BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 2(81), 2016, Pages 125-142

ISSN 1024-7696
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Abstract. A repeated bijection in an isotopism of quasigroups is called a companion
of the third component. The last is called a pseudoisomorphism with the companion.
Isotopy coincides with pseudoisomorphy® in the class of inverse property loops and
with isomorphy in the class of commutative inverse property loops. This result is
a generalization of the corresponding theorem for commutative Moufang loops. A
notion of middle distributivity is introduced: a quasigroup is middle distributive if
all its middle translations are automorphisms. In every quasigroup two identities of
distributivity (left, right and middle) imply the third. This fact and some others help
us to find a short proof of a theorem which gives necessary and sufficient conditions for
a quasigroup to be distributive. There is but a slight difference between this theorem
and the well-known Belousov’s theorem.
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Introduction

V. D. Belousov’s monograph [1] was published almost 50 years ago and became
very popular among mathematicians. It is still a desk book for many algebraists.

The growth of applications of the quasigroup theory in information processing,
and expansion of research methods by computer tools and nascence of computer
algebra have increased the need to form a coherent quasigroup theory. The author
hopes that the proposed article will promote the development of this theory.

Here, a different approach to the proof of Belousov’s theorem is suggested. Due to
this approach, it became possible to significantly simplify the proof of the theorem
and all related statements. The article is self-contained, i.e., it includes all the
necessary properties with proofs despite the fact that some of them are well known
and can be found in [1], [2]. A historical overview of the results of distributive
quasigroups is not discussed here because it has already been done in [4].

In the first part of the paper, some properties of loop isotopy are established
and they are applied in the second part. The importance of study of isotopy rela-
tion in quasigroup theory is explained by the following fact: each homotopism of

*isotopy, pseudoisomorphy, isomorphy denote relation among groupoids and isotopism, psuedoi-
somorphism, isomorphism are the corresponding sequence of bijections
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quasigroups can be represented as a composition of isotopisms from quasigroups to
loops and homomorphisms of loops. V. D. Belousov [1] has proposed a programm
of development of the quasigroup theory in problems, which are mainly related to
the study of isotopy.

Isotopisms with two coinciding components are proposed to be considered. The
repeated bijection is called a companion of the third component. The third compo-
nent is called a pseudoisomorphism. This notion is a generalization of the notion of
pseudoautomorphism, its companions are bijections, but not elements. The following
fact shows the importance of the concept: isotopy coincides with pseudoisomorphy
for inverse property loops (Corollary 3). It is easy to deduce that isotopy coin-
cides with isomorphy for commutative inverse property loops (Corollary 5). This
result is a generalization of the corresponding theorem for commutative Moufang
loops [1, Theorem 6.7], [2, Theorem IV.5.6].

Questions about the relations between different types of isotopy arise. For ex-
ample, when are pseudoisomorphic quasigroups isomorphic? A partial answer is
given in Theorem 1: pseudoisomorphic commutative loops with coinciding nuclei
are isomorphic. Or what properties are invariant under pseudoisomorphy? Etc.

It is suggested to consider also the middle distributivity identity, defining it in
the similar way as the identities of the left and right distributivity: a quasigroup is
middle distributive if all its middle translations are automorphisms of the quasigroup.
It is proved that in every quasigroup two identities of distributivity imply the third
(Theorem 9). Therefore, any distributive quasigroup satisfies left, right and middle
distributive identities. This fact and some others help us to give a short proof of
Theorem 3, which gives necessary and sufficient conditions for a quasigroup to be
distributive. There is but a slight difference between this theorem and the well-
known Belousov’s theorem (Corollary 11).

The theorem implies that every distributive quasigroup is defined over some
commutative Moufang loop by an automorphism of the loop which satisfies (16).
This identity is equivalent to all identities of distributivity in the loop. Finally, it
is proved that any two automorphisms defining distributive quasigroups over the
same commutative Moufang loop 1) differ in a central endomorphism of the loop
(Corollary 13); 2) define isomorphic distributive quasigroups if and only if they are
conjugate by an automorphism of the loop (Corollary 14).

1 Preliminaries

Let @ be an arbitrary set and (-) be an invertible operation defined on @, then
the pair (Q;-) is called a quasigroup. Invertibility means that for arbitrary a,b € Q
each of the equations x - @ = b and a - y = b is uniquely solvable in Q.

