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Abstract. We consider 48 parastrophically uncancellable quadratic functional equa-
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equations). A linear representation of a group (Abelian group) for a pair of quasigroup
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1 Introduction

A binary quasigroup is usually defined to be a groupoid (B; f) such that for any
a,b € B there are unique solutions z and y to the following equations:

fla,x) =b and f(y,a) =0.

The basic properties of quasigroups were given in books [3,8,9,24]. We remind the
reader of those properties we shall use in the paper.

If (B; f) is quasigroup we say that f is a quasigroup operation. A loop is a
quasigroup with unit (e) such that

fle,x) = f(x,e) = .
Groups are associative quasigroups, i.e. they satisfy:

F(f (@), 2) = (=, £y, 2))

and they necessarily contain a unit. A quasigroup is commutative if
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Commutative groups are also known as Abelian groups.
A triple (o, 3,7) of bijections from a set B onto a set C' is called an isotopy of
a groupoid (B; f) onto a groupoid (C; g) provided

vf(z,y) = glaz, By)

for all z,y € B. (C;g) is then called an isotope of (B; f), and groupoids (B; f)
and (C'};g) are said to be isotopic to each other. An isotopy of (B; f) onto (B; f) is
called an autotopy of (B; f). Let a and 8 be permutations of B and let ¢ denote the
identity map on B. Then (a, 3,t) is a principal isotopy of a groupoid (B; f) onto a
groupoid (Bj;g) means that (a, 3,¢) is an isotopy of (B; f) onto (B;g). Isotopy is a
generalization of isomorphism. Isotopic image of a quasigroup is again a quasigroup.
A loop isotopic to a group is isomorphic to it. Every quasigroup is isotopic to some
loop, i.e., it is a loop isotope.
If (B;+) is a group, then the bijection o : B — B is called a holomorphism of
(B;+) if
alz+y 4+ 2)=ar+ () 4 az (1.2)

The set of all holomorphisms of (B;+) is denoted by Hol(B;+). It is a group under
the composition of mappings: (« - )z = f(ax), for every x € B. Note that this
concept is equivalent to the concept of quasiautomorphism of groups, by [3].

A binary quasigroup (B; f) is linear over a group (Abelian group) if

f(z,y) = oz +a+ Yy,

where (B;+) is a group (Abelian group), ¢ and v are automorphisms of (B;+) and
a € B is a fixed element. A quasigroup linear over an Abelian group is also called a
T-quasigroup.

Quasigroups are important algebraic (combinatorial, geometric) structures which
arise in various areas of mathematics and other disciplines. We mention just a few
of their applications: in combinatorics (as latin squares, see [9]), in geometry (as
nets/webs, see [4]), in statistics (see [11]), in special theory of relativity (see [27]),
in coding theory and cryptography [25].

2 Preliminaries

We use (object) variables xz,y, z,u,v,w (perhaps with indices) and operation
symbols (i.e. functional variables) f,g,h (also with indices). We assume that all
operation symbols represent quasigroup operations.

The set of all variables which appear in a term ¢ is called the content of ¢ and
is denoted by var(t). A variable x is linear variable in a term ¢t when it occurs just
once in t. A variable z is quadratic variable in a term t when it occurs twice in t.
The sets of all linear and quadratic variables of term ¢ are denoted by vari(t) and
vary(t), respectively.
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A functional equation is an equality s = t, where s and t are terms with symbols
of unknown operations occurring in at least one of them.

Definition 1. A functional equation s = ¢ is quadratic if every (object) variable
occurs exactly twice in s = t. It is balanced if every (object) variable appears exactly
once in s and once in ¢.

Definition 2. A variable z from a quadratic equation s = ¢t is linear if x occurrs
once in s and once in t; it is left (right) quadratic if it occurrs twice in s(t) and
quadratic if it is either left or right quadratic.

Definition 3. A balanced equation s =t is Belousov if for every subterm p of s ()
there is a subterm ¢ of ¢ (s) such that p and ¢ have exactly the same variables.

Definition 4. A quadratic quasigroup equation is gemini iff it is a theorem of T'S-
loops (= Steiner loops), i. e., consequence of the identities of the variety of T'S-loops.

Definition 5. Functional equation s = t is generalized if every operation symbol
from s =t occurrs there just once.

Definition 6. Let = be a variable occurring in a quadratic equation s = ¢t. The
function Lh (Rh) of the left (right) height of the variable x in the equation s =t is
given by:

— If x ¢ var(t), then Lh(z,t) (Rh(z,t)) is not defined,
— Lh(z,x) =0 (Rh(xz,z)=0),

— If t = f(t1,t2) and both occurrences of x are in ty then Lh(z,t) = 1 +
Lh(:Evtl) (Rh(l‘,t) =1+ Rh($7t1)):

— If t = f(t1,t2) and both occurrences of x are in ty then Lh(z,t) = 1 +
Lh(:Eth) (Rh(l‘,t) =1+ Rh($7t2)):

— Ift = f(t1,t2) and x occurrs in both t; and ta then Lh(x,t) = 1+Lh(x,t;) (Rh(z,t) =

1 + Rh(m, tg)),

Lh(z,s) if = € var(s),
Lh(z,t) otherwise,

- Lh(l‘,S:t):{

Rh(z,t) if = €wvar(t),
Rh(z,s) otherwise.

