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1 Introduction

Let £ be the class of locally compact abelian groups. For X € L, let E(X)
denote the ring of continuous endomorphisms of X, taken with the compact-open
topology.

In the present paper, we continue our work begun in [17] concerning the problem
of characterizing the groups X € £ for which E(X) is locally compact. Our main
results are as follows. We establish some necessary conditions and, respectively,
some sufficient conditions on X in order for E(X) be locally compact. For groups
in £ containing a lattice and for densely divisible torsion-free groups in £, we give
a complete solution to the considered problem. We also determine the topological
torsion groups X € £ with the property that F(A/B) is locally compact for all
closed subgroups A, B of X such that A D B.

2 Notation

We will follow the notation used in [17]. In addition, for X,Y € £ and
f € H(X,Y), we denote by f* the transpose of f, i.e. the homomorphism
f* e H(Y*, X*) defined by the rule f*(y) = vo f for all v € Y*. If C is a closed
subgroup of X and n € Ny, weset 1C = {z € X | nz € C}. We will also make use of
the discrete group Z of integers, and of the groups of reals R and of p-adic numbers
Qp, where p € P, all taken with their usual topologies. Finally, if (X;);er is a family
of topological groups (rings) such that, for each i € I, X; admits an open subgroup
(subring) U;, then [];c;(X;;U;) stands for the local direct product of (X;)ie; with
respect to (Uj)ier. Recall that [[,.;(X;;U;) is the subgroup (subring) of [[,c; X;
consisting of all families (z;);c; such that z; € U; for all but finitely many i € I,
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topologized by declaring all neighborhoods of zero in the topological group (ring)
[Lic; Ui to be a fundamental system of neighborhoods of zero in [[,c;(X;; Us).

3 Local compactness of some homomorphism groups

In this preparatory section, we determine the groups X € £ with the property
that the topological groups H(X,R), H(R, X), H(X,Q), HQ, X), H(X,Q*), and
H(Q*, X) are locally compact.

We first recall the following definition, due to V. Charin [4].

Definition 1. A topological group X is said to be a group of finite (special) rank
if there exists a natural number r such that every finite subset F' of X topo-
logically generates a subgroup with no more than r topological generators, i.e.
(F) = (x1,...,x) for some z1,...,2; € X and k < 7. The smallest r with this
property is called the special rank of X. In case no such r exists, X is said to have
infinite special rank.

As is well known, a discrete torsion-free group X € £ has finite special rank r
if and only if its torsion-free rank is equal to r. It is also known that if X € L is
a topologically p-primary group for some p € P, then X has finite special rank r if
and only if

X=2G x---xGy,

where every G;,1 < i < r, is topologically isomorphic with one of the groups Q,,
Ly, Z(p™), or Z(p™) for some n € Ny [5, Theorem 5].

We now begin the study of local compactness of the mentioned homomorphism
groups. For H(X,R) and H(X,Q), we have

Theorem 1. Let X be a group in L containing a compact open subgroup. The
following conditions are equivalent:

(i) H(X,R) is locally compact.
(ii) H(X,Q) is locally compact.
(ili) X/k(X) has finite rank.

Proof. The fact that (i) and (iii) are equivalent follows from [15, Lemma 3.2]. Let us
establish the equivalence of (ii) and (iii). Assume (ii), and let 2 be a compact neigh-
borhood of zero in H(X,Q). By the definition of the compact-open topology, there
is a compact subset K of X such that Qx o(K,{0}) C Q. Let 7 : X — X/k(X)
be the canonical projection. Since X has a compact open subgroup, X/k(X) is
discrete, and hence 7(K) is finite. Let G = (7w(K)).. It is clear that G has finite
rank [12, p. 41]. We shall show that G = X/k(X). Assume the contrary, and pick an
arbitrary non-zero b € (X/k(X))/G. Since G is pure in X/k(X), the quotient group
(X/k(X))/G is torsion-free, so o(b) = oo. Letting ¢ : X/k(X) — (X/k(X))/G de-
note the canonical projection, write b = ¢(b') for some b’ € X/k(X). Now, given any
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reQ,leté&, : (X Jk(X )) /G — Q be the extension of the group homomorphism from
(b) to Q which carries b to r [8, Theorem 21.1]. Then & o ¢ o m € Qx (XK, {0}),
so r € Qb. Since r € Q was chosen arbitrarily, we get Q C Qb, which is a contra-
diction because Qb is finite and Q is infinite. This proves that G = X/k(X), so (i)
implies (iii).

