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Certain classes of p-valent analytic functions
with negative coefficients and (A, p)-starlike
with respect to certain points

Adnan Ghazy Alamoush, Maslina Darus

Abstract. In this article, we consider classes S \(p,c, ), Si\(p,a,B3), and
Siea(p, o, B) of p-valent analytic functions with negative coeflicients in the unit disk.
They are, respectively, (A, p)-starlike with respect to symmetric points, (), p)-starlike
with respect to conjugate points, and (A, p)-starlike with respect to symmetric conju-
gate points. Necessary and sufficient coefficient conditions for functions f belonging to
these classes are obtained. Several properties such as the coefficient estimates, growth
and distortion theorems, extreme points, radii of starlikeness, convexity, and integral
operator are studied.

Mathematics subject classification: 30C45.
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1 Introduction

Let A denote the class of functions f(z) of the form
f(z) :z+2akzk, (1)
k=2

which are analytic in the punctured unit disk U = {z : |z| < 1}. For f which belong
to A, Salagean [1] introduced the following operator:

D’f(2) = f(2), D'f(z) = Df(2) = 2f'(2),

and
D"f(z)=D (D" 'f(z)) (neN={1,2,3,..}). (2)

Note that

D"f(z) =D (D" 'f(2)) =2+ > k'axz" (n€Ny={0}UN). (3)
k=2
Let 7, (p a fixed integer greater than 0) denote the class of functions of the form

f(z) =2"+ Z gy p2* P (4)
k=1
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that are holomorphic and p-valent in the unit disk |z| < 1.
Also let 7, denote the subclass of S, consisting of functions that can be expressed
in the form

(o @]
F(2) =22 = lagypl2*TP (5)
k=1
where apyp, >0, pe N={1,2,3,...}, n € N, which are analytic in the unit disc U.

We can write the following equalities for the functions f(z) which belong to the
class 7, (see [2]):

Df(2) = f(2),
D'f(z) = Df(z) = 2f'(2)

=2 <pzp L p)aﬂpz’fﬂ’—l)

k=1
=p2” = > (k+p)arp2'?,
k=1
D2f(2) = D(Df()) = P2 = (k +p)*ars,277,
k=1
DMf(2) = D (D7 () = 927 = 7 (k + ) g2 7. (6)
k=1

Let S be the subclass of A consisting of functions that are regular and univalent in
U. Let S* be the subclass of S consisting of functions starlike in U. It is known that

f e S if and only if ?R{Zﬁs)} >0, (z€0).
In [3], Sakaguchi defined the class of starlike functions with respect to symmetric
points as follows:

Let f € S. Then f is said to be starlike with respect to symmetric points in U
if and only if

27(2) )
§R{Jf<z>—f<—z>}>O’ (D) @)

and we denote this class by Si. Obviously, it forms a subclass of close-to-convex
functions and hence univalent. Moreover, this class includes the class of convex
functions and odd starlike functions with respect to the origin, see Sakaguchi [3],
Robertson [5], Stankiewicz [6], Wu [7] and Owa et al. [8]. El-Ashwah and Thomas
in [9] introduced two other classes, namely the class S consisting of functions star-
like with respect to conjugate points and S}, consisting of functions starlike with
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respect to symmetric conjugate points. The class S, is also studied by Chen et al.
[10] (see also [11]).

In [4], Sudharsan et al. introduced the class Si(«, ) of functions f(z) € S and
satisfying the following condition (see also [12]):

21'(2) Zf’ ()
&7 ‘ </ ' T ®)

forsome 0<a<1, 0<pg<1, zeU.

Recently, Aouf el at.[13] introduced the class S, 7 (a, 3) of functions f(z) being
defined by (5). Then f(z) is said to be n-starlike with respect to symmetric points
if it satisfies the following condition:

D"'Hf(z) D"'Hf( )
Df(z) =D f(=z) Dnf(z) — D"f(—=2)

wheren e Ng ={0}UN,0<a<1,0<3<1,0< 1(+ ﬁ),andzEU

+1f, 9)

<ol

However, in this paper we consider the subclass 7 defined by (5).