- Rh(m,s:t):{

Definition 7. Let s = t be a quadratic equation. It is a level equation iff
Lh(z,s =t) = Rh(y,s = t) for all variables x,y of s = t.
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Example 1. The following are various functional equations:

(commutativity) f(@,y) = f(y,2), (2.1)
(associativity) f(f(zy),2) = f=, f(y,2)), (22)
(mediality) f(f(,y), f(u,0) = f(f(z,u), fly,v),  (23)
(paramediality) f(f(,y), f(u,0) = f(f(v,y), flu, ), (24)
(distributivity) [z, f(y,2) = f(f(z,y), f(z,2)), (2.5)
(transitivity) f(f (@), f(y,2) = f(z,2),  (2.6)
(intermediality) f(f(@y), f(y,w) = f(f(z,0), f(v,u)),  (2.7)
(extramediality) [ (,y), f(u,z) = f(f(v,9), f(u,0),  (28)
(4-palindromic identity) f(f(z,y), f(u,v)) = f(f(v,u), f(y,x)), (2.9)
(idempotency) f@,z) ==, (2.10)
(trivial) f@y) = f(z,y), (2.11)

[, fy,2)) = f(f(z,9),2).  (2.12)

Associativity, (para)mediality, 4-palindromic, trivial identity and (2.12) are bal-
anced, transitivity, intermediality and extramediality are quadratic but not balanced
and idempotency and (left) distributivity are not even quadratic. Commutativity,
trivial, 4-palindromic and (2.12) are gemini functional equations and since they are
balanced, they are Belousov equations as well. The equations (2.2) — (2.8) are non-
gemini and non-Belousov. Commutativity, mediality, paramediality, intermediality,
extramediality, 4—palindromic and trivial identity are level equations.

Every quasigroup satisfying (para)medial identity is called (para)medial quasi-
group. Every quasigroup satisfying 4-palindromic identity is called 4-palindromic
quasigroup.

Theorem 1 (Toyoda [26]). If (B; f) is a medial quasigroup then there exists an
Abelian group (B;+) such that f(z,y) = ¢(z) + c+ ¢Y(y), where @, € Aut(B;+),
oY =1 and c € B.

Theorem 2 (Némec, Kepka [23]). If (B; f) is a paramedial quasigroup then there
exists an Abelian group (B;+) such that f(z,y) = o(x) + ¢+ ¥(y), where @, €
Aut(B;+), pp = Y1) and ¢ € B.

More generaly, considering the following equations with two functional variables,
we can define the notion of (para)medial pair of operations:

fi(fa(z,y), fa(u,v))
fi(fa2(z,9), fa(u,v))

fa(fi(w, ), f1(y,v)), (2.13)
fa(f1(v,y), f1(u, ). (2.14)

Definition 8. A pair (fi, f2) of binary operations is called (para)medial pair of
operations if the algebra (B; f1, f2) satisfies the equation (2.13) ((2.14)).
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Definition 9. A binary algebra B = (B;F) is called (para)medial algebra if
every pair of operations of the algebra B is (para)medial (or, the algebra B
satisfies (para)medial hyperidentity).

The following theorem generalizes above results by Toyoda and Némec, Kepka:

Theorem 3 (Nazari, Movsisyan [22], Ehsani, Movsisyan [10]). Let the set B form
a quasigroup under the binary operations fi1 and fo. If the pair of binary operations
(f1, f2) is (para)medial, then there exists a binary operation '+ under which B forms
an Abelian group and for arbitrary elements x,y € B we have:

filz,y) = ¢i(@) + ¥i(y) + ¢,
where ¢;s are fized elements of B, and y;,; € Aut(B;+) for i = 1,2, such that:

102 = Y21, P21 = Y1pa, P1h2 = Pathy and p1pe = pap1 should be satisfied by
the medial pair of operations,

P12 = Potb1, a1 = Y1da, Y12 = path1 and Yrpe = a1 should be satisfied by
the paramedial pair of operations.

The group (B;+), is unique up to isomorphisms.
The following results will be frequently utilized.