To see the converse, assume (iii), and pick any elements aq,...,a, € X such
that a1 + k(X),...,an + k(X) form a basis in X/k(X). We claim that

QX@ ({al, e ,am}, {0}) = {0},

which means that H(X, Q) is discrete. To see this, fix any a € X \ k(X). Then there
exist n € Ng and [, ...,[,, € Z such that

m

n(a+ k(X)) =Y lia; + k(X)),
i=1

and hence

na — Zliai € k(X).
i=1

Pick any f € Qxo({a1,...,am},{0}). Since k(Q) = {0}, we have k(X) C ker(f).
It follows that

m

nf(a) = Z lif(a;) =0,

i=1

so f(a) = 0. Since a € X \ k(X) was chosen arbitrarily, it follows that f = 0, and
hence (iii) implies (ii). O

As a direct consequence, we derive the following:

Corollary 1. Let X be a group in L containing a compact open subgroup. The
following conditions are equivalent:

(i) H(R,X) is locally compact.
(il) H(Q*, X) is locally compact.
(iii) ¢(X) has finite dimension.

Proof. Since H(R, X) = H(X*,R) and H(Q*, X) = H(X*,Q) [11, Ch. IV, Theorem
4.2, Corollary 2], the assertion follows from Theorem 1 and duality. O

For H(Q, X), we have:
Theorem 2. For a group X € L, the following statements are equivalent:

(i) H(Q,X) is locally compact.
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(ii) There is a symmetric open neighborhood V of zero in X such that (2V)Nd(X)
is relatively compact for all n € Ny.

(iii) There is an open subgroup F of d(X) such that (1F) N d(X) is compactly
generated for all n € Ny.

Proof. Assume (i), and let 2 be a compact neighborhood of zero in H(Q, X). Then
there is a finite subset K = {aq,...,ax} of Q and an open neighborhood U of zero
in X such that Qg x(K,U) C Q. As is well known, the finitely generated subgroups
of Q are cyclic [8, p. 17|, so (K) = (a) for some a € Q. Write a; = m;a with m; € Z
for all ¢ = 1,..., k. Further, set m = max;<;<j |m;|, and choose a symmetric open
neighborhood V of zero in X such that

V+.--4+VCU.
N —’

m

We claim that (1V) N d(X) is relatively compact for all n € Ny. Indeed, given any
[ € Qg x({a},V), we have

fla;))=mif(a) eV +---+V CU

m

for all i = 1,..., k. Consequently,
Qox({a},V) C Qo x(K,U) CQ,

proving that Qg x({a}, V) has compact closure in H(Q,X). It follows from the
Ascoli’s theorem that for each ¢ € Q, the orbit Qg x({a},V)q is relatively com-
pact in X. Now, fix any n € Ny and any = € (2V) N d(X). Then nz € V. Define
h € H((%),d(X)) by setting h(%) = x. Since d(X) is divisible, i extends to a ho-
momorphism 7 € H (Q,d(X)) [8, Theorem 21.1]. Let j be the canonical injection of
d(X) into X. We have h(a) = nh(1a) = nz € V, so joh € Qg x({a}, V), and hence

v e QQX({a},V)%.

Since x € (%V) N d(X) was chosen arbitrarily, we get

1 a
(V) nd(x) ¢ gx{ah, V)=,
proving that (2V) Nd(X) is relatively compact in X. So (i) implies (ii).

Now assume (ii), and fix an arbitrary n € Ny. It follows from [7, Exercise 1.3.D(a)]
that

(lv) Nd(X) = (5/) nd(Xx),

n n

n _

generated in d(X) [9, (5.13)]. Since (2V)Nd(X) is open in d(X), it also follows that

n

so (1V) Nd(X) is compact, and hence the subgroup {(2V) N d(X)) is compactly
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((2V) Nnd(X)) is closed in X [9, (5.5)]. In a similar manner, (V Nd(X)) is open
in d(X), so closed in X, and hence 1
by n is continuous. We assert that

~(VNd(X)) is closed in X because multiplication

((34)5) - A o e »

Indeed, if z € (1V) Nd(X), then nz € V Nd(X), so z € ((2V) Nd(X)) N d(X),
proving that

(&) ) < Ky nare

To see the inverse inclusion, pick an arbitrary z € (V' N d(X)) Nd(X). Since

we conclude that there exist m € Ny, l1,...,l,, € Z,and ay,...,a, € VNd(X) such
that
nr — Zliai eV.
i=1

Further, since d(X) is divisible, we can write a; = nb; with b; € d(X) for all
1=1,...,m. It follows that

’I’L(:E — Z llbz) eV,
i=1
SO
T — zm:l-b- S lV
Z:1 A n )
and hence

m L
v — ;llbl € <;V> ndlx).