A 7-parastrophe (Q; T) of a quasigroup (Q;-) is defined by

-
Tir © Tor = X3r > X1 T2 = T3
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for every 7 € Sg := {¢,4,1, 5,8, sr}, where s := (12), £ := (13), r := (23). Special

notation: (x) := (+), (\) = (%), (/) := (Z) All parastrophes can be defined by
identities. Some of them are the following

(-y)/y=z, (z/y)-y== z\(z-y)=y, =z (z\y)=y. (1)

A left L, 7, right Ro - and middle M, ; translations of the quasigroup (Q; T) are
defined by

Ly (z):=a T, Ry (z) ==z Ta, My (z) =y & Ty=ua (2)
for any a € @ and 7 € S3. As usual, the translations L, ,, R,,, M,, are denoted
by L., Ry, M, respectively. In general, there are six parastrophes of a quasigroup.
The set of all their translations consists of the following six transformations:

Lo(z)=a-z=a"2z, Ryz)=z-a=xz-a, M(z)=x\a=z"a,

y p 3)

LY (z)=ad\z=a'z, Rj'(x)=z/a=z-a, M;*(z)=a/z=a"z.

The relations among translations of parastrophic operations are easily verifiable (see,
for example [3]) and can be expressed in the following table:

T L s 14 T st sr

Loz || La | Ra | MY LY | RSV | M, (4)
Rar || Ra | Lo | RZY | M, | M7 LT

Mu- || Mo | M7V LY | Ry | La | RY

A triplet (a, 8,7) of mappings from a set @), into a set @ is called a homotopism
of a groupoid (Q,; o) into a groupoid (Q;-) if

Ywoy) = az- By
holds for all z,y € Q,. A homotopism («, 3,7) is called an isotopism if «, (3, v are
bijections. If in addition @, = @ and (-) = (o), then it is an autotopism of (Q;-).

A triplet (Q;-,e) is called a loop if (Q;-) is a quasigroup and e is its neutral
element, i.e., e -z = x -e = x holds for all z € Q.
Left, right and middle nuclei of a loop (Q;-,e) are defined by
NZ(') ={a|ax-y=a-zy} ={a| (Lg,t,Ly) is an autotopism of (Q;-,e)},
N = {a|z-ya=zy- a} ={a| (1, Ry, Ry) is an autotopism of (Q;-,e)},  (5)
NS = {a|xa-y=x-ay} ={a| (R, Ly,t) is an autotopism of (Q;-,e)}.

An element of a loop is called central if it commutes and associates with all elements
of the loop. In other words, ¢ is central if

ce Né(') NNO AN N {a|ax = za}.
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An element a of a loop (Q;-,e) is called a Moufang element if there exists a
bijection A of @ such that (Ly; R4; A) is an autotopism of the loop, i.e.,

ay - za = Ay - z) (6)

for all y,z € Q. Remark that if we put y = e, thereafter z = e, we obtain A =
LyRy = RyLy. A loop is called a Moufang loop if its every element is Moufang, i.e.
if one of the identities

xy-ze=x(y-z2)-x, xy-zx=x-(y-2)x (7)

hold.

2 Pseudoisomorphy

Let (Qo;0) and (Q;-) be groupoids, a, 3 : @, — @ be bijections, then « will be
called

e a left pseudoisomorphism if (3, a, 3) is an isotopism of the groupoids;

e a right pseudoisomorphism if («, 3, 3) is an isotopism of the groupoids;

e a middle pseudoisomorphism if (3,3, a) is an isotopism of the groupoids;
e a pseudoisomorphism if it is both left and right pseudoisomorphism.

In these cases, the bijection # will be called a companion of the corresponding
pseudoisomorphism. If & = § the pseudoisomorphism is an isomorphism.

It is easy to see that the set of all left (right and middle) pseudoautomorphisms
of a quasigroup as well as their corresponding companions forms groups ¥,, ¥ (V,,
Ur and V¥,,, U respectively).

Relationships between pseudoisomorphy and neutrality are given in the following
proposition.

Proposition 1. Let (Q;-) be a quasigroup and 6 be its

1) left pseudoautomorphism with a companion (3, then (Q;-) has a left neutral
element if and only if 8 = L,0 for some element a € Q;

2) right pseudoautomorphism with a companion (3, then (Q;-) has a right neutral
element if and only if B = Ry0 for some element b € Q);

3) middle pseudoautomorphism with a companion (3, then (Q;-) has a neutral
element if and only if 3 = L;10 for some element ¢ € Q such that xc = cx for
all x € Q.
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Proof. Let 6 be a left pseudoautomorphism of a quasigroup (Q;-) with a companion
B, then (0;6; ) is an autotopism of (Q;-), i.e.,

pz -0y = Bz -y)

Putting = := e and a := e, where e denotes the left neutral element of (Q;-), we
obtain 0 = L,0. Conversely, let the previous equality be true for some a € Q), i.e.,

(a-0z)-0y=a-0(x-y).
Substituting z = e := 7L 'a, we obtain
(a-L7'a)-Oy=a-0(e-y), ie a-Oy=a-0(c-y).