Theorem 4 (Aczél, Belousov, Hosszu [1], see also [2]). Let the set B form a quasi-
group under siz operations A;(x,y) (fori=1,...,6). If these operations satisfy the
following equation:

Aq(Ag(z,y), As(u,v)) = Ag(As(x,u), Ag(y,v)), (2.15)

for all elements x, y, w and v of the set B then there exists an operation '+’ under
which B forms an abelian group isotopic to all these siz quasigroups. And there exist
eight permutations «, B, v, 0, €, ¥, v, x of B such that:

Ai(z,y) = 0z + gy,
Ag(x,y) = 6 Haz + By),
As(z,y) = o~ (xz + ),
Ay(z,y) = Yx + ey,
As(z,y) =y~ ax + xy),
Ag(x,y) = € 1 (Bz + yy)

Theorem 5 (Krapez [14]). If the set B forms a quasigroup under four operations
Ai(z,y) (fori=1,...,4) and if these operations satisfy the equation of generalized
transitivity:

A1(Az(z,y), As(y, 2)) = Au(w, 2),
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for all elements x,y,z € B, then there exists an operation '+ under which B forms
a group isotopic to all these quasigroups and there exist permutaions o, 3, 7, 0, €,
¥, ¢, x of B such that

Aq(z,y) = ax + By,
As(z,y) = aH(ayz + ady),
As(z,y) = B (Bex + Biy),
Ag(z,y) = pz + XY

Theorem 6 (Krapez [13], Belousov [5]). A quasigroup satisfying a balanced but not
Belousov equation is isotopic to a group.

Theorem 7 (Krapez, Taylor [16]). A quasigroup satisfying a quadratic but not
gemini equation s 1sotopic to a group.

3 Parastrophically uncancellable quadratic equations with two
function variables

We consider parastrophically uncancellable quadratic quasigroup equations of
the form:

fi(fa(w1, m2), fo(xs, 4)) = fa(f1(x5, 6), f1(27,25)) (Eq)

where z; € {x,y,u,v}, for i = 1,...,8. Therefore, the equation (Eq) is quadratic
level quasigroup equation with four (object) variables each appearing twice in the
equation and with two function variables each appearing three times in the equation.
There are 48 such equations and we attempt to solve them all.

There is a correspondence between generalized quadratic quasigroup equations
and connected cubic graphs, namely Krsti¢ graphs. Two such equations are paras-
trophically equivalent iff they have the same (i.e. isomorphic) Krsti¢ graphs. Fur-
thermore, an equation is parastrophically uncancellable iff the corresponding Krstié
graph is 3—connected. For more detailed account of this correspondence see [16,17]
and [18].

For everyone of the 48 equations (Eq) there is a corresponding generalized equa-
tion:

fi(fs(w1, m2), fa(xs, 24)) = faf5(25, 6), fo (27, 25)) (GEq)

(where z; € {z,y,u,v}, for i = 1,...,8) with the appropriate Krsti¢ graph. This
Krsti¢ graph will be assumed to be the Krsti¢ graph of (Eq) as well. All these
equations can be partitioned into two classes, depending on their Krsti¢ graphs, as
follows:

— 16 balanced (and non-Belousov) equations with the Krsti¢ graph K3 3,

— 32 non-balanced non-gemini equations with the Krsti¢ graph Ps.
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Ks3 Py

To characterize a pair of quasigroup operations which satisfies a non—Belousov
balanced functional equation, we need the notion of Lbranch (Rbranch) and the
following properties of holomorphisms which were proved for Muofang loops in [19].

Definition 10. Let ¢ be a term and z a variable. We define:
e If x ¢ var(t), then Lbranch(z,t) (Rbranch(z,t)) is not defined,
e Lbranch(z,z) = A (Rbranch(z,z) = A) (A is the empty word),

e If t = fi(t1,t2) and both occurrences of = are in t;, then Lbranch(x,t) =
a; Lbranch(z,¢1) (Rbranch(z,t) = a; Rbranch(z,t1)),

e If t = fi(t1,t2) and both occurrences of = are in ty, then Lbranch(x,t) =
B; Lbranch(z,t3) (Rbranch(z,t) = §; Rbranch(x, t2)),

o If t = fi(ti1,t2) and x occurrs in both ¢; and ty, then Lbranch(z,t) =
a; Lbranch(z,¢1) (Rbranch(z,t) = ; Rbranch(z,t2)),

Lbranch(z,s) if z € var(s),

e Lbranch(z,s =1t) =
( ) {Lbranch(:p,t) otherwise

Rbranch(z,t) if z € var(t),

e Rbranch(z,s =1t) =
( ) {Rbranch(a:,s) otherwise

Lemma 1. Let the identity:

a1(z +y) = as(z) + as(y)

be satisfied for bijections oq,ag,a3 on the group (B;+). Then ai,as,a3 €
Hol(B;+).