As by,...,by € (2V) Nd(X), this proves that z € <( V) ﬁd(X)> SO

Ly ) e () nare).

proving (1). Finally, taking F = (V N m>, we conclude that (ii) implies (iii).
Next assume (iii), and let U be a symmetric open neighborhood of zero in X such

that U is compact and F = (UNd(X)) [9, (5.13)]. We shall show that Qg x({1},U)

is relatively compact in H(Q, X). Since Q is discrete, it is clear that Qg x({1},U)
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is equicontinuous. Fix any I,n € Ny. To show that Qg X({l},U)% is relatively
compact in X, observe first that

l

Q0x((1},0): < 1 (20) Nd(X). 2

Indeed, for any f € Qg,x({1},U), we have nf(2) = f(1) € U,so f(2) € (LU)Nd(X)

n
because Q is divisible, and hence

Since
(-0) Nd(X) = (U N X)) Nd(X)

it is clear that the inclusion (2) will assure the compactness of Qg x({1},U )%
if we show that %(U N m) has compact closure. Now, since G = (%F ) Nd(X)
is compactly generated, we can write G = A® B@ C, where A =~ R? and B = Z* for
some d, s € N, and C'is a compact subgroup of G [9, (9.8)]. Let w4, 7,7 € E(G) be
the canonical projections of G onto A, B, and C, respectively. Since (%V) ﬁm cG

and 1g = ma + 7 + ¢, where 1 is the identity mapping on G, we have

(U NTX) € wa (> (UNTK)) + 7 (- (U0 AXD)) + 7 (U N ATX)).
But ) )
a(=(UNd(X))) C —ma(U Nd(X)) N A,
ms( (UNAX))) € (U AdX0) 1 B
and .
mo(=—(UNd(X))) ¢ —mo(Und(X))NC,

%(Uﬁd(X))C AU N ))ﬁA+%7rB(Uﬁd( ))ﬂB+%wC(Uﬁd( Hnc,

S|

proving that %(U Nd(X )) has compact closure in X. It follows by the Ascoli’s
theorem that Qg x ({1}, U) is relatively compact in H(Q, X), and hence (iii) implies
(i). O

In order to dualize the preceding theorem, we will need the following lemma.

Lemma 1. Let X € L. For every closed subgroup C of X and every n € Ng,
A(X*,nC) = LA(X*,0).
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Proof. We have

AX*,nC)={ye€ X" | y(nz) =0 for all z € C}
={ye X" | ny(z)=0foral z € C}
={reX"[nye A(X,C)}

1 *
= —A(X",0).

Corollary 2. For a group X € L, the following statements are equivalent:
(i) H(X,Q%) is locally compact.

(ii) There is a closed subgroup C of X such that m(X) C C, C/m(X) is compact,
and X/nC +m(X) has no small subgroups for all n € Ny.

Proof. Assume (i). Since H(Q, X*) = H(X,Q*) [11, Ch. IV, Theorem 4.2, Corol-
lary 2], it follows from Theorem 2 that there is an open subgroup F' of d(X*) such
that (%F) Nd(X*) is compactly generated for all n € Ny. Set C' = A(X, F'). Clearly,

f— *

m(X*) C C and C/m(X*) = (d(X*)/F) [6, Exercise 3.8.7], so C'/m(X™) is com-
pact [9, (5.21) and (23,17)]. By Lemma 1, we have

1 1
A(X*,nC) = —A(X*,C) = ~F,

so nC = A(X,1F), and hence

A(X, (1 F) NA0X7) = ACX, F) + ACX,2(X7)

n

=nC +m(X)
for all n € Ny. It follows from [9, (23.25)] that

(X/nC +m(x))" = (%F) N ax,
so X/nC + m(X) has no small subgroups [1, Proposition 7.9] for all n € Ny. Conse-
quently, (i) implies (ii).
Now assume (ii), and set FF = A(X*,C). Since m(X) C C, we clearly have
F C d(X*). Further, since d(X*)/F = (C/m(X))", it is also clear that F is open
in d(X*). Finally, given any n € Ny. we have

((%F) mm)* >~ X/nC +m(X),

SO (%F) Nd(X*) is compactly generated [1, Proposition 7.9]. It follows from Theorem
2 that H(Q, X*), and hence H(X,Q"), is locally compact, proving that (ii) implies
(i)- O
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4 Some necessary and some sufficient conditions

In this section, we reduce the study of local compactness of the ring F(X) for
general groups X € L to some more special groups. We also establish some sufficient
conditions for local compactness of F(X).

Definition 2. A group X € L is caled residual if d(X) C k(X) and ¢(X) C m(X).

Theorem 3. Let X € L. If E(X) is locally compact, then
X =R Q" x (QF)° x T,

where d,r,s € N and T is a residual group in L such that E(T) is locally compact.
In addition, if d # 0, then T /k(T) is of finite rank and ¢(T) is of finite dimension.
If r # 0, then T/k(T) is of finite rank and d(T') admits an open subgroup F' such
that (2 F) N d(T) is compactly generated for all n € Ny.
If s # 0, then c¢(T) is of finite dimension and T' admits a compact subgroup C

such that m(T) C C, C/m(T) is compact, and T /nC + m(T) has no small subgroups
for all n € Npy.