Cancelling out, we have y = e - y. The item 2) can be proved analogously.
To prove 3) suppose that (3;3;60) is an autotopism of (Q;-) and let e denote its
neutral element, i.e.,

px - By = 0(x - y)

for all z,y € Q. When x = e and y = e the equality implies L. = 6 and R.3 = 0 re-
spectively, where ¢ := e, so xc = cx for all z € Q. Conversely, since (L '6, L0, 0)
is an autotopism of (Q;-), then

Lc_lex . Lc_19y =0(x-y)

holds. As ¢ commutes with all elements of Q, i.e. L. = R,, it is easy to verify that
e := 0~'L.(c) is a neutral element in (Q;-) replacing successively = and y with e in
the centralized formula. O

Note. Proposition 1 implies that for loops the introduced concept of pseudoau-
tomorphism coincides with the well-known notion, except the notion of companion.
A companion is a bijection in the definition given here, and an element in the well-
known notion, but both of them uniquely define each other. Indeed, let a bijection
0 be a companion of 8, then

pr-0y=pB(x-y) or Oy-Br=73(y- y)

holds. Let e denote the neutral element of the loop and let = := e, we obtain
Lgct) = B or Rg.0 = 3. In both cases (e is a companion element of the pseudoau-
tomorphism 6. Conversely, if an element ¢ is a companion of #, then the bijection
L0 is its companion, in the case when 6 is a left pseudoautomorphism; and R0 is
its companion if @ is a right pseudoautomorphism. We will use both companions:
an element and a bijection, but companion-element does not exist in the case when
the quasigroup has no left and no right neutral elements.
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Isotopism of loops

Some relations between isotopy and pseudoisomorphy for loops are given in the
following lemma.

Lemma 1. Let («; ;) be an arbitrary isotopism of a loop (Q,;0,€) on a quasigroup
(Q;-) and let a := ae, b:= fe. Then the following statements are true.

1.

2

a=Ryly, f=Lg"y

. B is a left pseudoisomorphism, i.e. o = v if and only if b is a right neutral
element in (Q;-);

If B is a left pseudoisomorphism, then

(a) the loops (Q;0) and (Q;®) are isomorphic, where x ® y := L (az - y),
i-e., (a;0;7) = (Laf3; 55 Laf3),
(b) B is an isomorphism of (Q;0) and (Q;-) if and only if a € N(');

.« 1s a right pseudoisomorphism, i.e. 3 = = if and only if a is a left neutral
element in (Q;-);

If « is a right pseudoisomorphism, then

(a) the loops (Q;0) and (Q;e) are isomorphic, where x ® y := Rb_l(:n - yb),
i.e., (a; B; ’Y) = (a; Rpoy; Rba);
(b) « is an isomorphism of the quasigroups (Q;o) and (Q;-) if and only if
be N,(');
v is a middle pseudoisomorphism, i.e. o = 3, if and only if a :== ae = fe and
a-x=x-a forall x € Q.

If ~ is a middle pseudoisomorphism, then

(a) the loops (Q;0) and (Q;x) are isomorphic, where x xy := L;'x - L'y,
i.e., (o 8;7) = (L' Lyt v);

(b) v is an isomorphism between (Q;o) and (Q;-) if and only if a € NS and
a-a is a neutral element of the quasigroup (Q;-);

8. a = f = v is an isomorphism if and only if ae = Be is a neutral element of

the quasigroup (Q;-).

Proof. The condition of the lemma means the truth of the equality

Y(zoy)=ax- Py (8)

for all z,y € Q. We successively put = := e, y := e and obtain

vy =ale)-By=a-By, yr=az B(e)=ar-b
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Herefrom 3 = L;'y and a = i 1+, that is why the items 1, 2 are obvious.
Now suppose that 3 is a left pseudoisomorphism, i.e., « = . But a = R’ 1y, so
Ry = ¢, then the equality (8) can be written as follows

LofBx - By = Lof(x 0 y). (9)
Applying L ! to the equality and replacing = with 7'z, y with 57!y, we obtain
Ly Loz -y) = B8 w0 571y). (10)

So, (3 is an isomorphism between (Q;0) and (Q; ®).
If 8 is an isomorphism of (Q;0) and (Q;-), then (10) implies
LY (Lgz-y) =2 -y.

a

It means that a € NZ(').
Thus, items 3a, 3b have been proved. The other statements of the lemma can
be proved in the same way. O

This lemma immediately implies the following corollary.

