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1 Introduction

The theory of graphs is an extremely useful tool for solving numerous problems
in different areas such as geometry, algebra, operations research, optimization, and
computer science. In many cases, some aspects of a graph-theoretic problem may be
uncertain. For example, the vehicle travel time or vehicle capacity on a road network
may not be known exactly. In such cases, it is natural to deal with the uncertainty
using the methods of fuzzy sets, and fuzzy logic. But, the using of fuzzy graphs as
models of various systems (social, economics systems, communication networks and
others) leads to difficulties. In many domains, we deal with bipolar information. It
is noted that positive information represents what is granted to be possible, while
negative information represents what is considered to be impossible. The bipolar
fuzzy sets as an extension of fuzzy sets were introduced by Zhang [20,21] in 1994.
In a bipolar fuzzy set, the membership degree range is [—1, 1], the member degree 0
of an element shows that the element is irrelevant to the corresponding property. If
membership degree of an element is positive, it means that the element somewhat
satisfies the property, and a negative membership degree shows that the element
somewhat satisfies the implicit counter-property. The bipolar fuzzy graph model is
more precise, flexible, and compatible as compared to the classical and fuzzy graph
models. This is the motivation to generalize the notion of fuzzy graphs to the notion
of bipolar fuzzy graphs. In 1965, Zadeh [19] introduced the notion of a fuzzy subset
of a set as a method for representing uncertainty. Now, the theory of fuzzy sets has
become a vigorous area of research in different disciplines including medical, life sci-
ence, management sciences, engineering, statistics, graph theory, signal processing,
pattern recognition, computer networks and expert systems. Fuzzy graphs and fuzzy
analogs of several graph theoretical notions were discussed by Rosenfeld [13], whose
basic idea was introduced by Kauffmann [7] in 1973. Rosenfeld considered the fuzzy
relations between fuzzy sets and developed the structure of fuzzy graphs. Some op-
erations on fuzzy graphs were introduced by Mordeson and Peng [11]. Akram and

© W.A. Dudek, A.A. Talebi, 2016

107



108 W.A. DUDEK, A.A. TALEBI

Dudek [3] generalized some operations to interval-valued fuzzy graphs. The concept
of intuitionistic fuzzy graphs was introduced by Shannon and Atanassov [16], they
investigated some of their properties in [17]. Parvathi et al. defined operations on
intuitionistic fuzzy graphs in [12]. Akram introduced the concept of bipolar fuzzy
graphs in [1], he discussed the concept of isomorphism of these graphs, and inves-
tigated some of their important properties, also defined some operations on bipolar
fuzzy graphs (see also [2,4-6]).

In this paper, we define the notion of level graphs of a bipolar fuzzy graph and
investigate some of their properties. Next we show that level graphs can be used to
the characterization of various products of two bipolar fuzzy graphs.

2 Preliminaries

In this section, we review some deﬁnitiggs that are necessary for this paper.

Let V' be a nonempty set. Denote by V2 the collection of all 2-element subsets
of V. A pair (V, E), where E C V2, is called a graph.

Further, for simplicity, the subsets of the form {x,y} will be denoted by xy.

Definition 1. Let G7 = (V4,E;) and G5 = (Va,E3) be two graphs and let
V = V1 X Vg.

e The union of graphs G and G5 is the graph (Vi U Vs, Eq U E»).

e The graph (V4 UV, By U EyUE'), where E’ is the set of edges joining vertices
of Vi and V3, is denoted by G7+G5 and is called the join of graphs G] and G35.

e The Cartesian product of graphs G| and G%, denoted by G7 x G3, is the graph
(V, E) with
E={(z,z2)(z,y2) |x € Vi, m2ys € En} U {(21,2)(y1,2) |2 € V2, m1y1 € Er}.

e The cross product of graphs G} and G%, denoted by G *G%, is the graph (V, E)
such that F = {(z1,22)(y1,vy2) | 191 € E1, x2y2 € Eo}.

o The lezicographic product of graphs G7 and G5, denoted by G7 e G5, is the
graph (V| E) such that
E = {(x,22)(z,y2) | v € V1, 22y2 € Ea }U{(w1, 22)(y1, y2) | 2191 € E1, 22y2 € Fa}.

e The strong product of graphs G] and G35, denoted by G] X G5, is the graph
(V, E) such that
E = {(z,22)(z,y2) |z € Vi, m2y2 € Ep} U{(z1,2)(y1,2)[2 € Vo, 211 €
Er}U{(21,22)(y1,y2) | 21y1 € E1, w2y2 € En}.

e The composition of graphs G and G%, denoted by G7[G5], is the graph (V, E)
such that
E = {(z,x2)(x,y2) |z € Vi, x2y2 € Eo} U{(x1,2)(y1,2) |z € Vo, x1y1 €
B} U{(w1,22)(y1,92) | 22,92 € Va, , 22 # Y2, 21y1 € E1}.
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One can find the corresponding examples clarifying the above concepts in [9, 10,
14,15,18].

Definition 2. Let X be a set, a mapping 4 = (u¥, %) : X — [-1,0] x [0,1]
is called a bipolar fuzzy set on X. For every xz € X, the value A(x) is written as
(1Y (), s ().

We use the positive membership degree ,uﬁ (x) to denote the satisfaction degree of
elements x to the property corresponding to a bipolar fuzzy set A, and the negative
membership degree u% (x) to denote the satisfaction degree of an element x to some
implicit counter-property corresponding to a bipolar fuzzy set A.

Definition 3. A fuzzy graph of a graph G* = (V, E) is a pair G = (o, 1), where o
and p are fuzzy sets on V and V2, respectively, such that u(z,y) < min(o(z),o(y))
for all zy € F and pu(xy) =0 for zy € V2 \ E.