Proof. By [1, Theorem 9.3], we can write X = C ® D @ S @& T, where C = R? for
some d € N, D =2 Q) and S = (Q*)® for some cardinal numbers r and s, and T
is a residual group in £. Since D, S, and T are topological direct summands of X,
we conclude from [17, Lemma 2| that E(D), E(S), and E(T') are locally compact.
Further, r and s must be finite by virtue of [17, Corollary 2 and Corollary 4]. Taking
account of [9, (23,34)(c) and (23,34)(d)], the remaining assertions follow from the
results of Section 3. O

We also have

Theorem 4. Let X be a residual group in L. If E(X) is locally compact, then X
satisfies one of the following conditions:

(1) X/k(X) is of finite rank and c(X) is of finite dimension.

(il) X/k(X) is of finite rank, c(X) is of infinite dimension, and m(z) = k(X).
) X/k(
)

(iv) X/k(X
and m(

is of infinite rank, c(X) is of infinite dimension, d(X) = c¢(X),
) = k(X).

Proof. Let E(X) belocally compact. We show first that if X/k(X) is of infinite rank,
then d(X) = ¢(X). Indeed, assume X/k(X) is of infinite rank. By the local com-
pactness of E(X), there exist a compact subset K of X and an open neighborhood
U of zero in X such that U C K and Qx (K, U) is relatively compact in F(X). Since

X is residual and (K) is compactly generated, we can write (K) = A ® B, where A
is compact and B = Z™ for some n € Ny. Clearly, A C k(X) and k(X) N B = {0}.

)
)
(iil) X/k(X) is of infinite rank, c¢(X) is of finite dimension, and d(X) = ¢(X).
) is
x
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Let 7 : X — X/k(X) be the canonical projection. Since B = 7w(B), the pure
subgroup 7(B), has finite rank in X/k(X) [12, p. 41], so X/k(X) # 7(B)., and
hence (X/k(X))/m(B). is a non-zero torsion-free group. Fix an arbitrary ¢ € X
such that w(c) ¢ m(B).. It follows by the Ascoli’s theorem that Qx (K,U)c is rela-
tively compact in X. Our goal is to show that d(X) C Qx(K,U)c. To this end,
pick any z € d(X), and define £, € H({p(m(c))),d(X)) by setting &(p(m(c))) = z,
where ¢ : X/k(X) — (X/k(X))/m(B). is the canonical projection. Let us denote
by &, € H((X/k(X))/m(B)+,d(X)) the extension of &, to (X/k(X))/m(B). and by
j the canonical injection of d(X) into X. We have j o f: ocporm € Qx(K,U) and
z=(jo& opom)(c),soz € Qx(K,U)c. Since z € d(X) was picked arbitrarily, we
deduce that d(X) C Qx(K,U)e, so d(X) is compact, and hence d(X) = ¢(X) by [9,
(24.24)]. Consequently, if X/k(X) is of infinite rank, then d(X) = ¢(X) [9, (24.25)].
Now, since E(X™) is locally compact too [17, Lemma 1], we conclude as above for
X that if X*/E(X™) is of infinite rank, then d(X*) = ¢(X*). It follows by duality
that if ¢(X) is of infinite dimension, then m(X) = k(X).

We further combine these facts, to get the conclusion. First suppose that X /k(X)
is of finite rank. If X*/k(X™) is of finite rank too, then ¢(X) is of finite dimension,
and hence we have (i). On the other hand, if X*/k(X™) is of infinite rank, then
¢(X) is of infinite dimension and, as we know from the above, also m(X) = k(X),
so in this case we have (ii). Next suppose that X/k(X) is of infinite rank. Then we
know from the above that d(X) = ¢(X). Thus, if X*/k(X*) is of finite rank, then
¢(X) is of finite dimension, and in this case we are led to (iii). Finally, if X*/k(X™*)
is of infinite rank, we are led to (iv). O

We will need the following lemma, which is an adaption of Lemma 3 from [10].
Lemma 2. For any groups X,Y € L, the following statements are equivalent:

(i) There is a neighborhood Q of zero in H(X,Y') such that Qx is compact in'Y
for all x € X.

(ii) There is a neighborhood Q of zero in H(Y™*, X*) which operates equiconti-
nuously on Y*.