Lemma 2. Every holomorphism « of the group (B;+) has the following forms:
ar = g1z + kq, ax = ke + o,

where o1, o € Aut(B;+) and ki, ke € B.
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4 Equations with Krsti¢ graph K33

The class of non—gemini balanced (and therefore non-Belousov) quadratic func-
tional equations consists of the following 16 equations with four object variables
x,Yy,u,v and two quasigroup operations fi, fa:

filf2(2,y), f2(u,v)) = fo(fi(z,u), fi(y,v)) (4.1)
filfa(z,y), fo(u,v)) = fa(fi(z,u), fi(v,y)) (4.2)
fif2(@,y), f2(u,v)) = fo(fi(z,v), f1(y,u)) (4.3)
filf2(@,y), f2(u,v)) = fo(fi(z,v), fi(u,y)) (4.4)
filf2(@,y), f2(u,v)) = fo(fi(y, u), fi(z,v)) (4.5)
filf2(@,y), f2(u,v)) = fo(fi(y, u), fi(v,z)) (4.6)
filf2(@,y), f2(u,v)) = fo(fi(y,v), fi(z,u)) (4.7)
filfa(2,y), f2(u,v)) = fa(fi1(y,v), f1(u,z)) (4.8)
filfa(z,y), fo(u,v)) = fa(fi(u, z), fi(y,v)) (4.9)
filfa(z,y), fo(u,v)) = fa(fi(u, 2), fi(v,y)) (4.10)
filfa(2,y), f2(u,v)) = f2(f1(w, ), fr(2,0)) (4.11)
filf2(2,y), f2(u,v)) = fa(f1(uw, ), fr(v,2)) (4.12)
filfa(z,y), fo(u,v)) = fa(fi(v,2), fi(y, u)) (4.13)
filfa(z,y), f2(u,v)) = fa(fi(v,2), fi(u,y)) (4.14)
filfa(z,y), f2(u,v)) = fa(fi(v,y), f1(x,u)) (4.15)
filfa(z,y), f2(u,v)) = fa(fi(v,y), f1(u, x)) (4.16)

The following result generalizes, on the one hand Theorem 3, and on the other,
the results from and immediately after Example 7 in [12].

Theorem 8. Let the balanced non—Belousov quasigroup equations (4.j) (j = 1,...,16)
have the Krsti¢ graph Ks3. A general solution of any of (4.j) is given by:

filz,y) = cix + e+ By (i=1,2) (4.17)
where:
e (B;+) is an arbitrary Abelian group,
e c1,co are arbitrary elements of B such that f1(ca,c2) = falc1,c1),
e «;, (3 (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (4.j)) = Rbranch(z, (4.j)) (4.18)
for all variables z of the equation (4.j).

The group (B;+) is unique up to isomorphism.
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Proof. (1) To show that the pair (fi, f2) of operations is a solution of (4.j), just
replace fi(z,y) in (4.j) using (4.17) and all conditions (4.18).

(2) An equation (4.j) is an instance of the appropriate generalized equation (GEq)
with the Krsti¢ graph K3 3. Therefore, all operations of (GEq) are isotopic to an
Abelian group + and the main operations fi, fo can be chosen to be principally
isotopic to it (see [17]):

filz,y) =Nz + o0y (i=1,2).
Replace this in (Eq) to get:
A fo(z1,22) + 01 f2(w3,24) = Mo f1(x5,26) + 02f1 (27, 28). (4.19)

Since variables x1,x9 are separated on the right hand side of equation (4.19), re-
placing x3 and z4 by 0, we get:

)\1()\2331 + QQZEQ) +d=o0cxr1+ T2
for d = p1(A20 + 020) and appropriate 0,7 depending on n. Therefore:
M(z+w) =o)Xz 4 Trop tw

(where Tx = x —d) and \; € Hol(B;+).

Analogously we get 01, A2, 02 € Hol(B;+).

Using Lemma 2 we easily get (4.17) for i = 1,2 where «;, 8; are automorphisms
of (B;+).

Replace f1 and fo in (4.j):

ai(agzy + ¢ + [oxa) + ¢1 + Bi(aexs + c2 + faxy) =
= az(aqzs + ¢ + frag) + c2 + Ba(aixy + ¢1 + Pias).
Replacing r1 = x9 = x3 = x4 = 0, we get:
a1 4 c1 + Picg = ascey + ¢ + Pacy,

i.e. fi(ca,c2) = faler,cr).
For x9 = 3 = x4 = 0, we get:

Lbranch(z1, (4.j)) = aqasxy = v6x1 = Rbranch(xq, (4.j))

for some 7,0 € {ay, 01, a9, B2} depending on j.
Analogously:
Lbranch(z;, (4.j)) = Rbranch(xi, (4.j))

for ¢ = 2,3, 4.
The uniqueness of the group (B;+) follows from the Albert Theorem (see [6]):
If two groups are isotopic, then they are isomorphic. O
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5 Equations with Krsti¢ graph Pj

There exist 32 parastrophically uncancellable non-gemini and non-balanced

quadratic functional equations with four object variables and two operations:
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The next theorem gives a general solution of the equation (5.10) which generalizes
the intermedial equation (see equation (4.36) and Theorem 8.4 of [15] for the original
definition of intermedial equation).