Definition 1. Let a function f(z) be defined by (5). Then f(z) is said to be (A, p)-
starlike with respect to symmetric points if it satisfies the following condition:

D)"Hf(z) D>\+1f( )
DAf(z) = DM f(—2) DA f(2) — D f(—=2)

where A € Ng = {0JUN, pe N, 0<a<1,0<8<1,0< 2p(1a5) and z € U.
We denote the class of functions (A, p)-starlike with respect to symmetric points by

S;)\(p7 «, ﬁ)

Definition 2. Let a function f(z) be defined by (5). Then f(z) is said to be (A, p)-
starlike with respect to conjugate points if it satisfies the following condition:

‘<ﬁ' +p|, (10)

D' f(z) D f(z)
D f(z) + DM (2) D f(z) + DM ()

Where)\GNoz{O}UN,peN,0§0z§1,0<ﬁ§1,0§2’{$;§),andz€U

We denote the class of functions (), p)-starlike with respect to conjugate points by
S:)\(p7 «, ﬁ)

Definition 3. Let a function f(z) be defined by (5). Then f(z) is said to be
(A, p)-starlike with respect to symmetric conjugate points if it satisfies the following
condition:

—p +p|, (11)

<ﬁ'o¢

D)"Hf(z)
DA f(z) — DM f(=2)

D>‘+1f(z)
<7 'a I EEL e R

—-Pp
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where)\ENoz{O}UN,peN,0§a§1,0<5§1,0§%;§),andz€[[}.

We denote the class of functions (A, p)-starlike with respect to symmetric conjugate
points by S;kc)\(p, a, ).

Notice that the above conditions imposed on «, £ and p in the introduction are
necessary to ensure that these classes form a subclass of S. For more classes (see in
details Halim et al. [14,15].

2 Coefficient estimates

To prove the following theorems, we will adopt the technique used by Dziok [16],

and assume that A € Ng = {0} UN, pe N, 0<a <1, 0<g3<1, 0<2p(1 ﬁﬁ) and
zeU.

Theorem 1. Let the function f(z) be defined by (5) and D*f(z) — D f(—z) # 0
for z #£0. Then f(z) € S;k’)\(p,oz,ﬁ) if and only if

> [+ aB) +p ((~17 + Bla+ 1= (~17)) ] (+ 9 g
k=1

<pMH(=DP + Bla+1 = (1)), (13)

Proof. Use (5), (6) and (10), that is

D)‘“f(z)

‘ DM—lf( )
DX f(z) — DAf(=2)

DX f(z) — DAf(—2)

L <sle o

[e.e]

- ‘(—1)pp>‘+lzp [+ p(=1)7F] (k + p)agsp |25+
k=1

e}

(41— (=1)P)p*1e? =3 “lak + pla+ 1 — (= 1)PF)]apap|2" 1P
k=1

<pB

and
(=1 + Bla+ 1= (1)) |2

£ [+ p(-1PH + ok + pla+ 1~ (~1P)}] (k -+ 9oyl I27 < 0.
k=1

Letting |z| = 1, we have

> [k 1P Bkt plot 1= (1P ()M as] <0
k=1

P (=D)P + Bla+1— (=1)P)] 0.
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Therefore, by the maximum modulus theorem, we have f(z) € S A0, o, B).

For the converse, let us suppose that
D M f(2)
DX f(x)-D (=) P
D 1 f(z)
D -z TP ‘

< .

a
This implies that

— [CCDPpM + 52 [k 4 p(= 1P (5 + p)Manpl 217

(@t 1= 0P — S ok + plat 1— (1P a7 | <

Since |R(z)| < |z| for all z, we have

—(=1Pp P+ 3[R+ p(—1)P ] (K +p)Magp|[2]* P oy
(a+ 1= (=1)P)pAter =552 lak + pla+ 1 = (=1)PF)]a.p| |27 '

(14)
If we choose values of z on the real axis, then % is real and DM f(z) —
D> f(—z) # 0 for z # 0. Upon clearing the denominator in (14) and letting z — 1~
through real values, we obtain