Corollary 1. Let (o; 3;7) be an isotopism of a loop (Q;0;e1) on a loop (Q;-,€),
then

e (3 is a left pseudoisomorphism if and only if Be1 = e;
e « is a right pseudoisomorphism if and only if ey = e;

e v is a middle pseudoisomorphism if and only if a := ae; = Pe; and ax = za
for all x € Q;

e v is an isomorphism if and only if ae; = fe; = e.

Lemma 2. Let 6 be a left (or right) pseudoisomorphism with a companion ¢ of a
commutative loop (Q;®) on a commutative loop (Q;+) with coinciding neclei, then
0 is an isomorphism and c is a central element in the loop (Q;+).

Proof. Conditions of the lemma imply that

(c+0x)+0y=c+b(xay) (11)
is true for all z,y € Q. Using commutativity of both operations, we obtain

Oy+ (c+0x)=c+0(y ®x).
Mutually relabeling = and y, we have

Ox + (c+0y)=c+0(zxDy).
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So, the left sides of this equality and (11) are equal:
(c+0x)+ 0y =0z + (c+ 0y).

It means that ¢ belongs to the middle nucleus of (Q;+). But, according to the
lemma’s condition, the middle nucleus coincides with the center of the loop. There-
fore, we can cancel out ¢ in (11) and conclude that the pseudoisomorphism 6 is an
isomorphism of these loops. O

This lemma immediately implies the following theorem.
Theorem 1. Pseudoisomorphic commutative loops with coinciding nuclei are iso-

morphic.

3 Inverse property loops

Inverse property loop (briefly I P-loop) is a loop (Q); -, €) that has a transformation
I of @ such that

Iz-(z-y)=y, (v-y)-ly=x

for all z, y € Q. It is easy to verify that [x =2 ', I ' =T andz-2 ' =271 -z =e.

IP-loop (Q;-) with a neutral element e and unary operation I(z) := x~! will be
denoted by (Q;-, I, e).

Lemma 3. Let («; 3;7) be an isotopism of an I1P-loop (Q;0,I1,e1) on an IP-loop
(Q;-,1,¢e), then both the triplets (Iady;y;3) and (v; IB11; ) are isotopisms of the
same loops.

Proof. The conditions of the lemma imply the equality az - By = y(xz o y). We put
here successively y := [z ou and x = v o I1y:

az - f(Ix ou) = vyu, a(vo y) - By = yv.
In the first equality, we replace = with I1t¢, in the second one y with I;z:

B(tou) =Ilalit-yu, o«(voz)="v-I15Iz.
Thus, (Ialy;v; ) and (v; I611; «) are isotopisms of (Q;o,I1,e1) on (Q;-,1,e). O
Corollary 2. Nuclei of an inverse property loop coincide.

Proof. Let (Q;-,1,e) be an I P-loop. Belonging of an element a to the left nucleus
Né(') of the loop means that the triplet (Lg4; Lg;¢) is an autotopism of (Q;-, I,e).
Lemma 3 implies that both

(ILoI; Ly;t) and (13 1LoI;IL,I) 7"
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are its autotopisms. Using the equality IL,I = R, !, we conclude that both
(Rgl; Ly; L) and (L; Ry; Ra)

are autotopisms. So, an arbitrary element a € () belongs to the left and middle
nucleus as well as to the left and right nucleus simultaneously, i.e., the nuclei coincide.
O

Lemma 4. The sets of all left and right pseudoisomorphisms between inverse
property loops coincide. If o is a pseudoisomorphism of an inverse property loop
(Q;0,11,e1) on an inverse property loop (Q;-,1I,e), then ae; = e; Ta = aly.

Proof. Let (a; ;) be an isotopism of an IP-loop (Q;0) on an IP-loop (Q;-).
Applying Lemma 3, we conclude that (I811;a;1511) and (Ialy, 3, 3) are isotopisms
of these loops. So, « is a left pseudoisomorphism of these loops. Since any two
components of an isotopism of quasigroups uniquely define the third, then Ial; = «,
ie., Ia = al. O

Theorem 2. Let T := («a;[3;7) be an isotopism of an inverse property loop
(Q1;0,e1) on an inverse property loop (Q;-;e) and let a := af(ey), b := [(e1), then:

1. 0 := L' is a pseudoisomorphism of (Q1; 0,11, e1) on (Q;-; 1, e) with the right

companion ¢ :=b-a”';

2. the elements a, b, a - b are Moufang;
3. (a; ;) = (La; Ra; LaRa)(0; Reb; ReH).