Proof. Assume (i). By the definition of the compact-open topology, there exist
a compact subset K of X and an open neighborhood U of zero in Y such that
Qxy(K,U) C Q. Since X and Y are locally compact, we can choose an open
neighborhood V' of zero in X and an open neighborhood W of zero in Y such
that V and W are compact. Let Ko = KUV and Uy = U N W. It is clear that
Qxy (Ko, Up) C Qxy(K,U), so Qx,y(Ko,Up) has compact closure in H(X,Y).
Moreover, for any compact subset C' of X, the set

Qx,y (Ko, Up)C = {f() | f € Qx,y(Ko,Up) and z € C}

has compact closure in Y. Indeed, by the compactness of C, there exist elements
Z1,...,&ym € C such that C C U (z; + V). Given any « € C, we then have

1=
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x — x;, € V for some ig € {1,...,m}, whence
f(x) € f(ziy) + f(V) C Qx v (Ko, Up)w; + U

for all f € Qx y (Ko, Up). Consequently,

Qx.y (Ko, Uo)C < | J Quxy (Ko, Up)z; + U,
i=1

proving that Qx y (Ko, Up)C has compact closure in Y. We shall show that the set
Qx,y (Ko, Up)" ={f" € HY", X") | f € Qx,y(Ko,Up)}

is equicontinuous in H (Y™, X*). Let O be an arbitrary neighborhood of zero in X*.
We may assume that O = Qx 1(C, D), where C' is a compact subset of X and D
is an open neighborhood of zero in T. For this C, let C! = Qx y (Ko, Up)C. Then
C" is a compact subset of Y, so O' = Qy.1(C’, D) is a neighborhood of zero in Y*.
Now, it is easily seen that f*(O") C O for all f € Qx y (Ko, Up), so Qx,y (Ko, Up)*
is equicontinuous at zero, and hence on Y*. This proves that (i) implies (ii).

Now assume (ii), and let ® be the neighborhood of zero in H(X,Y") such that
Q= {f"| f e &} [11, Ch. IV, Theorem 4.2, Corollary 2]. We claim that ®
operates with relatively compact orbits. Pick any a € X. It suffices to show that
&y (Pa) is relatively compact in Y**, where &y : Y — Y™** is the canonical topological
isomorphism of Y, i.e. £y (y)(y) =7(y) for all y € Y and v € Y*. Observe that

&y (Pa) = {&x(a) o f* | f € @},

where £x : X — X™ is the canonical topological isomorphism of X. To see that
&y (®a) is equicontinuous, pick an arbitrary neighborhood D of zero in T, and set
O ={y € X* | &(a)(y) € D}. Since {(a) is continuous, O is a neighborhood of zero
in X*. Further, since ®* = () is equicontinuous, there is a neighborhood W of zero
in Y* such that f*(W) C O for all f € ®*. It follows that ({(a)o f*)(W) C D for all
f € ®*, proving that {y (®a) is equicontinuous. Finally, since T is compact, it is also
clear that {y (®a) operates with relatively compact orbits. Consequently, {y (®a) is
relatively compact in Y** by the Ascoli’s theorem. O

We now establish some sufficient conditions for the local compactness of F(X).
Theorem 5. Let X be a group in L satisfying the following conditions:
i) ¢(X) Nk(X) has finite dimension.

ii) For each p € S(X), (k(X)/(c(X) N k(X)))p has finite rank.

iii) X/(c(X)+ k(X)) has finite rank.

Then E(X) is locally compact.
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Proof. We can write X = C @Y, where C' = R? for some d € N and Y contains
a compact open subgroup. Then

[ B®Y  HY,RY
E(X):<H<Rd,y> E(Y) >

Now, since H(Y,R?%) = H(Y,R)¢ and H(RYY) = H(R,Y)¢ [9, (23.34)(c) and
(23.34)(d)], we conclude from Theorem 1 and Theorem 2 that H(Y,R%) and
H(RY,Y) are locally compact. As E(R?) is locally compact too, it suffices to show
that E(Y") is locally compact. To this purpose, pick any elements aq,...,a,, of Y
such that a1 + k(Y),...,am + k(Y) form a basis in Y/k(Y), and a compact open
subgroup U of Y. We claim that

Q:Qy({al,...,am}UU,U)

is relatively compact in E(Y). Let a be an arbitrary element in Y. Then there exist
n € No, l1,...,lm € Z, and b € k(Y) such that na = b+ > ", l;a;. Moreover, by
multiplying the above equation through by the order of b+ U in k(Y") /U, if necessary,
we may assume that b € U. Now, given any f € 2, we have

nf(a) = f(b) + Y lif(a) C U,
i=1

so f(a) € %U. Consequently, to conclude that €2 operates with relatively compact
orbits, it suffices to show that %U is compact. It is clear that (%U ) /U is a torsion
group of bounded order, so %U C k(Y'), and hence (%U ) /U is a subgroup of bounded
order of k(Y")/U. Since

k(Y)/U = (k(Y)/c(Y))/(U/e(Y)),

we deduce from condition (ii) that the primary components of k(Y')/U have finite
rank. Further, since (%U )/U is a subgroup of bounded order of k(Y)/U, we conclude
that (%U) /U is finite, so %U is compact. Consequently, €2 operates with relatively
compact orbits.