[e.e]

S [k o0 ] 2P lagsl + 3 Blok + pla+ 1 (1P )k + 9) ey
k=1 k=1
< Bla+1—(=1P)p* 4 (~1)ppt
This gives the required condition.
Corollary 1. Let the function f(z) defined by (5) be in the class S5 ,(p, o, 8). Then
we have
PMH(=DP + Ble+ 1= (=1)7)]
|ak4pl| < 1tk —(_1)ptk s
k(1 +aB) +p(—1)PHF + Bla+ 1 — (=1)P*F))] (k + p)
where p € N, A € Ny and z € U.

(k>1), (15)

The equality in (15) is attained for the function f(z) given by

PP+ Bla+1 - (=1)P)]

k(1 + aB) +p (—1)PF* + Bla + 1 — (=1)PHF))] (k + p)AHL M (k2 1),

(16)

fr(z) = 2P~

where p € N, A € Ny and z € U.
Theorem 2. Let the function f(z) be defined by (5) and D f(z) — D f(—z) # 0
for z #0. Then f(z) € SZ)\(p,a,B) if and only if

oo

k(1 + o)+ p (Bla+2) — 1)) (k+ ) agy)
k=1

<P (Bla+2) - 1) (17)
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Corollary 2. Let the function f(z) defined by (5) be in the class S;"’)\(p, a,3). Then

we have
| < P (5o +2) = 1)
S k(1 + aB) + (Bla+2) — D] (k+p) T
where p € N, A € Ny and z € U.

(k=1), (18)

The equality in (18) is attained for the function f(z) given by
P (B +2) = 1)]

[k(1 + aB) + (B(a +2) = 1)] (k + p)A*

where p € N, A € Ny and z € U.

Theorem 3. Let the function f(z) be defined by (5) and D f(z) — D f(—z) # 0
for z #£0. Then f(z) € S;“Q)\(p,a,ﬁ) if and only if

fr(z) = 2P — FP ok >1), (19)

S K1+ a8) + (80 +0) + (1= HEDP)] o+ 9)* fags

k=1
<pMH(=1P + Bla+ 1= (=1)P)]. (20)

Corollary 3. Let the function f(z) defined by (5) be in the class S5, \(p, v, B). Then
we have

PP+ Bla+ 1~ (=1))]

i S AT aB) +p (0 + ) + A= B ket 21 GV
where p € N, A € Ny and z € U.
The equality in (21) is attained for the function f(z) given by
o PP+ Bla+1— (“1DP)] .
o) = = s am G @+ A 2(1)3
22

where p e N, A € Ny and z € U.

3 Growth and Distortion theorems

Theorem 4. Let the function f(z) defined by (5) be in the class f(z) € S;/\(p,oz,ﬁ).
Then we have

i|Z|p _ p>‘+1 [(_1)19 + 5(a +1- (_1)p)] |Z|p+1
P 0 0B+ p (0P Blo+ 1= (CDPF)] (p + D%

< [D'f(2)|
< pi|Z|p + pMt [(=1)P + Bla+1—(=1)P)] |Z|p+1

[(1+aB) +p((=1)PT + Bla+1— (=1)PH)] (p+ 1A
(23)
for z € U, where 0 < i <n. The result is sharp.



CERTAIN CLASSES OF P-VALENT ANALYTIC FUNCTIONS ... 41

Proof. Note that f(z) € S;“’)\(p, a, 3) if and only if D'f(z) € S;“’)\_i(p, a, ), and
that

e e}

Dif(z) =p's? = > (k+p) |axsy|s" 7. (24)
k=1

Using Theorem 1, we know that

PHEDP + Blat+ 1= (D)) (p+ 1)
[(1+aB) +p((=1)PH + Bla+ 1 = (=P (p+ DA

(k + p)'lakp| < (25)

Nk

e
Il

1

That is

- PP 4 Bla+1 = (=1)P)]
kzzl ktp)lai| < (14 aB) +p ()P + Bla+ 1 — (—1)PH)] (p + 1A= (26)

