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1 Introduction

Recall that a vector space (set) T equipped with three binary associative oper-
ations -, F and L that satisfy the following axioms: (z 4y) 4z=x -4 (yF 2) (T'1),
(xFy)dz=ocF(yd42)(T2),(zdy)Fz=a2F (yF2)(T3), (xdy) 12z =2
(y L2)(T4), (x Ly)dz=2 L (y42)(T5), (xdy) Lz=2a L (yF 2)(T6),
(xby) Lz=ab(yLz)(T7),(x Ly)Fz=aF (yk 2)(T8) for all z,y,z € T, is
called a trialgebra (trioid) [1]. So, the notion of a trialgebra is based on the notion
of a trioid and all results obtained for trioids can be applied to trialgebras. This
connection between trioids and trialgebras gives a motivation for studying trioids.
Another reason for our interest in trioids is their connection with dimonoids [2, 3].
For a general introduction and basic theory see [1, 4].

The first step in the study of idempotent semigroups has been made by David
McLean [5] who used rectangular bands for the description of the structure of an
arbitrary band. Rectangular dimonoids (rectangular dibands) first appeared in the
researches of the structure of dibands of subdimonoids (see [6]). Using rectangular
dibands, a structure theorem on idempotent dimonoids was given in [7]. The free
rectangular diband was constructed in [8].

In this paper we introduce the notion of a rectangular triband and give exam-
ples of rectangular tribands (Lemmas 1-4). We also construct a free rectangular
triband (Theorem 1), describe its structure (Theorems 3-4) and the automorphism
group (Lemma 5). As a consequence of Theorem 2, some least congruences on free
rectangular tribands are described (Corollary 2).

2 Preliminaries

A nonempty subset A of a trioid (7, 4,F, L) is called a subtrioid if for any
a,beT, a,be Aitfollows that a 4b, aF b,a L b € A. An idempotent semigroup
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S is called a rectangular band if

TYr = x (1)
for all z,y € S. It is clear that in any rectangular band the identity

TYz = TZ (2)

holds.

A trioid (T',,F, L) is called an idempotent trioid or a triband [9] if semigroups
(T,H), (T,F) and (T, L) are idempotent semigroups. A trioid (7', ,F, L) will be
called a rectangular trioid or a rectangular triband, if semigroups (7, ), (7',F) and
(T, L) are rectangular bands.

Note that the class of all rectangular tribands is a subvariety of the variety of all
trioids. A trioid which is free in the variety of rectangular tribands will be called a
free rectangular triband.

Recall the definition of a triband of subtrioids which was introduced in [9].

If f: 17 — T5 is a homomorphism of trioids, then the corresponding congruence
on 17 will be denoted by Ay.

Let S be an arbitrary trioid, J be some idempotent trioid and let o : S — J :
x — xa be a homomorphism. Then every class of the congruence A, is a subtrioid
of the trioid S, and the trioid S itself is a union of such trioids S¢, £ € J, that

ra=§(reSe=A,={teS|(zt) € An},
S§_|S€ ng—m Sﬁt_ss gsfl—ay SﬁJ—Ss gSﬁJ_aa
f#eiS&ﬂS}:@.

In this case we say that S is decomposable into a triband of subtrioids (or S is a
triband J of subtrioids S¢ (£ € J)). If J is an idempotent semigroup (band), then
we say that S is a band J of subtrioids S¢ (£ € J). If J is a commutative band,
then we say that S is a semilattice J of subtrioids S¢ (£ € J). If J is a left (right)
zero semigroup, then we say that S is a left (right) band J of subtrioids S¢ (£ € J).

Observe that the notion of a triband of subtrioids generalizes the notion
of a diband of subdimonoids [6] (see also [7]) and the notion of a band of semi-
groups [10].

