 3]),
topological spaces (Di Maio and Ko¢inac [34]), function spaces (Caserta and Koc¢inac
[5]), measure theory (Cheng et al. [6], Connor and Swardson [8], Miller [36]). Fridy
and Orhan [16] introduced the concept of lacunary statistical convergence. Some
work on lacunary statistical convergence can be found in [2,17,20,33].

Kostyrko, et al. [28] introduced the notion of I-convergence as a generalization
of statistical convergence which is based on the structure of an admissible ideal I
of subset of natural numbers N. Kostyrko et al. [29] gave some of basic properties
of I-convergence and dealt with extremal I-limit points. Further details on ideal
convergence can be found in [4, 11,12, 21-25, 32, 41, 46], and many others. The
notion of lacunary ideal convergence of real sequences was introduced in [47,48],
and Hazarika [18,19] introduced the lacunary ideal convergent sequences of fuzzy
real numbers and studied some properties. Debnath [10] introduced the notion of
lacunary ideal convergence in intuitionistic fuzzy normed linear spaces. Recently,
Yamanci and Giirdal [49] introduced the notion of lacunary ideal convergence in
random n-normed space.
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A family I of subsets of N, positive integers, i.e. I C 2V, is an ideal on N if and
only if

(i) o€,
(i) AUB €I for each A, B € 1,

(iii) each subset of an element of I is an element of I.

A non-empty family of sets F' C 2V is a filter on N if and only if

(a) ¢ ¢ F,
(b) AnNB € F for each A,B € F,

(c) any superset of an element of F' is in F.

An ideal I is called non-trivial if I # ¢ and N ¢ I. Clearly I is a non-trivial ideal
if and only if F = F(I) = {N—A: A € I} is afilter in N, called the filter associated
with the ideal I.

A non-trivial ideal I is called admissible if and only if {{n} :n € N} C I. A non-
trivial ideal I is mazximal if there cannot exist any non-trivial ideal J # I containing
I as a subset.

Recall that a sequence = = (xj) of points in R is said to be I-convergent to a
real number ¢ if {k € N : |z — ¢| > ¢} € I for every € > 0 [28]. In this case we
write I — limzy = /.

By a lacunary sequence 6 = (k,), where ky = 0, we shall mean an increasing
sequence of non-negative integers with k. — k._1 — oo as r — oo. The intervals
determined by 6 will be denoted by J, = (k,_1, k] and we let h, = k, — k,_1. The
space of lacunary strongly convergent sequences Ny was defined by Freedman et al.
[14] as follows:

o1
Ny = x:(xk):h?lh—“; |z — L| = 0, for some L

Menger [35] proposed the probabilistic concept of the distance by replacing the
number d(p,q) as the distance between points p,q by a probability distribution
function F), 4(). He interpreted Fj, ,(x) as the probability that the distance between
p and q is less than . This led to the development of the area now called probabilistic
metric spaces. This is Serstnev [44] who first used this idea of Menger to introduce
the concept of a PN space. For an extensive view on this subject, we refer to
9,26, 31, 42, 43]. Subsequently, Mursaleen and Mohiuddine [38] and Rahmat[39]
studied the ideal convergence in probabilistic normed spaces and V.Kumar and
K. Kumar [30] studied I-Cauchy and I*-Cauchy sequences in probabilistic normed
spaces.
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The notion of statistical convergence depends on the density (asymptotic or
natural) of subsets of N. A subset F of N is said to have natural density 0 (F) if

n—oo

1
0 (E) = lim ﬁ‘{k <n:k e E}| exists.

Definition 1. A sequence z = (xy) is said to be statistically convergent to £ if for
every € > 0
S{keN: |z, -4 >¢e})=0.

In this case, we write § —limaz = ¢ or x; — ¢(S) and S denotes the set of all
statistically convergent sequences.

Definition 2. ([47,48]) Let I C 2" be a non-trivial ideal. A real sequence = = ()
is said to be lacunary I-convergent or Iy-convergent to L € R if, for every € > 0 the
set

1
reN: h—TZ|:Ek—L|Z€ el
ked,

L is called the Iy-limit of the sequence = = (xy), and we write Iy — limx = L.

In this paper we study the concept of lacunary I-convergence in probabilistic
normed spaces. We also define lacunary I-limit points and lacunary I-cluster points
in probabilistic normed space and prove some interesting results.

2 Basic definitions and notations

Now we recall some notations and basic definitions that we are going to use in
this paper.