Proof. Lemma 1 and Lemma 3 imply that o = R Ly, 8 = L7y and the triplet
Ty := (Ialy;7; () is an isotopism of these loops. Hence, the triplet

TT ' = (Ry 'y L v ) (v ' Reliy ™5y L) = (N Ly Y La)
is an autotopism of (Q; -, e) for some bijection A of the set ). According to Lemma 3,
Ty := (La; ILg ' I3 ) = (La; Ras )

is an autotopism of (Q;-,e). So, a is Moufang in (Q;-,e) and A = LyR, = RyL,.
Lemma 3 implies that (v;I8I1;«) and (8; Iv11;Ialy) are autotopisms, conse-
quently, the elements ab = af(ey) - B(e1) = y(e1 oe1) = v(e1) and b = [(ey) are
Moufang too. Hence, the item 2. has been proved.
Then T2_1T is an isotopism of (Q1;0,1I1,e1) on (Q;-,I,e) and

Ty'T = (L s Ry B Ly Ry ).
As L;ta(er) = L;ta = e, by virtue of Corollary 1 and Proposition 1, L o =: 0 is a

pseudoisomorphism with the right companion ¢ := R, '3(e;) = b-a~!. This proves
the item 1). Thus, T2_1T = (0; R.0; R.0). Therefrom, we obtain the item 3. O
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Corollary 3. Isotopic inverse property loops are pseudoisomorphic.

Proof. It follows from the item 1 of Theorem 2. O

Corollary 4. Let (o, 3,7) be an isotopism of a commutative inverse property loop
(Qo;0,€) on a commutative inverse property loop (Q;+,0), then there exists an
isomorphism 6 of (Qo;0,¢e) on (Q;+,0), a central element ¢ in (Q;+,0) and a
Moufang element a € Q such that a = Lo0, 3 = LyL.0, v = L2L.60.

Proof. According to Theorem 2 there exists a pseudoisomorphism 6 of (Q,;0,e) on
(Q;+,0) with a companion ¢ and a Moufang element a such that

a=1Ls0, B=RuRob,  ~v=LyRaR.H.

Since the nuclei coincide in these loops (Corollary 2), then by virtue of Lemma 2
6 is an isomorphism of these loops and c¢ is a central element in the loop (Q;+,0).
Commutativity means L, = R, for all x. O

Corollary 5. Isotopic commutative inverse property loops are isomorphic.

Proof. The proof follows from Corollary 4. O
Since every Moufang loop has the inverse property, then the following statement

is true.

Corollary 6. Isotopic commutative Moufang loops are isomorphic.

Corollary 7. In an arbitrary inverse property loop the set of all Moufang elements
form a subloop, which is a Moufang loop.

Proof. Let a, b be Moufang elements of an I P-loop (Q;-,1,e), i.e.
(Laa R, LaRa) and (Lb7 Ry, LbRb)

are autotopisms. Then their inverses and composition are autotopisms too. By
virtue of the item 2 of Theorem 2, the elements a~' = L;'(e) and a - b = Ly Ly(e)

a
are Moufang. Consequently, Moufang elements form a subloop. O

4 Distributive quasigroups

A quasigroup is called left (right, middle) distributive if every its left (right,
middle) translations is its automorphism.
In other words, such quasigroups are defined by the identity of left, right, middle
distributivity:
T-yz=2xY- 22, (12)
Yz - x = yx - 2T, (13)

y2\z = (y\z) - (2\z) (14)
respectively.
A quasigroup is called distributive if it is both left and right distributive.
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Lemma 5. For any element a € Q of a distributive quasigroup (Q;-), the transla-
tions Lo, Rq, M, are pairwise commuting automorphisms of every parastrophe of
the quasigroup.

Proof. The left and right distributivity mean that L, and R, are automorphisms of
(Q;-). Since automorphism groups of all parastrophes coincide, then L,, R, as well

as L1, R, are automorphisms of all parastrophes of the quasigroup.

Multiply the equality = - (2\y) = y (see (1)) by 2z\u from the right and use (13):
2(2\u) - (2\y)(2\u) = y(z\u).
As 2(z\u) = u and L1, L, are automorphisms of (Q;-) (see (3)), then
u-2\(yu) = yz\yu.
Let yu = a, i.e., y\a = u, then
(y\a)(z\a) = yz\a.