It follows from (24) and (26) that

D' f(2)| = p'[=]P — \ZV’“Z (k +p)’lakp|

k=1
> pi|z|p _ p)\+1 [(_1)19 + 6(04 +1-— (_1);17)] |Z|p+1
- (14 aB)+p((—1)PH 4+ Bla+1— (=1)PF2)] (p+ 1)A? '
(27)
Also
D f(2)] < P[P + \ZV”HZ (k + p)'lagp|2*7
k=1
- P14 Bla+ 1 - (1)) o
<P ey O+ Blat L (D D
(28)
Finally, we note that the equality in (23) is attained by the function
i E(5) = pisP PP 4+ Bla+1— (=1)P)] Lt
I A T e T e
or by
o P14 flo+ 1 (1) 2 )

[(1+aB) +p((=1)PH 4+ Bla+1 = (=LPH)[(p+ D

and this completes the proof of Theorem 4.
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Corollary 4. Let the function f(z) defined by (5) be in the class f(z) € S;A(p, a, ().
Then we have

P PP + Bla+1 - (=1)P)] o[+
[(1+ap) +p((—1)PH + Bla+ 1 — (=1)PH1)] (p + 1A
< [f(2)]
<P+ PP + Bla+1— (—=1)P)]

[+ ad) 7 (0P + e+ 1= P e DA

(31)
for z € U. The result is sharp for the function f(z) given by (30).

Proof. For i = 0 in Theorem 4, we can easily show (30).
Similarly, we can prove the following result.

Theorem 5. Let the function f(z) defined by (5) be in the class f(z) € S:/\(p,oz,ﬁ).
Then we have

P (B(e+2) —1)]

p'lzlP - — el
[(1+aB)+p(Bla+2)-1](p+1)
< |D'f(2)]
- P (3o +2) ~ 1] L
=P e 1 p B D - DG
(32)
for z € U, where 0 < i < n. The result is sharp, for the function f(z) given by
LE() = pisP P (Bla+2) —1)] Pt
DIE) = P aB) + p(Bla + 2 - D]+ D (3
or by .
PR s (R ) N
IO = vap T pBlar2) DG+ D (3

Corollary 5. Let the function f(z) defined by (5) be in the class f(z) € S, (p, v, B).
Then we have

‘Z’p . p)\+1 [(B(Oé + 2) — 1)] ‘Z’p—i-l
[(1+af) +p(Bla+2)—1)](p+ 1)
<|f(2)]
<Pt PMH(Ba+2) - 1) ptl

[(1+aB) +p(Bla+2) — D] (p+ 1))\|Z|

for z € U. The result is sharp, for the function f(z) given by (34).
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Theorem 6. Let the function f(z) defined by (5) be in the class f(z) € S:C7A(p, a, ().
Then we have

i‘Z’p_ p>‘+1 [(_1)p+5(a+1 — (_1)p)] ‘Z’p—i-l
P T el +p B+ a) + (L-B)(—Dr )] (p+ 1

< |D'f(2)]
< pi|z|p + p>\+1 [(_1)1) + ﬁ(Oé +1- (_1)1))] |Z|p+1

[(1+af) +p(BL+a)+ (1 =B)(=1)PH)] (p+ DA

for z € U, where 0 < i <n. The result is sharp.

4 Extreme points
Theorem 7. Let f,(z) = 2P and

PP+ Bla+ 1 — (=1)7)] ktp

Tinl?) = 2 = B+ p (U7 5 Bla + 1= (P )[R P -
37
where k > 1. Then f(z) € S;“’)\(p, a, 3) if and only if it can be expressed in the form
z) = Z Okrpfrtp(2), (38)

k=0

where op4p >0 (k>1) and Y 72 o Optp = 1.

Proof. Suppose

z) = Z Ohtpfrtp(2)

k=0
- PP + Bl + 1= (1) o
2 k(1 + aB) + p (—LPF + Bla+ L= (—LpH)] (k + et o ms
(39)
Then we get
$ [K1+08) +p (CLP + (0 + 1 (1)) e+ )
2 PP + Bla+1— (—1p)
. PP+ Bla+1 - (-1)7)] -
(1 + aB) + p (1P + Bla + 1 — (—1)PFF))] (k + p)AHT T+
ziakﬂ,:l—apgl. (40)

k=1
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It follows from Theorem 1 that the function f(z) € S \(pa, B).