Definition 3. A distribution function (briefly a d.f.) F is a function from the
extended reals (—oo, +00) into [0, 1] such that

(a) it is non-decreasing;
(b) it is left-continuous on (—oo, +00);
(¢) F(—o00) =0 and F(+o00) = 1.

The set of all d.f.’s will be denoted by A. The subset of A consisting of
proper d.f’s; namely of those elements F' such that T F(—o0) = F(—o00) = 0 and
(" F(4+00) = F(4+00) = 1 will be denoted by D. A distance distribution function
(briefly, d.d.f.) is a d.f. F" such that F'(0) = 0. The set of all d.d.f.f’s will be denoted
by A", while DT := D N A" will denote the set of proper d.d.f.’s.

Definition 4. A triangular norm or, briefly, a t-norm is a binary operation
T :]0,1] x [0,1] — [0, 1] that satisfies the following conditions (see [27]):
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T1) T is commutative, i.e., T'(s,t) = T'(t,s) for all s and ¢ in [0, 1];

)
T2) T is associative, i.e., T(T'(s,t),u) = T(s,T(t,u)) for all s,t and w in [0, 1];
T3) T is nondecreasing, i.e., T'(s,t) < T(s',t) for all t € [0,1] whenever s < §/;

)

(
(
(
(T4) T satisfies the boundary condition T'(1,t) = ¢ for every ¢ € [0, 1].

T* is a continuous t-conorm, namely, a continuous binary operation on [0, 1] that
is related to a continuous t-norm through 7*(s,t) =1 — T (1 — s,1 — t). Notice that
by virtue of its commutativity, any t-norm 7' is nondecreasing in each place. Some
examples of t-norms T" and its t-conorms T™* are: M (x,y) = min{z,y},(z,y) = z.y
and M*(z,y) = max{z,y},I*(z,y) =z +y — z.y.

Definition 5. A Menger PN space under T is a PN space (X,v,7,7*), denoted
by (X,v,T), in which 7 = 7p and 7* = 77+, for some continuous t-norm 7" and its
t-conorm T™*.

Definition 6. Let (X,v,T) be a PN space and = = (z}) be a sequence in X. We
say that (z) is convergent to ¢ € X with respect to the probabilistic norm v if for
each € > 0 and « € (0, 1) there exists a positive integer m such that v, _¢(e) > 1—a
whenever k£ > m. The element ¢ is called the limit of the sequence () and we shall
write v — limzy, = £ or x, — £ as k — oo.

Definition 7. A sequence (z) in X is said to be Cauchy with respect to the
probabilistic norm v if for each ¢ > 0 and « € (0,1) there exists a positive integer
M = M(e, a) such that v, ;,(¢) > 1 — a whenever k,p > M.

Definition 8. Let (X, v, T) be a probabilistic normed space, and let r € (0,1) and
x € X. The set
B(z,rt)={ye X :vy_,(t)>1-r}

is called the open ball with center x and radius r with respect to t.

Throughout the paper, we denote I as an admissible ideal of subsets of N and
0 = (k,) as a fixed lacunary sequence, respectively, unless otherwise stated.

3 Main results

We now obtain our main results.

Definition 9. Let I C 2Y and (X,v,T) be a PNS. A sequence x = (x},) in X is said
to be Iy-convergent to L € X with respect to the probabilistic norm v if, for every
e>0and o € (0,1) the set

1
reN: h—rlgyxk_L(s)gl—a el.

L is called the Iy—limit of the sequence x = (x}) in X, and we write I —limz = L.
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Example 1. Let (R, |.|) denote the space of all real numbers with the usual norm,
and let T'(a,b) = ab for all a,b € [0,1]. For all z € R and every ¢ > 0, consider

vy (t) = #Irl Then (Rv,T) is a PNS. If we take I = {A CN: §(A) =0}, where

0 (A) denotes the natural density of the set A, then I is a non-trivial admissible
ideal. Define a sequence z = (xj) as follows:

ol if k=4%i €N,
=Y 0 otherwise.

Then for every a € (0,1) and for any € > 0, the set

1
K=<reN: —Zuxk(a)gl—a

fir kedy
will be a finite set. Hence, 6 (K) = 0 and consequently K € I, i.e., Ij —limx = 0.