It means that for arbitrary a € @ the middle translation M, is an automorphism of
(Q;-), and, consequently, of every its parastrophe.
Every of the identities (12), (13), (14) implies idempotency zx = = (when z =

y = z). The previous identity implies the equalities Ly(a) = R,(a) = M,(a) = a,
that is why
LoRy(x) = Lo(xa) = Lo(x) - Lo(a) = Lo(z) - @ = RqLq(2),
MyLy(x) = Mg(ax) = My(a) - My(x) = a- My(x) = LaM,(x).
Analogously, M,R, = R,M,. O

Corollary 8. All parastrophes of a distributive quasigroup are distributive and pair-
wise distributive.

In other words, for every o, 7 € S3 the follow identities are true
2Tyt ="y @), W) r=@"2) (")
Proof. From the table (4), we conclude that L., R,, M, L;', R;', M ! where

T

x € Q, are all translations of all parastrophes of a quasigroup (Q;-). That is why
Lemma 5 implies this corollary. U

Corollary 9. Every two of the identities (12), (13), (14) imply the third.

Proof. If a quasigroup (Q;-) satisfies (12) and (13), then Lemma 5 implies (14). If
(12) and (14) hold in the quasigroup, then the table (4) implies that (@Q; ) is left and
right distributive and, according to Lemma 5, it is middle distributive. Relations
between translations (the table (4)) induce right distributivity of (Q;-), i.e., (13)
holds.

The implication (13) & (14) = (12) can be proved in the same way. O
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Corollary 10. A quasigroup is distributive if and only if all its translations are its
automorphisms.

The following theorem is a specification of the corresponding Belousov’s result.

Theorem 3. A quasigroup (Q;-) is distributive if and only if there exists a com-
mutative Moufang loop (Q;+) and its automorphism ¢ such that ¥ := 1 — ¢ is an
automorphism of (Q;+) and

Ty =pr+1y, (15)

x4+ (y+2)=(pz+y)+ Yz + 2). (16)

Proof. Let (Q;-) be an arbitrary distributive quasigroup and 0 be an arbitrary fixed
element from (). In this proof, we will write L, R, M instead of Lo, Ryg, My. We
define an operation (4) on the set ) putting

z+y:=R(z) L7H(y). (17)

Herefrom
x-y= R(z)+ L(y). (18)

Idempotency of (Q);-) implies that 0 is a neutral element in (Q;+).
Since L and R are commuting automorphisms of (Q;-), then they are automor-
phisms of the loop (Q;+). For example,

La+y) © LB @) L) """ LR (@) - LL7 () =

Lemma 5 p1p) . L L(y) 2 Liz) + Ly).

We show that (Q;+) is a right I P-loop, i.e., for some mapping I the identity
(y+a)+1(z)=y (19)

holds. Put I := LM R™! and, for brevity, we denote u := R™%(y), t := R™1L7 ().
Hence, we have

(+2)+Iz) E RYR () - LY (@) - L LMR Y (2) =

et (R2(y) - RVLN(x)) - LMR™ 'L~ () = ut - (0- M(1)) =

B (ut - 0) (ut - M) 2 (ut - 0) (ubd(2) - tM(t)) = (ut - 0) (ubL(t) - 0) =

(13

9 (ut - uM(t)) -0 =

R(u-tM(t)) = R(u-0) = R*R™*(y) = y.
To prove commutativity of (4), we note that for all z,y € @ the equality

(z+y)+1(z)=y (20)
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holds. Denote z := R™2(x), v := R~'L~'(y), then

@+y)+ 1) Y R (R (@) L \(y)) - L' LMR(z) =

- (e 00) 1) = o

=L, <z0 (zv- M(zO))) @2 Ly ((ZO -zv) - (20 M(zO))) =

=L, <(zO - 2V) - 0) = Ly <(z -0v) - O) =

1 (zo - (0v - 0)) =0v-0=RLR 'L (y) =y.

The equality of the right sides of (19) and (20) implies the equality of their left
sides: (y+x)+ I(x) = (x+y)+ I(x), that is why y + = =  + y. Hence, (Q;+) is a
commutative I P-loop.
Using (18), we replace the second and the forth appearances of the operation (+)
with (4) in (12):
x-(Ry+ Lz) = R(xy) + L(xz).

Replacing Ry with y and Lz with z, we obtain:
Lao(y+2) = RLyR™}(y) + LLo L™ (2).