Lemma 3. A general solution of the equation (5.10) is given by:
filz,y) = vix + e+ By (i =1,2) (5.33)
where:
e (B;+) is an arbitrary group,
e c1,co are arbitrary elements of B such that f1(ca,c2) = falc1,c1),
e «;, (3 (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (5.10)) = Rbranch(z, (5.10)) (5.34)
for z € {x,u} and
Lbranch(w;, (5.10))w; + ¢; + Rbranch(w;, (5.10))w; = ¢; (5.35)
for i€ {1,2}, w1 =y and wy = v.
The group (B;+) is unique up to isomorphism.

Proof. (1) To show that the pair (fi, f2) of operations is a solution of (5.10), just
replace f;(x,y) in (5.10) using (5.33) and all conditions (5.34), (5.35).
(2) The equation (5.10) is an instance of the generalized intermedial equation:

Sl (z,y), ha(y, u)) = fa(hs(2,0), ha(v, u)). (GT)

Choose v = a for some @ € B and define yz = hi(z,a),du = ha(a,u) and
9(x,u) = f2(yz,6u). We get:

fi(hi(z,y), ha(y,u)) = g(z,u) (GT)

which is the generalized transitivity equation. By Theorem 5 all operations of this
equation are isotopic to a group + and the main operations f1,¢ can be chosen to
be principally isotopic to it:

fi(z,y) = Mz + oy, g(z,y) = A3z + o3y.

It follows that fao(z,y) = A3y 'z + 036 'y = Moz + ooy for appropriate Ag, 0s.
Replacing this in (5.10) we get:

A(A2x + 02y) + 01(A2y + 02u) = A2(M1z + 01v) + 02(M1v + 01u). (5.36)
If we choose gou = p1v = 0 and define d = gg()\lgflo + 9192_10) we get:

A (o + 02y) + 01 A0y = Ao\ +d
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which implies that A\; € Hol(B;+).

Analogously we get 01, A2, 02 € Hol(B;+).

Using Lemma 2 we easily get (5.33) for i = 1,2 where «;, §; are automorphisms
of (B;+).

Replace f1 and fs in (5.10):

ai(aex + c2 + Boy) + c1 + Bi(oy + c2 + fou) =
= ag(aqx + 1 + B1v) + ca + Pa(av + ¢1 + fru).
Putting x =y =u = v =0, we get:
aica +c1 + Prea = ey + ¢ + Bacy,

i.e. fl(CQ,Cg) = fg(Cl,Cl).
For y = u = v =0 we get:

Lbranch(z, (5.10)) = ajas = aza; = Rbranch(z, (5.10)).

Analogously:
Lbranch(u, (5.10)) = Rbranch(u, (5.10)),

Lbranch(y, (5.10))y 4+ ¢1 + Rbranch(u, (5.10))y = a1 62y + ¢1 + Bragy = c1,
Lbranch(v, (5.10))v + ¢2 + Rbranch(v, (5.10))v = aaf1v + ¢2 + faaiv = co.
The uniqueness of the group (B;+) follows from the Albert Theorem. O

Lemma 4. A general solution of the equation (5.j) (j =1, 2,5, 6,9, 13, 14, 17, 18,
21, 22, 25, 26, 29, 30) is given by:

filx,y) =z + ¢+ By (1 =1,2) (5.37)
where:
e (B;+) is an arbitrary Abelian group,
e c1,cy are arbitrary elements of B such that f1(ca,c2) = falc1,c1),

e «;, B (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (5.j)) = Rbranch(z, (5,j)) (5.38)
for all linear variables z of (5.j) and
Lbranch(w, (5.j))w + Rbranch(w, (5.j))w = 0 (5.39)

for all quadratic variables w from the equation.

The group (B;+) is unique up to isomorphism.
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Proof. (1) To show that the pair (fi, f2) of operations is a solution of (5.j), just
replace fi(z,y) in (5.j) using (5.37) and all conditions (5.38), (5.39).

(2) The crucial property of all 15 equations (5.j) is that, by applying duality
to some of non—main operations of the generalized version of (5.j), they may be
transformed into equation (GI):

filh(z, ), ha(y, uw)) = fa(hs(2,v), ha(v,u))

which, by the proof of Lemma 3, has a solution:

filz,y) =iz + e+ By (1=1,2)

where (B;+) is a group and «;, §; are automorphisms of +.
Replacing f1, fo in (5.j), we get:

ai(agzy + co + Poxa) + c1 + Bi(aexs + c2 + faxy) =

(5.40)
= ag(alxg, +c + ﬂlxﬁ) +co + ﬂz(a1x7 +c1 + ﬂlxg).

Just as in the proof of Lemma 3, we conclude that fi(ca,c2) = fa(c1,¢1). Let us
define ¢ = fi(co, c2).