Let G* = (V, E) be a crisp graph and let A, B be bipolar fuzzy sets on V and
E, respectively. The pair (A, B) is called a bipolar fuzzy pair of a graph G*.

Definition 4. ([1]) A bipolar fuzzy graph of a graph G* = (V, E) is a bipolar fuzzy
pair G = (4, B) of G*, where A = (i, i) and B = (¥, ub) are such that

pp(zy) < min(ph(z), ph(y), g (zy) > max(u) (z), 4 (y)) for allzy € E.

A fuzzy graph (o, ) of a graph G* can be considered as an bipolar fuzzy graph
G = (A, B), where Y (z) = 0 for all z € V, uf¥(zy) = 0 for all zy € E and pk = p,
P

Definition 5. Let G; = (41, B1) and G3 = (A2, Bs) be bipolar fuzzy pair of graphs
7 = (Vi,Ey) and G5 = (Va, Es), respectively. Consider two bipolar fuzzy sets
A= (uif, ply) and B = (ufy, u;).

e The union G1 U Gy is defined as the pair (A, B) of bipolar fuzzy sets deter-
mined on the union of graphs G7 and G% such that

,uﬁl () ifeeViandz & Vs
() ifreVoandx ¢ V)
max(if, (2), i, (2) if @ € ViV,

pi (z) ifreViand x ¢ Vs
i) p(z) = ,u/]X; (x) ifreVoandz ¢ Vg
min(,u%1 (x),,u%z () ifzeVinVy,
,ugl (zy) if zy € E1 and zy & E,
(i)  ph(zy) =< ph,(zy) if xy € Ey and zy € F,

max(up (vy), pup, (vy))  if 2y € By N By,
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%(my) if zy € E1 and xy &€ Fs
B, (7Y) if zy € By and xy &€ F4
mm(ugl( Y), i, (zy))  if zy € Bi N B,

7
(iv)  pyley) =

e The join G1 + G2 is the pair (A, B) of bipolar fuzzy sets defined on the join
G7 + G5 such that

,uﬁl () ifreViandz & Vs
() ifreVoandx ¢V}
max (i, (2), i, (2) if @ € Vi Vg,

pi (z) ifreViand x ¢ Vs
i) Y (z) = ,u/]X; (x) ifreVoandz g V)
min(,u%1 (x),,u%z () ifzeVinly,
ugl (zy) if xy € 1 and zy € F»
,ugz (zy) if zy € Ey and zy ¢ F4

max(pupy (vy), pup, (vy))  if 2y € By N E
min(ply, (z), ply, (2))  ifay e E,

( u%l (zy) if 2y € By and 2y ¢ Ey
() ) =1 Pl if 2y € By and zy ¢ E
b mln(ug (wy)ngQ (xy)) if Ty € El M E2

max(u}, (o), p, () if ey € B

e The Cartesian product G x G4 is the pair (A, B) of bipolar fuzzy sets defined
on the Cartesian product G7 x G5 such that

2) = min(uly, (21), iy, (22)),
x1,T2) = max u%(ml),u%(azg)) for all (z1,22) € Vi x V3,

=
=
—
8
-
8

=

=
WzWYv W2 22U

) = min(py, (2), njg, (2292)),
) = max(,u%1 (z), ,ugz (z2y2)) for all z€ V) and zoys € Es,

=

(y1,2)) = min(pf; (x191), ph, (2)),
(y1,2)) = max(uRy (z1y1), ), (2)) for all z€V and z1y1 € Ey.

=

e The cross product Gy * G is the pair (A, B) of bipolar fuzzy sets defined on
the cross product G7 * G5 such that

(1) gy (w1, 22) = min(ply, (21), ply, (22)),
ph (21, 79) = max(p % (x 1),//)(2(3:2)) for all (z1,22) € Vi x Vo,
(i) pp((z1,22)(y1,y2)) = min(up, (2191), p, (T2y2)),
gy (21, 22) (Y1, y2)) = max(uy, (z191), p3, (€2y2)) for all z1y; € E; and

for all xoys € Es.

e The lexicographic product G1eGs is the pair (A, B) of bipolar fuzzy sets defined
on the lexigographic product G e G5 such that
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T2Y2 € Ko,

(iil) pi((21,22)(y1,92)) = min(up, (2191), p, (T2y2))

wy (w1, 2) (Y1, y2)) = max(uly, (z131), p3y, (x2y2)) for all 2191 € E) and
for all zoyo € Es.

e The strong product G1 XG5 of Gy is the pair (A, B) of bipolar fuzzy sets defined
on the strong product G7 X G3 such that

(i) w

(i) pi((z1,2)(y1,2)) = min(ug, (x191), 1, (2)),
pN((z1,2)(y1,2) = max(ugl (a:lyl),,u%(z)) for all z € V45 and for all
T1Y1 € E17

(iv) pp((z1,22) (Y1, 92)) = min(ug, (T191), p, (2212)),

py (w1, 2) (Y1, y2)) = max(uly (z1y1), pfy, (x2y2)) for all z1y1 € E) and
for all xoys € Es.

e The composition G1[Gs] is the pair (A, B) of bipolar fuzzy sets defined on the
composition G7[G3] such that

(ii)) pip((z1,2)(y1,2)) = min(ug, (z191), 1, (2)),
p¥((z1,2)(y1,2) = max(ugl(:nlyl),ugz(z)) for all z € V5 and for all
r1y1 € B,

(iv) pp((1,22)(y1, y2)) = min(uly (x2), g, (v2), w5, (2191)),

iy (w1, 22) (y1,y2)) = max(phy (z2), ulY, (y2), ufy, (z131)) for all z,y, €
Va, where xo # yo and for all z1y; € E.
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3 Level graphs of bipolar fuzzy graphs

In this section we define the level graph of a bipolar fuzzy graph and discuss some
important operations on bipolar fuzzy graphs by characterizing these operations by
their level counterparts graphs.