It means that the triplet (RL,R™';LL,L~';L,) is an autotopism of the IP-loop
(Q;+) for all z € Q. Theorem 2 implies that the element L,(0) = -0 = R(x) is
a Moufang element in (Q;+). As R is a bijection of @), then an arbitrary element
from @ is Moufang, so (Q;+) is a commutative Moufang loop.

Idempotency z - x = z of (-) means that px + Yz =z, i.e, ¥ =1 — .

It remains to prove that in a commutative Moufang loop (Q;+) which has two
commuting automorphisms ¢ and v such that the equality (15) holds, two identities
of distributivity (12) and (13) are equivalent to the identity (16). For this purpose,
we replace (-) with (4) in (12) and (13):

oz + (Voy +1°2) = (%2 + piy) + (Yoz + ¥*2),

(%Y + pvz) + Yz = (%Y + o) + (Y2 + P°x).

In the first identity, we replace ¢z with z, 1y with y and %z with z, and in the
second one 2y with v, g1z with z and ¥z with . Since ¢t = 1)y, then we obtain
identities being equivalent to above mentioned:

T+ (y+2) = (pr+y) + (Y + 2),

(y+2)+o=(+per)+(z+ )
Commutativity of (+) implies coincidence of both of them with (16). O
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Remark that it is easy to verify that middle distributivity (14) coincides with
(16) if we replace () with (+).

Corollary 11 (V. D. Belousov [1]). Every distributive quasigroup is isotopic to a
commutative Moufang loop.

Note that Theorem 3 implies that any distributive quasigroup can be considered
as a corresponding algebra (Q;+, ) which satisfies the conditions:

1) (Q;+) is a commutative Moufang loop;
2) ¢ and ¢ — ¢ := 1 are automorphisms of (Q;+);
3) the identity (16) holds.

(Compare with Belousov-Onoi module [4].) We will also say that “the automorphism
¢ defines a distributive quasigroup (Q;-) on the commutative Moufang loop (Q;+)”.

Theorem 3 creates a possibility for studying distributive quasigroups via com-
mutative Moufang loops. For example, we have to answer questions like “When
distributive quasigroups are isotopic? isomorphic?” and so on. The next three
propositions give answers to some of such questions.

Corollary 12. Distributive quasigroups are isotopic if and only if the corresponding
commutative Moufang loops are isomorphic.

Proof. The truth of the corollary follows from Corollary 5. O

Taking into account Corollary 12, we may restrict our attention to distributive
quasigroups defined on the same commutative Moufang loop and the first question
that arises is the following: “What relation between automorphisms of the same
commutative Moufang loop which define distributive quasigroups?”

Corollary 13. Let an automorphism ¢ of a commutative Moufang loop (Q;+) de-
fine a distributive quasigroup on (Q;+). Then a bijection @, defines a distributive
quasigroup on (Q;+) if and only if there exists a homomorphism v from (Q;+) into
its center such that o, = p + v and ¥, =t — p — v are bijections of Q.

Proof. Let automorphisms ¢ and ¢, define distributive quasigroups on a commuta-
tive Moufang loop (Q;+). It implies that (16) and

T+ (y+2) = (o + y) + (Yo + 2)
hold. Consequently, the right sides of these identities are equal:
(o +y) + (Yx + 2) = (por +y) + (Yo + 2).
Replace z with —¢,x + 2z and y with —px + y:

Y+ (Yx+ (—ox + 2)) = (pox + (—px +y)) + 2. (21)
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Let v := @, — p, then ¥ — ¢, = (1 —¢) — (1t — o) = Yo — ¢ = v. When y = 0 and
when z = 0 the equality (21) implies

Y+ (—or+2) =ve+z and y+rve=p,x+ (—pr+vy).
So, (21) can be written as follows
y+ (v +z) = (y +vx) + 2.

So, v is a mapping from the loop (Q;+) into its center and ¢, = ¢ + v.
Since ¢, is an automorphism of the loop (Q;+), then

(p+v)z+(p+v)y=(p+v)(z+y),

ie.,
(pz +vx) + (py +vy) = (pr + 9y) + v(z +y).

As vx is a central element for all x € @), then we can change the left side of the
equality:
(pz + @y) +ve +vy = (pr + y) + v(z +y).

Cancelling out ¢x + @y, we obtain a homomorphic property for v.

Vice versa, let v be an arbitrary homomorphism from a commutative Moufang
loop (Q;+) into its center and let v 4+ ¢ and ¢ — ¢ — v be bijections of Q). Define
transformations

po=p+v and Y=1—p—-—Vv=1—p, =1 .