Recall that a nonempty set D equipped with two binary associative operations
and - satisfying the axioms (7'1) — (7'3) is called a dimonoid [2, 3]. If D = (D, ,F)
is a dimonoid, then the trioid (D, ,F, ) (respectively, (D, ,+,F)) will be denoted
by (D)™ (respectively, (D)"). It is clear that (D) and (D)" are different as trioids
but they coincide as dimonoids.

Consider the following dimonoids from [8] which will be used in Section 4.

Let X be an arbitrary nonempty set. Let Xy, = (X,d), X,. = (X,F), Xp =
Xy, X X,., be a left zero semigroup, a right zero semigroup and a rectangular band,
respectively. By [8] Xy, .. = (X,,F) is the free left zero and right zero dimonoid
(or the free left and right diband).
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Define operations 4 and - on X? by

(x,y) B (av b) = (:Evb)v (x,y) t (av b) = (a> b)

for all (x,%), (a,b) € X2. By [8] (X2,4,F) is a free (rb, rz)-dimonoid. It is denoted
by Xrb,rz-
Define operations -+ and  on X? by

(z,9) 4 (a,0) = (z,9), (2,9)F (a,0) = (x,b)

for all (x,v), (a,b) € X2. By [8] (X?%,4,F) is a free (£z,rb)-dimonoid. It is denoted
by Xéz,rb-
Define operations 4 and - on X3 by

(1'1,1'2,.’1'3) = (y17y27y3) = (x17x27y3)7

(1,22, 23) F (y1,92,¥3) = (@1, Y2,¥3)

for all (z1,22,73), (Y1,y2,y3) € X3. The algebra (X3, ,F) is denoted by FRct(X).
According to Theorem 1 from [8] F'Rct(X) is a free rectangular diband.
As usual, N denotes the set of all positive integers.

3 Rectangular tribands

In this section we give new examples of rectangular tribands and construct a free
rectangular triband of an arbitrary rank.

We first give examples of rectangular tribands.

It is immediate to prove the following three lemmas.

Let I, = {1,2,...,n}, n > 1, and let {X;};cs, be a family of arbitrary nonempty
sets X;, i € I,. Define operations -, - and L on Hiel3 X; by
(a1,b1,c1)(az, ba, c2) = (a1, b1, 1),
(a1, b1, c1)(az, ba, e2) = (a1, b2, c2),
(a1,b1,c1,) L(az, be,c2) = (a1,b1,¢2)

for all (a1,b1,c1), (ag, b2, c2) € [[iey, Xi- It is clear that ([[;c;, Xi, L,F) is a rectan-
gular diband [8] and ([[,.;. Xi, ) is a left zero semigroup.

Lemma 1. (J]

i€l3

Xi,,F, L) is a rectangular triband.

i€l3
If X; = X for all i € I3, then denote the algebra ([[;c;, Xi, =, L) by Xz ra-
Define operations -, - and L on Hiefg X; by

(a1,b1,c1)4(ag, bz, c2) = (a1, b1, c2),
(a1,b1,c1)F(ag, b, c2) = (az, b, c2),
(a1,b1,c1,)L(az, b, c2) = (a1, bz, c2)

for all (a1,b1,c1), (ag,ba,co) € Hiefg X;. It is clear that (Hiel3
gular diband [8] and ([[;¢;, Xi, ) is a right zero semigroup.

X;, 1, 1) is a rectan-
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Lemma 2. ([[,.;. Xi,,F, L) is a rectangular triband.

i€l3

If X; = X for all i € I3, then denote the algebra (][]
Define operations -, - and L on [[,.,, X; by

i€ls Xi, .k, —L) by er,rz-
i€l

(al,bl)—|(a2,b2) = (al,bl), (al,bl)l—(ag,bg) = (ag,bg),

(al, bl)J_(CLQ, bg) = (al, b2)

for all (a1,b1), (az,b2) € [[;cg, Xi- It is clear that ([]
right zero dimonoid [8] and (]

i1, Xi» 1, 1) is a left zero and

ie1, Xi, L) is a rectangular band.