Definition 6. Let A : X — [—1,0] x [0,1] be a bipolar fuzzy set on X. The set
Ay ={z € X|pl{(z) = b, pl () < a}, where (a,b) € [-1,0] x [0,1], is called the
(a,b)-level set of A.

The following theorem is important in this paper. It is substantial modification
of the transfer principle for fuzzy sets described in [8].

Theorem 1. Let V be a set, and A = (ulY, uk}) and B = (uy, ub) be bipolar fuzzy

sets on V and ‘75 respectively. Then G = (A, B) is a bipolar fuzzy graph if and
only if (A(ap), B(ap)), called the (a,b)-level graph of G, is a graph for each pair
(a,b) € [-1 0] [0,1].

Proof. Let G = (A, B) be a bipolar fuzzy graph. For every (a,b) € [—1,0] x [0, 1], if
ry € B(qy), then g( y) < a and ph(zy) > b. Since G is a bipolar fuzzy graph,

a > pgy(zy) = max(u (), 1) (y))
and

b < pp(ry) < min(ph (@), ph (),
and so a > pl (), a > pfY (v), b < ph(x), b < pli(y), that is, z,y € A(qp)- Therefore,
(A(ap)> Ba,p)) is a graph for each (a,b) € [-1,0] x [0, 1].

Conversely, let (A(qp); B(ap)) be a graph for all (a,b) € [-1,0] x [0,1]. For every
zy € V2, let uiy(zy) = a and ph(xy) = b. Then zy € Bap)- Since (Apys Bap))
is a graph, we have x,y € A(,); hence p () < a, ph(z) > b, Y (y) < a and
pk(z) > b. Therefore,

pi (xy) = a > max(p) (2), 13 (y))

and
pi(zy) = b < min(ul (), 1 (y)),
that is G = (A, B) is a bipolar fuzzy graph. O

Theorem 2. Let Gy = (A1,B1) and Gy = (Ag, By) be bipolar fuzzy graphs of

T = (Vi,Ey) and G5 = (Va, E9), respectively. Then G = (A, B) is the Carte-
stan product of G1 and Gy if and only if for each pair (a,b) € [—1,0] x [0,1] the
(a,b)-level graph (A(ap), Bay)) s the Cartesian product of ((A1)(ap), (B1)ap)) and
((A2)(a,5), (B2)(ab))-
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Proof. Let G = (A ,B) be the Cartesian product of bipolar fuzzy graphs GG1 and Go.
For every (a,b) € [-1,0] x [0, 1], if (x,y) € A(y), then

min(py, (), 1y, (v)) = pli(z,y) > b
and

max (), (x), 1, (v)) = pli (2,y) < a
hence © € (A1)ep and y € (A2) a,b y; that is (2,y) € (A1)@p) X (A2)@p)-
Therefore, A,y S (A1)@p % (A 2) ap) Now if (z,y) € (A1)@ap) X (A2)@p)

then € (A1) and y € (A2)@y It follows that min(uf; (a:),,uﬁQ(y)) > b
and max(pd (2),4 () < a Since (A, B) is the Cartesian product of G
and Ga, ph(z,y) > b and pY(z,y) < a; that is (z,y) € Aap)-  Therefore,
(A1) (ap) X (A2)(ap) € A(ap) and 50 (A1) @) X (A2)(ap) = Aap)-

We now prove B,y = E, where E is the edge set of the Cartesian product
(Gl)(a,b) X (G2)(a,b) for all (a, b) € [—1, 0] X [0, 1]. Let (:El,llﬁg)(yl,yg) S B(a,b)- Then,
pE (w1, 22)(y1,992)) > b and pf ((21,22)(y1,92)) < a. Since (A, B) is the Cartesian
product of (G; and G4, one of the following cases holds:

(i) 1 =y and z2ys € Ey,
(ii) =9 = y9 and z1yy € E1.

For the case (i), we have
p((@1,22)(y1,y2)) = min(uly, (1), i, (2292)) > b,

pi (w1, 22) (y1,y2)) = max(u, (1), w3, (22y2)) < a

and so ,uﬁl (r1) > b, ,u%l (r1) < a, ,u§2 (z2y2) > b and ,ug2 (z2y2) < a. It follows that
r1 = Y1 € (A1)(ap), T2Y2 € (B2)(ap); that is (21,72)(y1,y2) € E. Similarly, for the
case (ii), we conclude that (z1,22)(y1,92) € E. Therefore, B, C E. For every
(z,22) (2, 42) € B, p&y (z) = b, p (x) < a, pf, (22y2) > b and pf (v2y2) < a. Since
(A, B) is the Cartesian product of G; and G2, we have

(@, 22)(2,y2)) = min(uly, (x), up, (x2y2)) > b,

1 (2, 22) (2, y2)) = max(ul), (), uj, (x292)) < a.

Therefore, (x,22)(z,y2) € Bep). Similarly, for every (z1,2)(y1,2) € E, we have
(71, 2)(y1,2) € B(qyp). Therefore, E C B(y3), and so B,y = E.

Conversely, suppose that the (a,b)-level graph (A(q), B(ep)) is the Cartesian
pl"OdUCt of ((Al)(a,b)a (Bl)(a,b)) and ((A2)(a,b)a (32)(a,b)) for all (a, b) € [—1, 0] X [0, 1].
Let 1rni1r1(,u§1 (:El),,uiz (z2)) = b and max(,ug1 (:El),ugz(xg)) = a for some (x1,x2) €
Vi x V,. Then z; € (Al)(a7b) and a9 € (AQ)(QJJ). By the hypothesis, (a:l,xg) S A(a,b)7
hence

ph((w1,22)) > b= min(uly, (z1), iy, (22))
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and

pA (21, 22)) < @ = max(uy, (21), g, (22)).