Further, observe that X* too satisfies the hypotheses of the theorem. Indeed,

by [9, (24,17)],[6, Proposition 3.3.3], and [9, (23,25)], we have
(X NE(X*) = AX*, e(X) + k(X))
~ (X/(C(X) + k(X))>*,
so ¢(X™*) N k(X™) has finite dimension by (iii) and [9, (24.28)]. Similarly, since
(X*/(C(X*) + k;(X*)))* > o(X) N k(X),

we deduce from (i) that X*/(c(X*)+k(X*)) has finite rank. Finally, we see from [6,
Exercise 3.8.7] and [9, (6.9)] that
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(WX (X NR(X) )22 (e(X) + R(X)) fe(X)

Given any p € S(X), we then have

(k) (e(x) k(X)) = (k(X)/ (e(X) NR(X)))

p p

so (k;(X*)/(c(X*) N k(X*))) has finite rank by (ii) and [5, Theorem 4]. It follows

that X* too satisfies the hypotheses of the theorem. Consequently, we can conclude
by using the same argument as with X that F(X*) admits a neighborhood of zero,
which operates with relatively compact orbits. It follows from Lemma 2 that F(X)
admits a neighborhood of zero, which operates equicontinuously on X. It remains
to apply the Ascoli’s theorem. O

Remark 1. In [10, n°9], M. Levin has shown that A(HneNO (Z(pzn);p”Z(p%)))
is locally compact although [, cx, (Z(p*); p"Z(p®™)) has infinite rank. With similar

arguments, it is easy to see that E(HneNo (Z(p2");p"Z(p2"))) is locally compact
as well, so the inverse of Theorem 5 is not valid.

5 Groups containing a lattice

Let X be a group in L. A subgroup L of X is called a lattice in X if L is discrete
and X/L is compact. If there exists such a subgroup L in X, then X is said to contain
a lattice. If X decomposes as a topological direct sum of a discrete subgroup and
a compact one, then it is said to contain a lattice trivially. If X contains a lattice but
cannot be decomposed as a topological direct sum of a discrete group and a compact
one, it is said to contain a lattice non-trivially.

In the present section, we answer the question of the local compactness of E(X)
in the case when X contains a lattice. In preparation for this we first establish
a lemma, which introduces a topology, called the Birkhoff topology, on the group of
units of a topological ring and shows how this topology is related to the topology of
that ring.

Lemma 3. Let E be a topological ring with identity 1, and let E* be the group of
invertible elements of E.

(i) If B is a filter base of neighborhoods of zero in E, then the set
B*={[1+B)nEX]n[1+B)nE*]""|BeB)

is a filter base of neighborhoods of 1 for a group topology on E*, which we call
the Birkhoff topology of E*.
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(ii) If E°P is the opposite topological ring of E and E x E°P is the topological direct
product of topological rings E and E°P, then E* with the Birkhoff topology
1s topologically isomorphic to a closed subgroup of the multiplicative monoid
of E x E°P. In particular, if E is locally compact, then E* with its Birkhoff
topology is locally compact too.

Proof. (i) Since B # @, it is clear that B* # & as well. Also, since every B € B
contains 0, we see that every element of B* contains 1, so @ ¢ B*. Further, given
any Bj, By € B, there is Bs € B such that By C By N Bs. It follows that

[(1+B3)NEX]C[(1+B1)NEX|N[(1+ B2)NEX],
SO
[(1+ By) N B C [(1+ By n BX] 7 A [(1 + By) n BX] Y,
and hence [(1+ B3) N EX]N[(1+ B3) N EX]~! is contained in the set

([(1 +B)NEX]N[(1+ BN EX]‘l) N ([(1 + By) N EX]N[(1+ By) N EX]‘l).

Consequently, B* is a filter base on E*.