To prove the properties from the statement of the lemma, we need to discuss
the arrangement 1 ...2z4 = x5...xs of variables in the equation (5.40). It is easy
to see:

e The order of first (i.e. left) appearances of variables is always xyuv.

e 1| =1

Since P3 has no loops, x5 = y.

Either = or y is quadratic, but not both.

Variable u is always linear.

Variable v is always quadratic.
e Arrangement zyyu = xvvu is not allowed.
There are two possibilities: x is either linear or quadratic.

a) Variable x is linear (and y is quadratic).
Again, there are two possibilities: Either x3 = y or z3 = .

al) z3 =y (and x4 = u).
Yet again, there are two possibilities: Either x5 = x or x5 = v.
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The arrangement of variables is Tyyu = xvuwv.
We have equation (5.9). Replacing z =y = 0 in (5.40), we get:

c+ B1fau = azcr + azfiv + c2 + Boaru + Foct + Gofrv. (5.41)
For v =0 we get:
Bac1 + B1fou = Pronu + facr (5.42)
and for u = 0:
¢ — Bo1v = agey + o1 + ¢ + Pocy. (5.43)
Applying (5.42) and (5.43) to (5.41), we conclude:

c+ B1B2u — fof1v = ¢ — Ba1v + (1 Fau

which is, after cancellation from the left, equivalent to commutativity
of +. Therefore (B;+) is an Abelian group.

The arrangement of variables is zyyu = vz (uv or vu).

Replacement y = v = 0 leads to:

a1ax + ¢ = agaqv + agey + agfiz + co + t(v) (5.44)
where

Boc1 + Bofiv if z7 = .
Note that in both cases t(0) = (2¢1. Putting = = 0, we get:

{/32041'[) + Bacy if x7 =w,
t(v) =

t(v) = —cg — agc; — v+ ¢ (5.45)
while replacement v = 0 leads to:
Q19T + aocy = ancy + a1 x. (5.46)
Using (5.45) and (5.46) in (5.44), we conclude:
Q19T + € = i1V + Qe — QiU + C

which implies that the group (B;+) is Abelian.

a2) r3 =u (and x4 = y).
The arrangement of variables is zyuy = (zv or va)(uv or vu). Replace-
ment x = v =0 in (5.j) yields:

aicy + ai1fey + ¢ + Bragu + i + fifay = t(u) (5.47)

where

Hu) = ager + e+ Paoiu + Poer i x7 =,
¢+ Bofru if 7 =w.
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Note that in both cases t(0) = ¢. Putting y = 0 in (5.47), we get:
a1 + ¢ + Pragu + PBreg = t(u) (5.48)
while replacement u = 0 yields:
a1cy + a1y + o1 = ¢ — By — Pice. (5.49)
Feeding (5.48) and (5.49) in (5.47), we get:
¢ — B2y — Bicz + Bragu + Bica = ancg + 1 + Pragu + fiez — B1Say
which implies commutativity of +.

b) Variable z is quadratic (and y is linear).
The arrangement of variables is zy(zu or uz) = (yv or vy)(uv or vu). Let
u =1v = 0. We have:

a1z + ares + a1 oy + 1 + s(z) = t(y) (5.50)

where:
s(z) = Bragx + Picy i x5 =z,
Brea + Pz if 3 =u,

Hy) = {agaly +c if x5 =1y,
ascy + aofy + co + Pocy i x5 =w.
Note that s(0) = Bic2 and t(0) = c. Specifying z = 0, we get:
arcy + a1fey + 1 + Prea = t(y) (5.51)
while y = 0 yields:
1+ s(z) = —ages — aqagx + c. (5.52)

Feeding (5.51) and (5.52) into (5.50), we get:
10X + 1o + a1 0oy — a1y — an e + apca = e + a1 Py
which implies that the group (B;+) is Abelian.

Because of commutativity of + and the condition for ¢, the equation (5.j) reduces
to:
aragry + a1fax2 + Prasrs + 1Py =

= a5 + T + Pecrxr + Bofias),
which is equivalent to the system:

Lbranch(z, (5.j)) = Rbranch(z, (5,j))
Lbranch(w, (5.j))w + Rbranch(w, (5.j))w = 0

for all linear variables z and all quadratic variables w.
The uniqueness of the group (B;+) follows from the Albert Theorem. O
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Lemma 5. A general solution of the equation (5.23) is given by:

{ file.y) = a1z +ei+ By (29)
fo(z,y) = Boy + 2 + aow
where:
e (B;+) is an arbitrary group,
e c1,cy are arbitrary elements of B such that f1(ca,c2) = falc1,c1),
e «;, [ (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (5.23)) = Rbranch(z, (5.23)) (5.53)
for z € {y,u},
Lbranch(z, (5.23))x + ¢; + Rbranch(z, (5.23))x = ¢1 (5.54)
; Rbranch(v, (5.23))v + ¢ + Lbranch(v, (5.23))v = co. (5.55)

The group (B;+) is unique up to isomorphism.