Now let plf(z1,22) = ¢ and pf{(z1,22) = d, then we have (z1,32) € Ay
Since (A(cd); B(c,a)) is the Cartesian product of levels ((A1)(,q), (B1)(c,q) and
((A2)(c,d), (B2)(c,d)); then x1 € (A1) (c,q) and z2 € (A2)(c,q)- Hence,

ph (1) > d = pli (21, 22), i) (z1) < e = pl (21, 22),

phy(w2) > d = pli(w1,w2) and  ply, (w2) < c = pf (21, 22).

It follows that
min(ply, (1), ply, (22)) > p (21, 72)

and

max(p, (1), g, (22)) < pf (1, 22).
Therefore,

p (w1, 22) = min(uly, (1), iy, (22))
and

ph (21, 29) = max(,ug1 (xl),,u%z (x2)) for all (x1,29) € V] X V.

Similarly, for every x € V; and every xoys € Eo, let

min(ply, (2), puj, (22y2)) = b, max(pdy (), u3, (z2y2)) = a,

Solae B Sav]

© ((x7x2)(xay2)):d and Mg((xva)(xva)):c‘

!

Then we have pff (r) > b, pp,(vay2) > b, ph (2) < a, pg,(22y2) < a and

(z,22)(z, y2) € B(c,d), Le, z € (A1)(ap), T2y2 € (B2)(ap) and (z,22)(7,y2) € B(ca)-

Since (A(a,), B(a,p)) (respectlvely, (A(c,a)> B(e,a))) is the Cartesian product of le-
1)(a,b

vels ((Al) ab)> ( Dap)) and ((A2)(ap), (B2)(ap)) (respectively, ((A1)(ca), (B1)(ca))
and ((Ag)(qd) (BQ)(qd))), we have (a;,xg)(a;,yg) S B(a,b)7 T € (Al)(c,d)7 and

T2y2 € (B2)(c,q), which implies (z,22)(z,y2) € B(ap), ,uﬁl(a:) > d, u%l(a:) < ¢,
,u§2 (x2y2) > d and ,qu (x2y2) < c. It follows that

1 (2, 2) (2,92)) < a = max(p, (), u3, (z2y2)),

pi (2, m9)(w,y2)) > b =min(uly, (z), up, (x2y2)),
min(py (z), pp, (22y2)) > d = ph((z, 22)(z,y2)),

and
maX(N% (x),ug2 (z212)) < ¢ = ppy ((, 22)(x,y2)).-
Therefore,
i ((z, 22) (2, y2)) = min(pl, (2), ph, (r2ys)),
p3s (2, w2) (w, y2)) = max(ul, (z), p3, (w2y2))
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for all z € V4 and xoys € Eo.
As above we can show that

(1, 2)(y1, 2)) = min(pp, (2191), ih, (2)),

1 (1, 2) (1, 2)) = max(ug, (z191), i, (2))

for all z € V5 and for all x1y; € Eq. This completes the proof. O
Now by Theorem 1 and Theorem 2 we have the following corollary.

Corollary 1. If G; = (A1, B1) and Go = (Ag, By) are bipolar fuzzy graphs, then
the Cartesian product G1 X G is a bipolar fuzzy graph.

Theorem 3. Let Gy = (A1,B1) and Gy = (Ag, By) be bipolar fuzzy graphs of
G7 = V1, E1) and G5 = (Va, Es), respectively. Then G = (A, B) is the composition
of G1 and Gy if and only if for each (a,b) € [—1,0] x [0,1] the (a,b)-level graph
(Aap)s Bayy)) is the composition of ((A1)(ap)> (B1)(ap)) and ((A2)(p), (B2)(ab))-

Proof. Let G = (A, B) be the composition of bipolar fuzzy graphs G and Gs.
By the definition of G1[G2] and the same argument as in the proof of Theorem 2,
we have Ay = (A1)@p) X (A2)(ap)- Now we prove B, = E, where E is the
edge set of the composition (G1) () [(G2)(ap] for all (a,b) € [-1,0] x [0,1]. Let
(z1,22)(y1,42) € Bap)- Then pp((x1,22)(y1,y2)) > b and u((x1,22)(y1,92)) < a
Since G = (A, B) is the composition G1[G2], one of the following cases holds:
(i) z1 =1 and z2ys € By,
(ii) x9 = yo and 1y € F,
(i) =9 # yo and z1y; € Ej.

For the cases (i) and (ii), similarly as in the cases of (i) and (ii) in the proof of
Theorem 2, we obtain (x1,x2)(y1,y2) € E. For the case (iii), we have

(1, 22) (Y1, y2)) = min(ply, (22), uly, (y2), w3, (£191)) > b,

1y (1, 22) (Y1, y2)) = max(ul, (22), X, (), 1, (z131)) < a.

Thus, ph,(r2) > b, ph,(y2) > b, pg (21y1) > b, plY (x2) < a, plY (y2) < a and
,ugl(xlyl) < a. It follows that xa,y2 € (A2)p) and z1y1 € (B1)(ap); that is
(z1,72)(y1,y2) € E. Therefore, B, C E.