Lemma 1. Let (X,v,T) be a PNS and x = (zy) be a sequence in X. Then, for
every e > 0 and « € (0,1) the following statements are equivalent:

(1) If —lima = L,

@o{reNzﬁgkgﬁm_ﬂ@g1—a}ef,

(i) { reN: h%ZkeJerk—L(E) >1—a }eF(I),

(

Z’LZ) Ig — lim mG_L(s) =1.

Theorem 1. Let (X,v,T) be a PNS and if a sequence x = (xy,) in X is Iy-convergent
to L € X with respect to the probabilistic norm v, then Ij — lim x is unique.

Proof. Suppose that Ij —limx = Ly and Ij —limx = Ly (L1 # Lg). Given a > 0
and choose [ € (0, 1) such that

TA-B1-p8)>1—a. (1)

Then for € > 0, define the following sets:

1 €
Ki=¢reN: h—rlg;l/mk_[d(g)Sl_ﬁ ’

1 €
KQ: TGNZh—Tk;ka_Lz(§>S1—/B

Since I§ —limx = L1, using Lemma 1, we have K; € I. Also, using Ij —limx = Lo,
we get Ko € I. Now let
K=K UKo.
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Then K € I. This implies that its complement K€ is a non-empty set in F'(I). Now
if r € K¢, let us consider r € K{ N K3. Then we have

h Z Ve — L1< )>1—ﬁand—2yxk L2<2)>1—ﬁ
keJy ke,

Now, we choose an s € N such that
€ 1 €
et () > 5y Lvmena (5) 2176

and

[z <)>_ZkaL2<)>1—5

e.g., consider max {ka L1 (—) Vg)— Lo (5) ke Jr} and choose that k as s for
which the maximum occurs. Then from (1), we have

Vi—1,(€) > T <VxS—L1 (%) s Vgo— Lo (%)) >T(1-06,1-0)>1-a.

Since o > 0 is arbitrary, we have vp,_r,(¢) = 1 for all ¢ > 0, which implies that
Li = L. Therefore, we conclude that Iy — lim x is unique. |

Here, we introduce the notion of #-convergence in a PNS and discuss some
properties.

Definition 10. Let (X, v, T) be a PNS. A sequence z = (x1) in X is f-convergent
to L € X with respect to the probabilistic norm v if, for a € (0,1) and every ¢ > 0,
there exists r, € N such that

—ZVML >1—«

kEJ'r

for all r > r,. In this case, we write ¥ —limz = L.

Theorem 2. Let (X,v,T) be a PNS and let © = (xg) in X. If z = (xy) is 6-
convergent with respect to the probabilistic norm v, then v? —limx is unique.

Proof. Suppose that v —limz = L and v —limx = Ly (L1 # Ls). Given a € (0,1)
and choose # € (0,1) such that T (1 — 3,1 — ) > 1 — a.. Then for any ¢ > 0, there
exists r; € N such that

— Z VeI, (€) > 1 -«

kEJT
for all » > r1. Also, there exists r9 € N such that

_leﬂﬁk L2 >1—a

kEJ'r
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for all » > ry. Now, consider r, = max{ry,r2}. Then for r > r,, we will get an

s € N such that
Vi <)>—vak L1<)>1—ﬁ

and

7 ()>—ZkaL2()>1—5

Then, we have

Vi-1,(6) >T (l/ms_Ll <§> yVgo—Lo <%>> >TA1-6,1-0)>1—a.

Since o > 0 is arbitrary, we have vp,_r,(¢) = 1 for all € > 0, which implies that
L; = Ls. O

Theorem 3. Let (X,v,T) be a PNS and let x = (z3) in X. If v’ —limz = L, then
Ij —limz = L.

Proof. Let v? —limx = L, then for every £ > 0 and given o € (0,1), there exists

rg € N such that
— Z Vi — () >1 -«
kEJ'r

for all r > rg. Therefore the set

B=<{reN: ZkaL <l—ap C{L,2,...,n9—1}.
" ked,

But, with I being admissible, we have B € I. Hence Ij —limz = L. O

Theorem 4. Let (X,v,T) be a PNS and © = (z) ,y = (yi) be two sequence in X.
(i) If 1) —limxp, = Ly and Ij) — limyy, = Lo, then I} —lim(xy & yi) = L1 & Lo;
(1) If I —limxy, = L and a be a non-zero real number, then Iy —lim axy, = al.

If a = 0, then result is true only if I is admissible of N.

Proof. (i) We shall prove, if I —limx;, = Ly and Iy —limy, = Lo, then I§ —lim(z}+
yr) = L1 + Lo, only. The proof of the other part follows similarly.