Proof. (1) To show that the pair (fi, f2) of operations is a solution of (5.23), just
replace fi(z,y) in (5.23) using (23) and all conditions (5.53)—(5.55).

(2) Define new quasigroup f3 to be the dual quasigroup of fo, i.e. f3(z,y) =
f2(y,x). The equation (5.23) transforms into equation (5.10) with a general solution
given by Lemma 3:

(23%)

filz,y) = oz +c1 + Py
f3(x,y) = azz + c3+ 3y

where:
e (B;+) is an arbitrary group,
e ¢y, c3 are arbitrary elements of B such that fi(cs,c3) = f3(c1,¢1),
e «;, (3 (i =1,3) are arbitrary automorphisms of + such that:
a1as = azog
p1B3 = B

a1B3x +c1 + BiBsxr = ¢

asg1v + c3 + B3aqv = c3.
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Define: ag = f33, 32 = a3 and ¢y = c3 and replace in (23*) to get:
f2(z,y) = f3(y,7) = agy + ca + Bzz = oy + c2 + gz, and

a1 8y = ooy
Prag = az B
Qraox + ¢ + Prase = ¢

B2B1v + 2 + asav = ¢,

which is:
Lbranch(z, (5.23)) = Rbranch(z, (5.23))

for z € {y,u}, and

Lbranch(z, (5.23))x + ¢; + Rbranch(z, (5.23))x = ¢1,

Rbranch(v, (5.23))v + ¢2 + Lbranch(v, (5.23))v = cs.

Trivially, f1(c2,c2) = fa(c1,c1).
The uniqueness of the group (B;+) follows from the Albert Theorem. O

Lemma 6. A general solution of the equation (5.k) (k = 3,4, 7,8, 11, 12, 15, 16,
19, 20, 24, 27, 28, 31, 32) is given by:

filz,y) = vix + e+ By (i=1,2) (5.56)
where:
e (B;+) is an arbitrary Abelian group,
e c1,co are arbitrary elements of B such that f1(ca,c2) = falc1,c1),
e «;, (3 (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (5.k)) = Rbranch(z, (5,k)) (5.57)
for all linear variables z of (5.j) and
Lbranch(w, (5.k))w + Rbranch(w, (5.k))w =0 (5.58)
for all quadratic variables w from the equation.

The group (B;+) is unique up to isomorphism.
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Proof. (1) To show that the pair (fi, f2) of operations is a solution of (5.k), just
replace fi(z,y) in (5.k) using (5.56) and all conditions (5.57), (5.58).
(2) Let us prove that the solution given in the lemma is general in the case k = 3.
The equation (5.3) has arrangement of variables equal to xyzu = uvyv. Let us
replace the operation fs in (5.3) by the dual operation f3(z,y) = f3(z,y) = fo(y, x).
We get the equation

fi(fs(y, ), f3(u,2)) = f3(f1(y,v), f1(u,v))

with the arrangement of variables equal to yrux = yvuv. Normalizing (i.e. applying
the permutation (zy) to variables) we get the equation (5.25) with a general solution
given in Lemma 4:

filz,y) =iz + e+ By (i=1,3) (5.59)
where:
e (B;+) is an arbitrary group,
e ¢y, c3 are arbitrary elements of B such that fi(cs,c3) = f3(c1,¢1),
e «;,[3; (i =1,3) are arbitrary automorphisms of + such that:
Lbranch(z, (5.25)) = Rbranch(z, (5.25)) (5.60)
for all linear variables z of (5.25) and

Lbranch(w, (5.25))w + Rbranch(w, (5.25))w = 0 (5.61)

for all quadratic variables w from the equation.
Conditions (5.60) and (5.61) evaluate to:
Qo = azog
Prag = fzan
a1 f3z + 1Pz =0

azfv + B3Bv = 0.

Define: ag = f33, 2 = as,co = c¢3 and replace in (5.59) to get:
f2(z,y) = f3(y, @) = azy + c3 + B3z = B2y + c2 + qox = oz + 2 + Pay, and

a1 B2 = Baovy

B2 = aoay
a1 + fragr =0

Bofiv + agfrv =0,
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which is:
Lbranch(z, (5,3)) = Rbranch(z, (5, 3))

for z € {y,u}, and
Lbranch(w, (5.3))w + Rbranch(z, (5.3))w = 0,

for w € {z,v}.

Trivially, fi(c2,c2) = fa(er,cr).

Analogously, we can transform (5.4) into (5.29), (5.7) into (5.26), (5.8) into
(5.30), (5.11) into (5.17), (5.12) into (5.21), (5.15) into (5.18), (5.16) into (5.22),
(5.19) into (5.9), (5.20) into (5.13), (5.24) into (5.14), (5.27) into (5.1), (5.28) into
(5.5), (5.31) into (5.2), (5.32) into (5.6) and prove appropriate relationships between
a;, Bi, ¢ (1 = 1,2) for these equations, using results given in Lemma 4. O

Definition 11. Let 0 : B — B be the natural antiautomorphism of the group
(B;+) with itself so that d(z +y) =y + .