For every (z,z2)(x,y2) € E, ,uil(:n) > b, ,ugl(x) < a, ,u§2(:172y2)) > b and
,qu (x2y2) < a. Since G = (A, B) is the composition G;1[G2], we have

pi((z,22) (2, y2)) = min(uly, (2), pg, (€292)) > b,

1 (2, 22) (2, y2)) = max(ul), (), uj, (x292)) < a.
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Therefore, (z, )(x yg) € Bqp). Similarly, for every (z1,2)(y1,2) € E, we have
(z,72)(w,y2) € Bayp). For every (z1,72)(y1,y2) € E, where z2 # yo, is 11 # y1,
i, (@1y1) > b, p 1(wlyl) <a, ph, () > b, pl,(2) < a, ph,(z2) > band
,ugz (x2) < a. Since G = (A, B) is the composition G1[G2], we have

pp (1, 22) (Y1, y2)) = min(phy, (x2), ply, (y2), 1, (£191)) > b,

w3 (1, 22) (y1,92)) = max(uf, (22), o, (y2), 13, (T191)) < @,
hence (z1,22)(y1,y2) € B(ap)- Therefore E C B(,4), and so E = B(gy).
Conversely, suppose that (Ap), B(ap)), where (a,b) € [~1,0] x [0,1], is the
composition of ((A1)(a,), (B1)(ap)) and ((A2)(a,p)> (B2)(a,p))- By the definition of the
composition and the proof of Theorem 2, we have

) = min(ply, (w1), iy, (22)),
(ml,mg) maux(,ug1 (ml),u]X2 (x2)) for all (x1,z2) € V1 x Vs,

(z, 22) (2, y2)) = min(uly (), uj, (2y2)),
(z,y2)) = max(,u%1 (x),,ugz (z2y2)) for all x € V; and zoys € Eo,

(i) pip((z1,2)(y1,2)) = min(ug, (x191), 1, (2)),
pi(z1,2)(y1,2) = max(,ug1 (:Elyl),,ugz(z)) for all z € V3 and z1y; € Ej.

Similarly, by the same argumentation as in the proof of Theorem 2, we obtain
(1, 2) (1, y2)) = min(uly, (22), phy, (y2), iz, (2101)),

pg (w1, 22) (Y1, y2)) = max(u, (x2), w, (y2), 15, (2191))
for all x5, ys € Vo (22 # y2) and for all x1y; € Eq. This completes the proof. O

Corollary 2. If G; = (A1, B1) and Go = (Ag, Ba) are bipolar fuzzy graphs, then
their composition G1[G2] is a bipolar fuzzy graph.

Theorem 4. Let G1 = (A1, B1) and Go = (A, Bs) be bipolar fuzzy graphs of
G7 = V1, Ev) and G5 = (Va, Es), respectively, and Vi NVy = @. Then G = (A, B)
is the union of G1 and Gy if and only if each (a,b)-level graph (A(,p), B(ap)) is the
union of ((A1)(ap)s (B1)(ap)) and ((A2)@ap), (B2)(@ab))-

Proof. Let G = (A, B) be the union of bipolar fuzzy graphs G; and Ga. We show
that A = (A1)@p) U (A2)(ap) for each (a,b) € [-1,0] x [0,1]. Let z € Ay,
then x € Vi \ Vo or o € Vo \ V4. If z € Vi \ V3, then ,ule(:n) = pl{(z) > b and
,ugl (z) = ulY (z) < a, which implies = € (A1) (ap)- Analogously xz € Vo \ 'V} implies
RS (AQ)(GJ,). Therefore, x € (Al)(a,b) (AQ)(a b)s and so A(a ) & (Al)(a b) (AQ)(GJ,).

Now let « € (Al)(a,b) U (Ag)(&b) Then we have x € (Al)(a,b) and © ¢ (AQ)(QJJ)
or x € (A2)(ap) and x &€ (A1)(4p). For the first case, we have ph(z) = ,uil (x) > b
and pf (v) = uf}(l () < a, which implies x € A(,p). For the second case, we have
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ph(z) = ,uiz(x) > b and pf () = ,u%z(x) < a. Hence x € A,p). Consequently,
(A1) (ap) U (A2)(ap) € A(ep)- To prove that By = (B1)(ap) U (B2)(ap) for all
(a,b) € [~1,0] x [0,1] consider zy € B,p). Then xy € By \ Ez or 2y € Fa \ Ey.
For zy € E1 \ E2 we have ,ugl (zy) = ph(zy) > b and ,ugl (zy) = p¥(zy) < a. Thus
ry € (B1)(ap). Similarly xy € Ep \ Ey gives vy € (Bz)(qp). Therefore B,y C
(B1)(ap) Y (B2)@p)- I 2y € (B1)(ap) U (B2)(ap), then zy € (B1)(ap) \ (B2)(ap) OF
zy € (B2)(ap) \ (B1)(ap)- For the first case, pf(zy) = ,ugl (zy) > b and ph(zy) =
,ugl (zy) < a, hence xy € B(,p). In the second case we obtain zy € B, ). Therefore,
(B1)(ap) Y (B2)(ap) € Bap)-

Conversely, let for all (a,b) € [~1,0] x [0,1] the level graph (A(q), Biap)) be
the union of ((Al)(a,b)7 (Bl)(a,b)) and ((AQ)(GJ,), (BQ)(a7b)). Let x € Vl, ,uil (l‘) = b,
,ugl (z) = a, pli(z) = d and pf (x) = c. Then x € (A1) () and z € A q). But by
the hypothesis x € A, p) and © € (A1) (,q)- Thus, p/y(z) > b, i} () < a, ,ule () >d
and ,ugl (z) < c. Therefore, ,uil (z) < ph(x), plY (z) > ,ugl (x), ,ule (z) > pk(x) and
,ugl (z) < plY (). Hence uil (z) = pk(z) and plY (z) = uf}(l (x). Similarly, for every
x € Vo, we get ,uiz (z) = pli(z) and pf (z) = ,ugz (z). Thus, we conclude that

A
P
A
N
.. Ha
11
) { 3

[ pp(ey) = pp, (ey) if 2y € By
(iii) P p :
pplzy) = ,uBQ(my) if zy € By,
(iv) { py (xy) = u%l (zy) if zye€ By
pi (xy) = g, (xy)  if zy € By,
This completes the proof. O

Corollary 3. If G and Gy are bipolar fuzzy graphs of G; = (V1,E1) and G5 =
(Va, Ea), respectively, in which Vi N'Va = &, then G1 U Gq is a bipolar fuzzy graph.