Lemma 3. ([[;c;, Xi, 1,5, L) ds a rectangular triband.
If X; = X for all i € I, then denote ([ [;c;, Xi, 1, F, L) by Xlrzb,rz‘ Note that the
trioid X l’"zb’m was first constructed in [9)].

Define operations -, - and L on HZ-E[% X;, where k € N, by

(ZL”1,£172, --->33'2k)_|(y17y27 ---,yzk) = (ZE1,$2, ---,!E2k—1,y2k),

(1,22, .oy Top ) (Y1, Y25 -, Y2r) = (21, Y2, o Y2k),
($1,$2, ---,ZL‘%)J-(yl,yz, ---,yzk) = (ZE1,$2, cy Ll Y415 ---,y2k)

for all (z1, 72, ..., z2k), (Y1, Y2, .-, Y2r) € Hielgk Xi.

Lemma 4. For any k > 1, (H X, .k, L) s a rectangular triband.

i€loy

Proof. By Lemma 4 from [8] ([[;c;,, Xi;H,F, L) satisfies the axioms (7'1) — (7'3)
of a trioid and the associativity of operations -,. For all (xy,z2,...,29),

(yh Y2, .eey y2k)7 (zla 22y euey sz) € Hiej% XZ obtain
((z1, 22, ooy o) L (Y1, Y25 - Yor) ) L (21, 22, oy 208) =

= (L1, 22, oy Ty Yht 1, -+ Y2k ) L (21, 22, 000y 221) =
= (T1, T2, ooy Thy Zht 1 e 22k) = (21, 02,5 o0y Dok ) L(Y1, Y2, s Uky k4 1y -y 22k) =
= (1,22, ..., o) L((Y1, Y2, -y Y2r ) L (21, 22, oy 22k))s
(w1, 2, s D2k ) WY1, Y2, -y yor)) (21, 22, -0, 208) =
= (X1, T, ..., Tog—1, Yor ) 1(21, 22, ...y 20k) =
= (21,2, ...s Top—1, 22k) = (1,22, ooy Lok ) (Y1, Y25 ooy Uk Zhp 1 -0 22k) =
= (71,2, -, o) (Y1, Y25 -, Yor) L (21, 22, -y 221)),
(X1, @2, ooy Xog) L(Y1, Y2y ooy Y2r ) ) (21, 22, oy 22k) =
= (T1, 22, oy Ty Yht 1, - Y2k ) (21, 22, 0, 20k) =

= (21,22, o, Ty Ykt 15 s Y2k—1, 22k) = (X1, T2, ...y Tog) L (Y1, Y2, o Y2k—1, 22k) =
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= (21,2, - o) L((Y1, Y2, - Y2 ) (21, 22, -5 221)),
(w1, 22, ooy og) (Y1, Y2, o, Y2r)) L (21, 22, -, 208) =
= (21, T2, ..., Top—1, Yok ) L (21, 22, ..y 20k ) =
= (T1, T2, eoey Thy Zht1y -y 22k ) = (T1, T2, ooy To ) L (Y1, 22, ovy 22k ) =
= (z1, 22, ..., Tor) L((y1, Y2, -, Yo )b (21, 22, .-, 22K)),

(w1, 2, oy o) (Y1, Y2 s Y2r) )L (210 22, ooy 208) = (21, Y25 -y Y2u) L (21, 22, 0, 208) =
= (T1,Y2) s Yk Zht 15 -os 22k) = (1,82, ooy D2k ) (Y1, Y2, ooy Yby 2kt 15 oy 22k) =
= (21,22, -, T2k )F (Y1, Y2, s Yok ) L (21, 22, -, 228)),

((z1, 22, s Tok) L(Y1, Y2, - Y2r) ) (21, 22, o0y 228) =
= (T1, 22, s Ty Yt 1, o Y2k ) (21, 22, -, 20k) =
= (21,292, ..., 22k) = (1, T2, oo, Top ) (Y1, 22, vy 20k ) =