Take € > 0, € (0,1) and choose 3 € (0,1) such that the condition (1) holds. If
we define

A =<reN: Zl/xk[,1<><l—ﬂ
" ked,
and

As = Zl/yk L2<)<1—ﬁ ;

k)EJr
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then A{ N AS € F(I). We claim that
1
ATNAS C<reN: . Z V(Z'k—Ll)"r(yk—LQ)(e) >1—-«

" ke,

Let n € A{ N AS. Now, using (1), we have

hi D Van—L)+un—L)(€) 2 ( > v (5 ) > teta (3 >)

" ned, " ned, " ned,
T1-06,1-0)>1-«a.
Hence
1
Ai N AS CcCereN: h_T Z V(wk—L1)+(yk—L2)(€) >1—a
kedy

As A{NAS € F(I), so

1

reN: h_ Z V(wk—Ll)-i-(yk—Lz)(g) <l—aypel.

" ke,

Therefore Ij — lim(xy, + yi) = L1 + Lo.
(ii) Suppose a # 0. Since Ij —limxy, = L, for each € > 0 and « € (0,1), the set
Ale,a) =< reN: Zl/ka y<1l—a, e F(I).
keJr

If n € A(e, o), then we have

e X e = 5 3 v ()

ke, " ked,
LS o), o<| | )
keJ
>T Zl/ka Zl/ka >1-—a.
k‘EJr k‘EJr

Hence

A(e,a) C {reN: Z Vagp—aL(€) > 1—a
k‘EJ’r
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and
1
reN: " Zya:ck—aL(E) >1—ap e F(I).

keJr
It follows that

1

reN: h_r Zl/axk_aL(s) <l-aye€l.
keJr

Hence Ij — limazy, = aL.
Next suppose that a = 0. Then for each ¢ > 0 and « € (0, 1), we have

1 1
- Z Yoz, —oL(€) = . Z vle) =1>1-aq,
" ked, " ked,
it follows that v¥ — limz = ¢. Hence from Theorem 3, Iy —limx = /. O

Theorem 5. Let (X,v,T) be a PNS and let x = (1) in X. If v’ —limz = L, then
there exists a subsequence (xy,,) of x = (zy) such that v — limx,, = L.

Proof. Let v? — lima = L. Then, for every ¢ > 0 and given a € (0,1), there exists
rg € N such that

1
. Z Ug—1(€) > 1 —«
" kedr

for all » > rg. Clearly, for each r > rg, we can select an my, € J,. such that

It follows that v — lim z,,, = L. O

Definition 11. Let (X,v,T) be a PNS and let = (x1) be a sequence in X. Then,

(1) An element L € X is said to be Ip-limit point of z = (xy) if there is a set M =
{m1 <mg < ... <my < ..} CNsuch that theset M*={r e N: m € J,} ¢
I and ¥ — lim z,,, = L.

(2) An element L € X is said to be Iy-cluster point of z = (zy) if for every £ > 0
and a € (0,1), we have

1
reN: h—TZmG_L(€)>1—oz ¢ 1.
kedr

Let Al (z) denote the set of all Ip-limit points and I'%¢ (x) denote the set of all
Ig-cluster points in X, respectively.



12 BIPAN HAZARIKA, AYHAN ESI

Theorem 6. Let (X,v,T) be a PNS. For each sequence v = (xy) in X, we have
AY () CTY (2).

Proof. Let L € Al? (), then there exists a set M C N such that M* ¢ I, where M
and M" are as in Definition 5, satisfies v* — lim Zm, = L. Thus, for every ¢ > 0 and
€ (0,1), there exists ro € N such that

—Zuxmk )>1—a

keJr

for all > ry. Therefore,

B={reN: Zl/ka )>1—ap DM\ {mi,ma,..,mpy,}.
k)EJr

Now, with I being admissible, we must have M"\ {my, mg, ..., mg, } ¢ I and as such
B ¢ I. Hence L € ' (). O

Theorem 7. Let (X,v,T) be a PNS. For each sequence © = (xy) in X, the set

Il (x) is a closed set in X with respect to the usual topology induced by the proba-

bilistic norm v?.