Theorem 5. Let G1 = (A1, B1) and Go = (A, Bs) be bipolar fuzzy graphs of
G7 = V1, Ev) and G5 = (Va, Es), respectively, and Vi NVy = @. Then G = (A, B)
is the join of G1 and Gz if and only if each (a,b)-level graph (A(qp), B(ap)) 5 the
join of ((A1)(a,b)s (B1)(a,p)) and ((A2)(ab), (B2)(ap))-

Proof. Let G = (A, B) be the join of bipolar fuzzy graphs G; and Ga. Then by the
definition and the proof of Theorem 4, A,y = (A1)(ap) U (A2)(ap) for all (a,b) €
[—1,0] x [0,1]. We show that B(a,b) = (Bl)(a7b) U (Bg)(&b) U Eéa,b) for all (a,b) €

[—1,0] x [0,1], where Eéa p) is the set of all edges joining the vertices (A1)(a,p) and
(A2)(a,b)’
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From the proof of Theorem 4 it follows that (B1)(ap) U (B2)(ap) S Bap) If
xy € EEa’b), then ,ule (x) >0, ,ugl (x) <a, ,ufzz (y) > b and ,ugz (y) < a. Hence

pi(ay) = min(uly, (), 1, (y) = b

and
p3 (zy) = max(u, (z), g, (v)) < a.
It follows that xy € B(, ). Therefore, (B1)(q,5) U (B2)(a,p) UEE@ n € By For every

1y € Bqp), if 7y € E1U Ey, then 2y € (B1)(a5) U (B2)(a), by the proof of Theorem
4. If z € V} and y € Vs, then

min(phy, (z), ph, () = pp(zy) > b

and

max(u, (x), 1, (v)) = p33 (2y) < a
hence = € (A1)(qp) and y € (A2)(4p)- So, vy € EEa b)- Therefore, B(qp) € (B1)(ap) U
(B2)(a b) U E(a b)*

Conversely, let each level graph (A(qp), Ba,p)) be the join of ((A1)(ap), (B1)(ap))
and ((A2)(a,b); (B2)(a,p))- From the proof of Theorem 4, we have

ph(x) = ply,(x) if @ € Vs,
(i) { ph () = u%; () if zeWn
Pl (x) = pl,(x) if e Vh,
(i) { pp(ry) = pp, (zy) if zy € By
pp(ey) = pp, (xy)  if xy € By,
N N
. pg(zy) = pp (zy) if zy € By
(i) { N () = p, (zy) i oy By

Let @ € Vi, y € Va, min(uf, (x),pnlf,(y)) = b, max(uf (2), 1}, (v)) = a,
ph(zy) = d and p¥(wy) = c¢. Then x € (A1)(ap), ¥ € (Ag)(a p) and ry € B g). It
follows that zy € B, ), T € (A1) (c,q) and y € (A2)(c,q)- So, ph(zy) > b, pf (zy) <
,uil (x) >d, /‘%1 () <e ,uiz (y) > d and ,u% (y) <e. Therefore,

pp(zy) > b= min(ph, (2), uh, () = d = pp(ry),

iy (zy) < a = max(ph, (), 1h, ) < ¢ = pg (zy).
Thus,

pp(zy) = min(ph, (2), 0, (), py(zy) = max(ul, (), u, (v)),

as desired. O



OPERATIONS ON LEVEL GRAPHS ... 119

Theorem 6. Let G1 = (A1, B1) and Go = (A, Bs) be bipolar fuzzy graphs of

T = Vi, Er) and G5 = (Va, Ey), respectively. Then G = (A, B) is the cross
product of Gy and G2 if and only if each (a,b)-level graph (A, p), B(ap)) is the cross
product of ((A1)(ap)> (B1)(ap) and ((A2)(a,p), (B2)(a,p))-

Proof. Let G = (A, B) be the cross product of G; and G3. By the definition of
the Cartesian product Gi x Gg and the proof of Theorem 2, we have A(,; =
(A1) (ap) % (A2)(qp) for all (a,b) € [~1,0] x [0,1]. We show that

By = {(x1,22) (Y1, ¥2) [ 191 € (B1)(ap) > T292 € (B2)(ap)}

for all (a,b) € [~1,0] x [0,1]. Indeed, if (x1,22)(y1,y2) € B(ap), then
15 ((z1,22) (y1,y2)) = min(ug, (z1y1), p, (T2y2)) > b,

pi (21, 22) (y1,y2)) = max(ug, (w191), 1, (2292)) < a,

hence g (z1y1) > b, ph, (w2y2) > b, ply (z1y1) < a and ph (zays) < a. So,
r1Y1 € (B1)(ap) and z2y2 € (B2)(ap). Now if 2191 € (B1) (o) and z2y2 € (B2) ()
then pp (x191) > b, ppy, (x191) < a, pp,(raye) > b and pg, (v2y2) < a. It follows

that

15 ((z1,22) (1, y2)) = min(ug, (z191), p, (T2y2)) > b,

1y (21, 22) (1, y2)) = max(ufy, (v191), uh, (T2y2)) < a,

because G = (4, B) is the cross product G * Gi2. Therefore, (z1,72)(y1,v2) € B(ap)-

Conversely, let each (a,b)-level graph (A(a’b),B(a,b)) be the cross product
of ((Al)(a,b)7(B1)(a,b)) and ((AQ)(a’b),(BQ)(ab)). In view of the fact that the
cross product (A(gp), B(ap)) has the same vertex set as the cartesian product of
((Al)(&b), (Bl)(a7b)) and ((Ag)(&b), (BQ)(a,b))7 and by the pI‘OOf of Theorem 2, we
have

pi (21, 22)) = min(uy, (21), 1, (22)),

Y (1, m2)) = max(ph), (1), p, (22)),

for all (l‘l,l‘Q) eV x V.