= (21,22, -, ok )F (Y1, Y2, s Y2r ) (21, 22, 05 22k)).-

Thus, ([[;cy,, Xi» -, L) satisfies the axioms (7'4) — (7'8) of a trioid and the
associativity of L and so, it is a trioid. Obviously, (][] X;,,F, 1) is idempotent.
Show that it is a rectangular triband. We have

1€loy

(a;l, LDy euny :L'Qk)—|(y1, Y2, ooy ygk)—|(a;1, Ly euny :L'Qk) =

= (21,2, v, Tok—1, Y21 ) (@1, T2, .o W2p) = (71, T2, ooy T2p),
(1,22, ooy Top)F (Y1, Y2, oy Yor ) (21, T2, ooy og) =
= (X1,Y2, -, Yor ) (21, T2, ooy Tog) = (21, T2, ...y Tog),
(w1, 2, ooy T2k) L(Y1, Y2, s y2r ) L(T1, T2, oy T2k) =
= (T1, 22, ooy Ty Yht 1, - Y2k ) L(T1, T2, ooy B2k) = (T1, 22, .., Tog)-

Thus, (J] X;,,F, 1) is a rectangular triband. O

1€lo

Obviously, operations of ([ [;c;, Xi, ,F, L) coincide and it is a rectangular band.

Let X be an arbitrary nonempty set. We denote the trioid (X*,H,, L) by
FRT(X).

The main result of this section is the following

Theorem 1. FRT(X) is a free rectangular triband.
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Proof. By Lemma 4 FRT(X) is a rectangular triband. Let (T, —|/,P—I,J_/) be an
arbitrary rectangular trioid and ¢ : X — T be an arbitrary map. Define the map

T: FRT(X) — (T, ,+, 1)
(a,b,¢,d) — (a,b,c,d)T = (act bo) L (co do).

In order to prove that 7 is a homomorphism we will use axioms of a trioid and
the identities (1), (2). One can get

((a1,b1, c1,di)A(as, ba, e2,do)) T = (a1,b1,¢1,d2)T = (ar0F bio) L (cio- dyo) =
= (a10010) L ((cr0-4 d1o)H (c204 dyor)) =
= ((a10+"b10) L (cr0-4 d10))H (c204 door) =
= ((a10+"b10) L (c10-4 d10))H (az0+"bo) (co0- doo) =
= ((a10+"b1o) L (cr04 dyo))+
+ ((agot"bo0) L' (ca0- doo)) = (a1, b1, c1,di)7 (a2, b, c2, d2)T,
((a1,b1, c1, di)F(as, ba, e2,do))T = (a1, ba, c2,d2)T = (ar0F byo) L' (cao- doo) =
= a10F (byo L (co0-4 dpo)) = arot ((bao F azo b by0) L' (c204 doo)) =
= a0t ((bao F (ago F boo)) L' (co04 dyo)) =
= a0t (byo ' ((ago F boo) L (cao doo))) =
= a0t ((ago F byo) L' (coo4 dyo)) =
= ayot'biot (1o dio)F ((ago F byo) L' (ca04 dao)) =
= (ay0F bro)F (1o dio)F ((ago F byo) L' (ca04 dao))) =
= ((a10+ bro) L' (cro4 dyo))F ((agot"byo) L (cao dyo)) =
= (al,bl,Cl,dl)Tl_l(ag,bQ,Cg,d2)’7’,
(a1, b1, c1,dr)L(ag, ba, ca, d2))T = (a1, b1, ca,d2)T = (a10F bro) L (coo dao) =
= ((a10+ bro) L' (cro4 dyo)) L ((agot bao) L' (coo dao)) =
= (ay, b1, c1,d )7L (ag, b, cg, do)T.

Thus, 7 is a homomorphism and FRT(X) is free. O

Corollary 1. The free rectangular triband FRT(X) generated by a finite set X is
finite. Specifically, if | X| = n, then |FRT(X)| = n*.