Proof. Let y € FI‘) (7). Take ¢ > 0 and « € (0,1). Then there exists Ly € 'l (z) N
B (y,a, ). Choose § > 0 such that B (Lg,d,e) C B (y,a,e). We have

G=<{reN: ZV:vky >1—-a
keJr

>{reN: Zumk Lo(e) >1—-03 =H.
k‘EJ’r

Thus H ¢ I and so G ¢ I. Hence y € T'l¢ (z). O

Theorem 8. Let (X,v,T) be a PNS and let © = (x) in X. Then the following
statements are equivalent:

(1) L is an Ig—limit point of x,

(2) There exist two sequences y and z in X such that x = y+z and ¥ —limy = L
and {r eN: ke J, 2z # 5} € I, where 6 is the zero element of X.

Proof. Suppose that (1) holds. Then there exist sets M and M" as in Definition 11
such that M* ¢ I and v? — lim ZTm, = L. Define the sequences y and z as follows:

_fox ke Jre M,
Y =1 L otherwise
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and B
— 0 ifkeJ.;re M,
k= rp — L otherwise.

It sufficies to consider the case k € J,. such that » € N\ M". Then for each
a € (0,1) and € > 0, we have v, _1(¢) =1 > 1 — a. Thus, in this case,

1
. Z Vy—r(6) =1>1—a.
" ked,

Hence 1! — limy = L. Now {reN: ke J, z#60} C N\M' and so
{reN: ke J, z #0} el

Now, suppose that (2) holds. Let M* = {reN: ke J,, zx=0}. Then,
clearly M* € F(I) and so it is an infinite set. ~Construct the set M =
{m1 <mg < ...<my < ..} CN such that my € J, and 2, = 0. Since zy,, = Y,
and v? —limy = L we obtain ¥ — lim Zm, = L. This completes the proof. O

Theorem 9. Let (X,v,T) be a PNS and x = (xy) be a sequence in X. Let I be an
admissible ideal in N. If there is an Ij-convergent sequence y = (yi) in X such that
{k € N :y, # a1} €1 then x is also Ijj-convergent.

Proof. Suppose that {k € N : y,, # 23} € I and Ij — limy = . Then for every
a € (0,1) and € > 0, the set

1
reN: h—Zuyk_L(s)gl—a el
" kedr
For every 0 < a < 1 and € > 0, we have

1
reN:h—TZka_L(E)Sl—a (2)
kedr

1
C{keN:y#x}USreN: —Zuyk_L(s)gl—a
hrkeJ-

As the both sets of right-hand side of (2) are in I, therefore we have that

1
reN: h_r,gyxk_L(E)Sl_a el

This completes the proof of the theorem. O
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Definition 12. Let (X,v,T") be a PNS. A sequence x = (zj) in X is said to be
0-Cauchy sequence with respect to the probabilistic norm v if, for every € > 0 and
a € (0,1), there exist 79, m € N satisfying

for all r > rg.

Definition 13. Let I be an admissible ideal of N. Let (X, v, T') be a PNS. A sequence
x = (z) in X is said to be Iy-Cauchy sequence with respect to the probabilistic
norm v if, for every ¢ > 0 and « € (0,1), there exists m € N satisfying

1
reN: h—f}; Vgp—zm () >1—€p € F(I).

Definition 14. Let I be an admissible ideal of N. Let (X, v, T') be a PNS. A sequence
xr = (x1) in X is said to be Ij-Cauchy sequence with respect to the probabilistic
norm v if there exists a set M = {m; <mg < ... <mg < ...} C N such that the
set M' = {r e N: my, € J.} € F(I) and the subsequence (z,,,) of z = (x) is a
f-Cauchy sequence with respect to the probabilistic norm v.

The following theorem is an analogue of Theorem 3, so the proof is omitted.

Theorem 10. Let I be an admissible ideal of N. Let (X,v,T) be a PNS. If a
sequence v = (xy) in X is 0-Cauchy sequence with respect to the probabilistic norm
v, then it is Ig-Cauchy sequence with respect to the same norm.

The proof of the following theorem is similar to that of Theorem 5.

Theorem 11. Let (X,v,T) be a PNS. If a sequence x = (x) in X is 0-Cauchy
sequence with respect to the probabilistic norm v, then there is a subsequence of
x = (xy) which is ordinary Cauchy sequence with respect to the same norm.

The following theorem can be proved easily using similar techniques as in the
proof of Theorem 6.

Theorem 12. Let I be an admissible ideal of N. Let (X,v,T) be a PNS. If a
sequence x = (xy) in X is Ij-Cauchy sequence with respect to the probabilistic norm
v, then it is Ig-Cauchy sequence as well.
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