Both of them are automorphisms of (Q;+). Indeed, they are bijections according to
the assumption. In the following proof of the homomorphic property of ¢, we are
using the fact that v is a central element of (Q;+) for arbitrary x € Q:

oz +y) =(p+v)@+y) =pl@+y) +ve+y) = (pz+y)+ e +vy) =
= (pz +va) + (py +vy) = (¢ + )z + (¢ + V)Y = Qo + Poy.
As v, = 1) — v, we have
Yo + 1oy =¥ —v)z+ (Y —v)y = (Yo —vz)+ (Yy —vy) =
=Wz +vy) — vz +vy)=yY@+y) —viet+y) =W -v)(z+ty) =
= o(x + y).

It remains to prove that (16) is true for ¢,. For this purpose, we add the neutral
element 0 in the form 0 = vz + (—vz) to the right side of (16):

x4+ (y+2)=(pr+ver+y)+ @Wr—ve+2z)=(pox +y) + (Yox + 2).

Thus, according to Theorem 3, the automorphism ¢, defines a distributive quasi-
group on the commutative Moufang loop (Q;+). O
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The next theorem gives a isomorphy criterion of distributive quasigroups (it is
close to [5, Lemma 12.3]).

Theorem 4. Distributive quasigroups are isomorphic if and only if their correspond-
ing algebras are isomorphic.

Proof. Let (Q;0) and (Q;-) be distributive quasigroups, which are defined on com-
mutative Moufang loops (Q,;®,0") and (Q;+,0) by their automorphisms ¢, and ¢
respectively, that is (Qo; B, o) and (Q;+, ) are corresponding algebras. According
to Theorem 3, the mappings ¢ := ¢ — ¢ and ¥, := ¢t © ¢, are automorphisms of
(Q;+,0) and (Q,; ®,0") respectively, besides (15) and

‘Toy:@ox@woy

hold.
Let « be an isomorphism from (Q,; o) onto (Q;-), i.e.,

ar-ay = a(xoy)
for all x,y € Q. This equality can be written as follows
paz + pay = oot & Yoy).
Replace = with ¢, !(z) and y with ¥ 1 (y):
pap, (@) +vay, (y) = alz &),

The obtained equality means that the triplet (oo, !, v¥arp; !, @) is an isotopism from
the Moufang loop (Q,; ®) onto the Moufang loop (Q;+). According to Corollary 4,
there exists an isomorphism 6 from (Q,;®,0’) onto (Q;+,0), a central element ¢ of
(Q;+) and an element a € @ such that the equalities

ot = L6, Yay,t = LyL.b, a=L2L.0
are true. Using the third equality, we substitute L2L.0 for « in the first one:
OL2LAp,t = Lab.
Using Moufang identity (7), centrality of ¢ and diassociativity of (Q;+), we have
LiL.(z) =a+ (a+ (c+1x)=(atc)+ (a+z) = L7 ((a+c) + ((atc) + ) =
= Lo (((ate) + (a+0) + ) = LT La(at) (@)-

Consequently,
QL Loguse) 00, " = Laf.

As ¢ is an automorphism of (Q;+), then

Lo Loo(era) 09, " = Lab.
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Therefrom
Lgo(2(c+a))900900_1 = chc—i—ae'

Since pfp;1(0") = 0 and #(0') = 0, the previous equality implies ¢(2(c+a)) = pc+a.
Therefore, pfp, 1 =0, ie., pf = Op,. Thus,  is an isomorphism from the algebra
(Qo; B, o) onto the algebra (Q; +, ¢).

Vice versa, let # be an isomorphism from (Q,;®, p,) onto (Q;+, ). It means,
that 6 is an bijection from @, onto ) and the following relations hold:

0(z) +0(y) =0(z@y),  f="0p
for all z,y € Q,. These equalities imply 16 = 6),. Indeed,
Yo(z) = (v—)0(z)=0(z) — pb(z) =
= 0(z) © 0po(x) = 0(z © po(x)) = 00 © o) (z) = Oho ().
That is why, we have
0x - Oy = o0z + POy = 0w,z + 0oy = O(px @ Yy) = O(xz 0 y).
Hence, 6 is an isomorphism from (Q;o) onto (Q;-). O

Corollary 14. Let distributive quasigroups (Q;o) and (Q;-) be defined on a com-
mutative Moufang loop (Q;+) by its automorphisms ¢, and ¢ respectively. Then
the quasigroups are isomorphic if and only if there exists an automorphism 6 of the
loop (Q;+) such that o, = 0~ 1p0.

This corollary immediately implies that there exist exactly p — 3 non-isomorphic
distributive quasigroups of a prime power p > 3.
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