It is easy to see that for all natural numbers n, d(z1 + z2 + -+ + z,) = =, +
Zp—1+---21. In particular O(x +y + 2) = z +y + . Also, for all even (odd) j and
all terms t: 97 (t) =t (07 (t) = O(t)).

We may now combine Lemmas 3 and 5 into:

Theorem 9. A general solution of the equation (5.j) (j = 10,23) is given by:

{f1($,y) = a1z +c + Gy
fo(z,y) = Oz + c2 + f2y)
where:
e (B;+) is an arbitrary group,
e c1,co are arbitrary elements of B such that f1(ca,c2) = falc1,c1),
e «;, (3 (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (5.j)) = Rbranch(z, (5.j))
for all linear variables z of the equation (5.j) and

Lbranch(wj, (5.j))w; + ¢; + Rbranch(w;, (5.)))w; = ¢;

for i € {1,2}, where wy is the left quadratic variable while wy is the right
quadratic variable of (5.j).

The group (B;+) is unique up to isomorphism.

Likewise, Theorem 8 and Lemmas 4 and 6 can be combined into:
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Theorem 10. A general solution of the equation (m.jm) (m = 4,5;1 < js <
16; 1 <js5 < 32; j5 # 10,23) is given by:

filz,y) =iz + e+ By (1=1,2)
where:
e (B;+) is an arbitrary Abelian group,
e c1,cy are arbitrary elements of B such that f1(ca,c2) = falc1,c1),
e «;, [ (i =1,2) are arbitrary automorphisms of + such that:
Lbranch(z, (m.jm)) = Rbranch(z, (m.jm))
for all linear variables z of (m.jm) and
Lbranch(w, (m.jm))w + Rbranch(w, (m.jy,))w = 0
for all quadratic variables w from the equation.

The group (B;+) is unique up to isomorphism.

6 Algebras with Parastrophically Uncancellable Quadratic
Hyperidentities

By [20,21], a hyperidentity (or V(V)-identity) is a second-order formula of the
following form:

Vfl,...,ka:El,...,:En (w1 :’LUQ),

where w1, wy are words (terms) in the alphabet of function variables fi,..., fr and
object variables x1,...,x,. However hyperidentities are usually presented without
universal quantifiers: wy; = wsy. The hyperidentity wq = wo is said to be satisfied
in the algebra (B;F) if this equality holds whenever every function variable f; is
replaced by an arbitrary operation of the corresponding arity from F and every
object variable z; is replaced by an arbitrary element of B.

Now, as a consequence of the results of the previous section, we can establish
the following representation of a binary algebra satisfying one of the non-gemini
hyperidentities.

Theorem 11. Let (B; F) be a binary algebra with quasigroup operations which sat-
isfy one of the non—gemini hyperidentities (m.jym) (m=4,5;1<j; <16;1<j5<
32). Then there exists an Abelian group (B;+) such that every operation f; € F is
represented by:

filz,y) = ai(x) + i + Bi(y),

where:
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e ¢, (i=1,...,|F|) are arbitrary elements of B such that fi(ck,cx) = fr(c, )
for 1 <1k < |F,
e «;,0; (i=1,...,|F|) are arbitrary automorphisms of + such that

Lbranch(z, (m.jm)) = Rbranch(z, (m.j,))
for all linear variables z of (m.jm) and
Lbranch(w, (m.jm))w + Rbranch(w, (m.jy,))w = 0
for all quadratic variables w from the equation.

Proof. Let us consider the pair (f1, f1) of operations satisfying equation (m.jy,) (for
m =4 or 5; j4 is some of 1,2,...,16 while j5 is some of 1,2,...,32). Then

fi(z,y) = ai(x) + c1 + B1(y)

where + is a group and «q, 31 its automorphisms. In the case of equation (5.10)
((5.23)) the group + is commutative by Theorem 1 (Theorem 2). In all other cases
+ is commutative by Theorem 10.

For any i € F, i # 1, the pair (f1, f;) also satisfies (m.jy,), hence both are
principally isotopic to a group (perhaps other than +). Anyway, f; is also principally
isotopic to + and by Theorem 9 or 10

fi(z,y) = ai(z) + ¢ + Bi(y)
where ¢; € B and oy, 5; € Aut(B;+) such that
Lbranch(z, (m.jm)) = Rbranch(z, (m.j,))
for all linear variables z of (m.j,,) and
Lbranch(w, (m.jm))w + Rbranch(w, (m.j,))w = 0

for all quadratic variables w from the equation.
The rest of the proof is easy. O
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