Conversely, suppose that f(z) € S¥,(p,, ). Again, by using Theorem 1, we
can show that

lap k| < P (=1)P + Bla+ 1 — (=1)P)]
P RO aB) +p (CDPHF 4 Bla+ 1= (PR (k + p)*

k>1, (41)

where k > 1, A e Ng={0}UN, peN, 0<a<1,0<pf<landzel.

Setting
[k(1 +ap) +p (DP** + Bla+ 1= (=1)PTF))] (k +p)*!
Tk < PP+ Bla+ 1 (1P =t @)
and -
op=1- Zakﬂn (43)
k=1

we can see that f(z) can be expressed in the form (38). This completes the proof of
Theorem 7.

Corollary 6. The extreme points of the class S;“’)\(p,a,ﬁ) are functions frip(2)
(k> 1, peN) given by Theorem 7.

Similar to Theorem 7, we can easily prove the following theorems for S; \(p, o, B)
and S;“c)\(p, a, 3) classes.

Theorem 8. Let fp(z) = 2P and
(B +2) —1)]
k(14 aB) + (B(a+2) — )] (k + p)M!

where p € N, A € Ng and z € U. Then f(z) € SZ)\(p,a,B) if and only if it can
be expressed in the form f(z) = Y poy Oktpfitp(2), where oppy > 0 (K > 1) and
ket Oktp = 1.

Corollary 7. The extreme points of the class S} \(p, «, B) are functions frip(2) (k>
1, p € N) given by Theorem 8.

Jrap(z) = 2P — Panrs (k>1), (44)

Theorem 9. Let f,(z) = 2P and

PP+ Bla+1 — (=1)P)]

k(1 +aB) +p(B(1+a)+ (1 - B)(—1)PF)] (k +p)x+1zk+p (k= 1),

(45)
where p € N; X € Ng and z € U. Then f(z) € S;“Q)\(p,a,ﬁ) if and only if it can

be expressed in the form f(z) = > poy Okipfitp(2), where opyp > 0 (k > 1) and
ket Okp = 1.

fk+p(2) = 2P —
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Corollary 8. The extreme points of the class SSCA(p,a,ﬁ) are functions fiyp(2)
(k> 1, peN) given by Theorem 9.

Theorem 10. The class S, (p, «, ) is closed under convex linear combination.

Proof. Let us suppose that the functions fi(z) and f2(z) defined by

o0

Fi(2) =27 = lapsn gl (appry > 0, j=1,2, 2 € 1) (46)
k=1

are in the class S;k’)\(p, a, ). Set

h(z) = pfi(2) + (1 — pfa(z)), (0<p<1). (47)

Then from (46), we can write
[e.e]
= =3 [lapenal + (1= m)lapeall 75 (apery >0, j = 1,2, 2 € U). (48)
k=2
Thus, in view of Theorem 1, we can have that

> [k +ad) +p (17 + Bla+ 1= (<178)) | (k+ )M aw | alapria ]
k=2

+(1 = mapsra| < PP+ Bla+ 1 - (-1,

which implies that h(z) € S¥ /\(p, a, 3) and this completes the proof of Theorem 10.

5 Radii of starlikeness and Convexity

Theorem 11. Let the function f(z) of the form (5) be in the class S;/\(p,oz,ﬁ),
then f(z) is starlike in the disk |z| = r1 < 1, where

r = inf
k>1

[k(1+ aB) +p (-1 + Blat 1= (~1)7)] (k + p)* ( P > |
pPMH(=1)P + Bla+ 1 — (=1)P)] btk .
(49)

Proof. 1t is ample to show that

LB —p| <p.for o] < 1
or equivalently,

ZZL k |ak+p|zk
1 =370 a2

<p
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which is equivalent to show that
> et (b + 1D)agpl|2]"
p
As f(z) € S;“’)\(p, a, ) we have from Theorem 1

<1. (50)

$ [+ a9) 49 (C1P™ + fla+ 1= COPHA)] (o4 p)
2 PP+ Bla+ 1 (1)7)]

|app| < 1.