Let min(up (z191), o, (22y2)) = b, max(uy (x101), p, (x2y2)) = @,
ph (w1, 2)(y1,y2)) = d and p ((z1,22)(y1,y2)) = c for 1y1 € Ey, 22y € Fy. Then
g (z1y1) > b, ph (zay2) > b, pfy (z1y1) < a, py (z2y2) < a and (21, 22)(y1,2) €
Byc,q), hence x1y1 € (B1)(ap) , Z2y2 € (B2)(ap), and consequently, z1y1 € (B1)(c,a),
Tay2 € (B2)(c,q) since By = {(71,72)(y1,%2) | 711 € (B1)(c,a)» T2y2 € (B2)(c,a)}-
It follows that (x1,22)(y1,¥2) € Bap), ,ugl (x1y1) > d, ugl (x111) < ¢, u§2 (xoy2) > d
and ,ugz (z2y2) < c. Therefore,

(@1, 22) (Y1, y2)) = d < min(ug, (2191), pip, (2292)) = b < pp (@1, 22) (Y1, y2)),

1 (w1, 2) (y1,92)) = ¢ > max(ufy, (T191), 13, (T2y2)) = a > gy (21, 22) (Y1, 92))-
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Hence
(21, 2) (y1,92)) = min(ug, (£191), w1, (2292)),
pg (w1, 22) (Y1, y2)) = max(ug, (T191), 13, (2292)),
which completes our proof. O

Corollary 4. The cross product of two bipolar fuzzy graphs is a bipolar fuzzy graph.

Theorem 7. Let Gy = (A1,B1) and Gy = (Ag, By) be bipolar fuzzy graphs of
G7 = (V1,E1) and G5 = (Va, Es), respectively. Then G = (A, B) is the lexicographic
product of G1 and Gz if and only if Gy = (G1)(ap) ® (G2)(@p) for all (a,b) €
[—1,0] x [0, 1].

Proof. Let G = (A, B) = G1eG5. By the definition of the Cartesian product G; x G
and the proof of Theorem 2, we have A(,p) = (A1)(gp) X (A2)@qp) for all (a,b) €
[—1,0] x [0,1]. We show that B, = Eqp) U Eémb) for all (a,b) € [-1,0] x [0, 1],
where E, ) = {(2,22)(z,92) |x € V1, 22y2 € (B2)(ap)} is the subset the edge set
of the direct product (G1)wp) * (G2)(ap), and Eéa,b) = {(z1,22)(y1,92) | 111 €
(B1)(ap) » T292 € (B2)(a,p)} is the edge set of the cross product (G1)(ap) * (G2)(a,p)-
For every (w1,%2)(y1,%2) € B(ap), T1 = Y1, T2y2 € Fa or m1y1 € By, xoy2 € By, If
T1 = y1, T2y2 € Ea, then (x1,22)(y1,¥2) € E(ap), by the definition of the Cartesian
product and the proof of Theorem 2. If z1y; € Eq, xoys € Eo, then (z1,x2)(y1,y2) €
Eémb), by the definition of the cross product and the proof of Theorem 6. Therefore,
Bap) € Eap U EE b’ From the definition of the Cartesian product and the proof
of Theorem 2, we conclude that F(, ;) C B(qp), and also from the definition of the
cross product and the proof of Theorem 6, we obtain EEa’b) C By Therefore,
Eap) UE,p) S Bab):

Conversely, let G(a,b) = (A(a,b)aB(a,b)) = (Gl)(a7b) . (Gg)(&b) for all (a,b) €
[—1,0] x [0,1]. We know that (G1)(a) ® (G2)(ep) has the same vertex set as the
Cartesian product (G1) () X (G2)(a,p)- Now by the proof of Theorem 2, we have

ph (w1, 2)) = min(pl, (z1), pl, (22)),

Y (21, 2)) = max(pd, (21), p, (22))

for all (x1,x9) € V1 x Va.
Assume that for some z € Vi and zays € Es is min(,uﬁ1 (m),u§2 (x2y2)) = b,

max(py, (), p3y, (v212)) = a, pp((z,22)(x,92)) = d and py((z,22)(2,92)) = c
Then, in view of the definitions of the Cartesian and lexicographic products, we
have

(z,72)(7,y2) € (B1)(ap) ® (B2)(@p) & (7,72)(7,y2) € (B1)@p) X (B2)(ap)

(z,22)(,92) € (B1)(c,a) ® (B2)(c,a) © (2, 22)(2,y2) € (B1)(c,ay X (B2)(c,a)-



OPERATIONS ON LEVEL GRAPHS ... 121

From this, by the same argument as in the proof of Theorem 2, we can conclude
g (2, 22) (2, y2)) = min(uh (), uh, (x292)),

pi (2, 22) (2, y2)) = max(u) (), 1, (r2y2))-

Suppose now that we have pb((z1,22)(y1,y2)) = d, p&((x1,22)(y1,92)) = ¢,
min(up, (£191), i, (T2y2)) = b, max(uy, (x1y1), py, (v2y2)) = a for z1y; € Ey and
ZToys € Fo. Then, in view of the definitions of the cross product and the lexicographic
product, we have