Denote the symmetric group on X by S[X] and the automorphism group of a
trioid M by Aut M. It is not difficult to see that the set {(a,a, a,a)|a € X} is gener-
ating for FRT(X). From here obtain the following description of the automorphism
group of the free rectangular triband.

Lemma 5. Aut FRT(X) = Q[X].
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4 Decompositions of FRT(X)

In this section we describe the structure of free rectangular tribands and cha-
racterize some least congruences on free rectangular tribands.
For all 4,5 € X put

Ay ={(a,b,¢c,d) € FRT(X)| a =i},
A[i] = {(a, b, C,d) S FRT(X) ’ d= Z} s
A5 ={(a,b,¢,d) € FRT(X)| (a,d) = (i,j)} -
The following theorem gives decompositions of F'RT'(X) into bands of subtrioids.

Theorem 2. Let FRT(X) be a free rectangular triband. Then

(i) FRT(X) is a left band X;, of subtrioids A;),i € Xy, such that Agy = Xoq,p-
for every i € Xi,;

(ii)) FRT(X) is a right band X, of subtrioids Appy i € Xoz, such that Ay = Xy, pa
for every i € X,.,;

(i4i) FRT(X) is a rectangular band X, of subtrioids A jy, (i,7) € Xyp, such
that A jy = XZZT,Z for every (i,7) € Xpp.

Proof. (i) By Theorem 1 the map m, : FRT(X) — X, : (a,b,¢,d) — a is a
homomorphism. Then A;),7 € X, is a class of A;, which is a subtrioid of F RT (X).
It is immediate to check that for every ¢ € X, the map

A(z) — Ardrz ¢ (iv b, c, d) = (ba G d)

is an isomorphism.

(ii) By Theorem 1 the map 7, : FRT(X) — X, : (a,b,¢,d) — d is a homomor-
phism. Then Ay, i € X, is a class of Ay, which is a subtrioid of FRT(X). It is
clear that for every i € X,., the map

A[l] - Xlz7rd : (a7 b? c7 i) = (ay b7 C)

is an isomorphism.

(iii) By Theorem 1 the map 7, : FRT(X) — X, : (a,b,¢,d) — (a,d) is a
homomorphism. Then A(; ;), (7, j) € Xy4, is a class of Ay, which is a subtrioid of
FRT(X). It can be shown that for every (i,7) € X5 the map

Aigy = X2 (i,0,¢,5) 7= (b,c)

lz,rz

is an isomorphism. O

If p is a congruence on a trioid (7', H,+, L) such that operations of (T, .+, J_)/,o
coincide and it is a left zero semigroup (respectively, right zero semigroup, rectan-
gular band, semilattice), then we say that p is a left zero congruence (respectively,
right zero congruence, rectangular band congruence, semilattice congruence).

From Theorem 2 we obtain
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Corollary 2. Let FRT(X) be a free rectangular triband. Then
(1) Ar,, is the least left zero congruence on FRT(X);
(ii) Ay, is the least right zero congruence on FRT(X);
(111) Ar,, is the least rectangular band congruence on FRT(X).

Proof. (i) It is well-known that every left zero semigroup is a free left zero semigroup.
By Theorem 2 (i) we obtain (i).
The proofs of (ii) and (iii) are similar. O

From Theorem 5 [11] it follows that any rectangular triband is semilattice inde-
composable, i.e. the least semilattice congruence on a rectangular triband coincides
with the universal relation on this trioid.

For all 4,4,k € X put

A(i,j,k) = {(CL, b7 Gy d) S FRT(X)’ (CL, b7 C) (Z ]7 )} )
Ay ik =1{(a,b,¢,d) € FRT(X)| (b,e,d) = (3,5, k)} ,
Api ) ={(a,b,¢,d) € FRT(X) | (b,c) = (i,)} -

The following theorem gives decompositions of FFRT(X) into tribands of sub-
semigroups.