Next we show that B* satisfies the conditions (GV}), (GV};), and (GV/,;) of [2,
Ch. III, §1, n°2]. Let U be a neighborhood of zero in E. We can choose neigh-
borhoods O and V of zero in E such that O+ O Cc U, V+V C O, and VV C O.
Then

(I+V)NEX]1+V)NEX|C[1+U)NE"],

([(A+WVNEXN[1+V)nEX ] ) ([(1+V)nEX]N[1+V)nEX]™)
Cla+U)nEXN[1+U)nEX,

and hence (GV]) holds. Further, since
-1
([(1 +UYNEX]N[(1+0) OEX]‘1> — 1+ U)NEX ] N[1+U)nE"],

it is clear that (GV/;) holds too. Finally, given any a € E*, we can choose neighbor-
hoods ® and W of zero in E such that ®a C U and ¢~ 'W C &, whence a™'Wa C U.
But then

a A4+ W)NEXacC [(1+U)NEX],

a1+ W)nEXlac [1+U)NEX],

and hence

a—l([(1 FW)NEX]N[1+W)N EX]_l)a Cl1+U)NEXN[1+U)nEX].
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This proves (GV/;;). It follows that there is a unique group topology on E*, admit-
ting B> as a filter base of neighborhoods of 1.

(ii) Recall that E°P is the topological ring in which the underlying set, the
additive structure, and the topology are those of E, and whose multiplication is
obtained by multiplying in E with reverse order. Consider the topological direct
product E x E°. Since the mappings (u,v) — uov and (u,v) — vowu from E x E
to E are continuous, the sets

S={(u,v) € EX E? |uov=1}
and
T ={(u,v) € EXE?|vou=1}
are closed in E x E°. It follows that SN T is closed in F x E°P. Clearly,
SNT = {(u,u™') € Ex E?|ue E*}.

Moreover, S N'T has a group structure with respect to component-wise multiplica-
tion. Further, if we endow S NT with the induced topology, then S NT" becomes a
topological group. Indeed, the multiplication in S N7 is the restriction to S NT of
the multiplication in F¥ x E°P, and hence is continuous. Similarly, taking of inverses
in SN T is the restriction to S NT of the mapping (u,v) — (v,u) from E x E°P
onto F x E°P  and hence is continuous too. It remains to observe that the mapping
¢ :u — (u,u~') is an isomorphism of topological groups from E* onto SNT. Indeed,
¢ is, clearly, an isomorphism of groups. Now, if U is a neighborhood of zero in F,
then

5([(1 FUYNEXN[(1+U) OEX]‘1> - ((1 YUY % (14 U)) n(sNT),
so £ is bicontinuous. O

Specializing to the case £ = E(X), we have the following

Corollary 3. Let X € L. Then A(X) coincides with E(X)* taken with its Birkhoff
topology, and hence A(X) is topologically isomorphic to a closed subgroup of the
multiplicative monoid of E(X) x E(X)°P.

We are now prepared to describe all the groups X € £ containing a lattice for
which E(X) is locally compact. First, we consider the case when X contains a lattice
non-trivially.

Theorem 6. Let X be a group in L containing a lattice non-trivially. The following
statements are equivalent:

(i) E(X) is locally compact.

(il) A(X) is locally compact.
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(i) X satisfies the following conditions:
1) o(X) Nk(X) has finite dimension.
2) For cach p € S(X), (k(X)/(e(X)N k(X)))p has finite rank.
3) X/(c(X) + k(X)) has finite rank.

Proof. The fact that (i) implies (ii) follows from Corollary 3, the fact that (ii) implies
(iii) follows from [10, Theorem 5|, and the fact that (iii) implies (i) follows from
Theorem 5. O

For the case of groups containing a lattice trivially, we have:

Theorem 7. Let X be a group in L containing a lattice trivially, say X = L& C
with L discrete and C' compact. Then E(X) is locally compact if and only if E(L)
and E(C) are both locally compact.

Proof. We have
~ ( E(L) H(CL)
2002 iy mey )

Since L is discrete, H(L, C') is equicontinuous. Since C'is compact, H (L, C') operates
with relatively compact orbits. Consequently, H(L,C') is compact by the Ascoli’s
theorem. On the other hand, H(C, L) is discrete because Q¢ ,(C,{0}) = {0}. It
follows that E(X) is locally compact if and only if F(L) and E(C') are both locally
compact. O

Remark 2. Taking account of the results in [17], the problem of determining the
groups X € L containing a lattice for which the ring E(X) is locally compact
is completely solved. In a similar way, the results of [17] and those of Section 3 can
be used to describe the structure of any group X € £ with locally compact ring
E(X), which decomposes as a topological direct product of a finite number of copies
of R, Q, Q*, and a group containing a lattice trivially. For example, this can be
done for compactly generated groups [9, (9.8)], for groups with no small subgroups
[1, Proposition 7.9], for groups with open connected component [1, Corollary 6.8],
and for groups with compact subgroup of compact elements [1, Corollary 6.10],
respectively.

We close this section by transferring to E(X) a result of P. Plaumann for A(X).
We need the following definition from [13].

Definition 3. Let X € £. A factor of X is a quotient of the form A/B, where A
and B are closed subgroups of X such that A D B.