(71, 22)(Y1,y2) € (B1)(ap) ® (B2)(ap) < (T1,22)(y1,y2) € (B1)(ap) * (B2)(a,0)

(71, 22)(Y1,y2) € (B1)(c,a) ® (B2)(c,a) © (T1,72)(y1,¥2) € (B1)(c,a) * (B2)(c,)-

By the same argument as in the proof of Theorem 6, we can conclude
(21, 22) (Y1, 92)) = min(ug, (2191), g5, (2202)),

pi (w1, 22) (Y1, y2)) = max(ug, (T191), 13, (2292)),
which completes the proof. O

Corollary 5. The lexicographic product of two bipolar fuzzy graphs is a bipolar fuzzy
graph.

Lemma 1. Let Gi = (A1, B1) and Gy = (Aa, Ba) be bipolar fuzzy graphs of G =
(V1, E1) and G5 = (Va, Es), respectively, such that Vi = Va, A1 = Ay and E1NEy =
@. Then G = (A, B) is the union of G1 and Gz if and only if (A(ap), Biayp)) s the
union of ((A1)(a,p) (B1)(ap) and ((A2) (), (B2)(@ap)) for all (a,b) € [-1,0] x [0,1].

Proof. Let G = (A, B) be the union of bipolar fuzzy graphs G7 and G3. Then by the
definition of the union and the fact that Vi = V5, A; = Ay, we have A = A1 = Ao,
hence A(a,b) = (Al)(a,b)U(A2)(a,b)- We now show that B(a,b) = (Bl)(a,b) U(BQ)(a’b) for
all (a,b) € [-1,0] x [0,1]. For every zy € (B1)(4p) we have uf(zy) = ugl (xy) > b
and pf(zy) = ,ugl (zy) < a, hence vy € Byp). Therefore, (B1)ap S Bap)-
Similarly, we obtain (B2) () € Bap)- Thus, (B1)p) U (B2) @) € Bap)- For every
ry € B,y either zy € By or zy € Ey. If xy € Ey, ,ugl (zy) = ph(ry) > b and
,ugl (zy) = R (zy) < a and hence zy € (B1)(ap)- If vy € Ea, we have xy € (B2)(q,)-
Therefore, B(a,b) - (Bl)(a,b) @] (BQ)(a7b).

Conversely, suppose that the (a,b)-level graph (A, ), B(qp)) be the union of
(A1) (@ p)s (B1)(ap)) and ((A2)(a,)s (B2)(ap))- Let pily(x) = b, pl¥ (2) = a, ply (z) = d
and ,ugl (z) = cfor some x € V1 = Va. Then x € Ay, and @ € (A1)(cq), 50 T €
(Al)(a,b) and z € A(c,d)a because A(a,b) = (Al)(a,b) and A(c,d) = (Al)(c,d)' It follows
that ,uﬁl (x) >0, uf}(l (z) < a, pk(z) > dand pf (r) < c. Therefore, “51 (z) > pli(2),
W (@) < p (@), k(@) > (@) and w () < i, (2). So, ufi(z) = uf (x) and
,ug(:n) = ,ugl(:n). Since A; = A, V1 = V5, then A = A1 = A1 U A,.

By a similar method, we conclude that
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) { pp(ey) = pp (xy)  if zy € By
ug(azy) = ,u§2 (xy) if zy € By,

(i) { 1 (zy) Zu%l (zy) if zye€ By
pi (xy) = i, (xy)  if zy € By,

This completes the proof. O

Theorem 8. Let Gy = (A1,B1) and Gy = (Ag, By) be bipolar fuzzy graphs of

T = (Vi,Ey) and G5 = (Va, Ea), respectively. Then G = (A, B) is the strong
product of G1 and Gz if and only if each G (qy), where (a,b) € [~1,0] x [0,1], is the
strong product of (G1)(a) and (G2)(ap)-

Proof. According to the definitions of the strong product, the cross product and the
Cartesian product, we obtain G; K Gy = (G1 X G3) U (G * G2) and

(G1)(ap) B (G2)(ap) = ((G1)ap) X (G2)(ap)) U ((G1)(ap) * (G2)(a,p))

for all (a,b) € [-1,0] x [0,1]. Now by Theorem 6, Theorem 2 and Lemma 1, we see
that

G:G1®G2<:?G:(Gl XGQ)U(Gl*Gg)
= Gap) = (G1 X G2)(a,p) U (G1 % G2) (a0

= Gap) = ((G1)(ap) X (G2)(ap) U ((G1)(ap) * (G2)(ap))
= Gap) = (G1)(@p) B (G2)ap)

for all (a,b) € [-1,0] x [0, 1]. O

Corollary 6. The strong product of two bipolar fuzzy graphs is a bipolar fuzzy graph.

4 Conclusion

Graph theory is one of the branches of modern mathematics applied to many
areas of mathematics, science, and technology. In computer science, graphs are used
to represent networks of communication, computational devices, image segmenta-
tion, clustering and the flow of computation. In many cases, some aspects of a
graph theoretic problem may be uncertain, and we deal with bipolar information.
Bipolarity is met in many areas such as knowledge representation, reasoning with
conditions, inconsistency handling, constraint satisfaction problem, decision, learn-
ing, etc. In this paper, we define the notion of level graph of a bipolar fuzzy graph
and investigate some of their properties. We define three kinds of new operations
of bipolar fuzzy graphs and discuss these operations and some defined important
operations on bipolar fuzzy graphs by characterizing these operations by their level
counterparts graphs.
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