Hence, (50) is proven true if

<(p + k‘)lzl> _ [+ aB) +p (CD)PF + Bla+1 = (=1)7)] (k +p)™!
p - pPHH(=1)P + Bla+ 1 - (=1)7)] '

That is,

Bl

g [([EQE0B) +p (1P 4 Bla+ 1 — (1)) (k+ p)™! < P )
= E>1 pML(=1)P + B(a+ 1 — (—=1)P)] Py

and this ends the proof of Theorem 11.

On similar lines of Theorem 11, we can easily prove the following Theorems for
wapa, B) and S7, \(p, o, B) classes.

Theorem 12. Let the function f(z) of the form (5) be in the class S:/\(p,oz,ﬁ),
then f(z) is starlike in the disk |z| = < 1, where

r =

o (00 (o) 1)](“]3)“1( p >> 1)

k21 P8l +2) = 1)] p+k

Theorem 13. Let the function f(z) of the form (5) be in the class S;“q/\(p,oz,ﬁ),
then f(z) is starlike in the disk |z| = < 1, where

x|=

r1 = inf
k>1

k(14 aB) +p (B1+a) + (1 — B)(—1)PTF)] (k‘+p)“1< p >
PP+ Bla+1— (7)) Ptk
(52)

Similarly we can proved the following Results.

Theorem 14. Let the function f(z) of the form (5) be in the class S;/\(p,oz,ﬁ),
then f(z) is convex in the disk |z| = rey < 1, where

r1 = inf
k>1

[E(1+ aB) +p (1P + Bla+ 1 — (~1P))] (k + p)**! < » >2 %
PHL(=1)P + B(a+1— (—=1)P)] Ptk :
(53)
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Theorem 15. Let the function f(z) of the form (5) be in the class S:/\(p,oz,ﬁ),
then f(z) is convex in the disk |z| = rey < 1, where

O+ aB) +pBla+2) =) (k+p)t [ p ) %
i ( PTG+ 2 1) () ) -

Theorem 16. Let the function f(z) of the form (5) be in the class S, \(p, . B3),
then f(z) is convex in the disk |z| = ro < 1, where

r = inf
k>1

1
[k(1+af) +p (B +a) + (1= B)(=1)")] (k +p*! < P )2 *
pME(=1)P + Bla+ 1 — (=1))] p+k '
(55)
In order to establish the required results in Theorems 14, 15 and 16, it is sufficies
to show that

1+ Z]{,/Eii) —p| <p, for 2| < 1.

6 Integral Operator

Definition 4. Let f € 7,, an integral operator R.(f) with ¢ > —p is defined by

R =22 [ Tt (2 € ). (56)

z¢ 0

Theorem 17. Let the function f(z) of the form (5) be in the class S7 \(p, . B3),
then R.(f) defined by (56) be also in the class S;/\(p,oz,ﬁ).

Proof. From (56), we get

R(f) =30 ot

S k+p. 57
> el 57

Therefore by hypothesis

; k(1 +aB) +p (1P + Bla+1 = (=1)7*)) | Gk +p)*? (%) @kl

< 3[R+ aB) +p (17 + Bla+1 = (1)) | (8 + ) agsy
k=1

<M1 + Bla+ 11— (=1)P)]
since f(z) € S)\(p, a, 3). Hence, by Theorem 1, R.(f) € S*A(p, a, ).

Similar to Theorem 17, we can easily prove the following theorems for S* /\(p, a, )
and SSQ)\(p, a, ).
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Theorem 18. Let the function f(z) of the form (5) be in the class SZ/\(p,oz,ﬁ),
then Rc(f) defined by (56) be also in the class S, (p, v, ().

Theorem 19. Let the function f(z) of the form (5) be in the class S, \(p, . B3),
then R.(f) defined by (56) be also in the class S*. \(p,a, 3).
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