Theorem 8. For a topological torsion group X € L, the following statements are
equivalent:

(i) E(F) is locally compact for every factor F' of X.
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(ii) A(F) is locally compact for every factor F of X.
(iii) For each p € S(X), X, has finite rank.

Proof. The fact that (i) implies (ii) follows from Corollary 3, the fact that (ii) implies
(iii) follows from [13, Theorem 3.6 and Lemma 3.1], and the fact that (iii) implies
(i) follows from Theorem 5 because every factor of X has primary components of

finite rank [4, 1)]. O

6 Densely divisible torsion-free groups

In this final section, we answer the question of local compactness of the ring
E(X) for densely divisible torsion-free groups X € £. We begin with a special case.

Theorem 9. Let p € P, and let X be a densely divisible, torsion-free, topological
p-primary group in L. The ring E(X) is locally compact if and only if X = Q) for
some r € N.

Proof. Let E(X) be locally compact. Then E(X™*) is locally compact as well. It
is also clear that X™* is densely divisible and torsion-free. Let ) be a compact
neighborhood of zero in E(X*). By the definition of the compact-open topology,
there exist a compact subset K of X* and an open neighborhood U of zero in
X* such that Qx-(K,U) C Q. Since X* is totally disconnected [1, Theorem 3.5],
there is a compact open subgroup V of X* such that V' C U [9, (7.5)], whence
Qx-(K,V) C Qx«(K,U), and hence Qx~«(K,V) is compact in E(X™*).

We claim that 4V is compact for all n € N. To see this, fix any non-zero
character a € d(X™), and let D,, be the minimal divisible subgroup of X* containing
a. Then D, = Q, [14, Lemma 2.4], so X* = D, @ I for some closed subgroup I
of X* [1, Proposition 6.23]. Let m,,mp € E(X™) be the canonical projections of X*
onto D, and T, respectively. As 7,(K) is compact in D, we have 7, (K) C anK(?}
for some nx € Ny. Pick any n € Ny and any 8 € d(X*) N #V, and let o/ € D,

be the unique element satisfying p" ™o’ = a. Further, define f € H({c/) @ T, D,)
by setting f(a') = 8 and f(y) = 0 for all v € T. Since (o/) ® T is open in X*, f
extends to continuous group homomorphism f X* — Dg, s0jo f € E(X*), where
j: Do — X* is the canonical injection. Now, given any y € K, we have

(@) =l )
f( ) pB) C

so jof e Qx-(K,V). Since § € d(X*) N in was chosen arbitrarily, it follows
from [7, Theorem 1.3.6] that

A~

F00 = fra) € F (==

1. o1
—V =d(X*) N —V C Qx (K, V)
p p
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SO p—V is compact.
Next, let W = A(X,V). Clearly, W is compact and open in X [1, P. 22(e)].
Given any n € Ny, we deduce from Lemma 1 that

1
A, W) = A ),

so p"W = A(X,I%V). It follows that p™W is open in X, and hence in W. But
W = Z for some cardinal number v [3, Ch. III, §1, Proposition 3]. Consequently,
v must be finite, i.e. v = r for some r € N.

The converse is clear, because E (Q;) is topologically isomorphic to the matrix
ring M, (Q,) over the field of p-adic numbers Q,,, taken with its usual product topo-
logy. O

With this preparation, we can prove:

Theorem 10. Let X be a densely divisible, torsion-free group in L. The ring E(X)
1s locally compact if and only if
X 2RYx Q" x *x [ @z,
peS(X)
where d,r, s, and the r,’s are natural numbers.
Proof. Assume that F(X) is locally compact. It follows from Theorem 3 that
X =R x Q" x (Q")° x T,

where d,r,s € N and T is a residual in £ such that E(T) is locally compact. Now,
in view of our hypotheses, d(T) = T and m(T) = {0}, whence k(T) = T and
¢(T) = {0}. Consequently, T" is a topological torsion group in £, and hence

E(M) = [] (B(T1): 0, U, Up)),
peES(X)

where, for each p € S(X), U, is a compact open subgroup of T, [16, (2.2)]. It follows
that, for every p € S(X), E(T}) is locally compact ([3, p. 9] or [9, (6.16)(c)]), so T}, =
Q" for some 7, € Ny by virtue of Theorem 9, and hence T =2 [Tpesc (Q)5Z,7)
by [3, Ch. III, Proposition 4].

To show the converse, we write

X=A®Ba®Ca®D,

where A 2 R4, B~ Q", C = (Q*)*%, and D = [escx( Wi Zy"). Tt is clear that
c(X)=A®Cand k(X) =C® D, so ¢(X)Nk(X) =C. We also have

c(X)+k(X)=AaCa D,
so X/(c(X) + k(X)) = B. Finally, given any p € S(X), we have
(KO () N k(X)) =@

It remains to apply Theorem 5. ]
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