Theorem 3. Let FRT(X) be a free rectangular triband. Then

(i) FRT(X) is a triband X, rq of subsemigroups N ; ), (4,4, k) € Xizra, such
that A(i,j,k) = sz fOT’ every (i,j, k) S Xlz,rd;'

(ii) FRT(X) is a triband X,q,. of subsemigroups Ay; j1, (4,5, k) € Xy, such
that Ay j k) = Xy for every (i,j, k) € Xyayrz;

(11i)) FRT(X) is a triband szbrz

Ay 51 = Xy for every (i,7) € x7b

lz,rz"

of subsemigroups Ay; 1, (4, j) € Xlz 'rzr Such that

Proof. (i) By Theorem 1 the map
Tizrd : FRT(X) — Xiz04 0 (a,b,¢,d) — (a,b,c)

is a homomorphism. Then A ; 1), (4,5, k) € Xiz 4, is a class of Ay, which is a
subtrioid of FRT(X). If (a1,b1,c1,d1), (a2, ba,ca,ds) € A jk), then (a1,b1,c1) =
(a27 b27 62) = (iaj7 k) and

(a1,b1,c1,dr)A(az, ba, ca,d2) = (a1, b1, c1,d2) = (4,7, k, da),
(a1,b1,c1,d1)(ag, be, c2,dz2) = (a1, b2, ¢, d2) = (i, 4, k,dz),
(a1,b1,c1,dr)L(az,ba, c2,d2) = (a1,b1,c2,d2) = (4,5, k, da).

Hence operations of A(; ;1) coincide and so, it is a semigroup. It is easy to cheek that
for every (i,j,k) € Xiz rq the map Ag jxy — Xoz @ (4,4, k,d) — d is an isomorphism.
(ii) By Theorem 1 the map

Trdrs  FRT(X) — Xygrs t (a,b,¢,d) — (b, c,d)
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is a homomorphism. Then Ay ;, (4,7, k) € Xpqp2, is a class of Ay, which is a
subtrioid of FRT(X) If (al,bl,cl,dl), (CLQ,bQ,CQ,dg) S A[i,j,k}a then (blaclydl) =
(b2, c2,d2) = (4, j, k) and

(a1,b1,c1,d1)(az, by, c2,da) = (a1,b1,¢1,d2) = (a1,14, j, k),

(a1,b1,c1,d1)-(az, be, c2,d2) = (a1, b2, 2, d2) = (a1,1, 5, k),
(a1,b1,c1,d1)L(az, b2, co,d2) = (a1,b1,c2,d2) = (a1,1, j, k).

Hence operations of Ay ;; coincide and so, it is a semigroup. One can check that
for every (i,j,k) € Xpq,. the map Ay; ;4 — Xz @ (a,4,7,k) — a is an isomorphism.
(iii) By Theorem 1 the map

:FRT(X) — : (a,b,e,d) — (b,c)

7le Tz lz Tzt

is a homomorphism. Then A ;, (i,7) € szbrz, is a class of Aﬂlrb which is a sub-

trioid of FRT(X) If (al,bl,cl,dl), (ag,bg,CQ,dg) S A[i,j]7 then (bl,cl) = (52,02) =
(4,7) and

(a1,b1,c1,d1)(az, be, c2,d2) = (a1, b1, c1,d2) = (a1,1,j,dz),
(a1,b1,c1,d1)(az, be, c2,d2) = (a1, b2, 2, d2) = (a1,1,j,dz),

(a1,b1,c1,d1) (a2, b2, c2,d2) = (a1,b1,c2,dz2) = (a1,71, j, d2).

Hence operations of Ay; ; coincide and so, it is a semigroup. An immediate verifica-
tion shows that for every (i,5) € X[?,, the map A jj — X : (a,i,5,d) — (a,d) is

lz,rz
an isomorphism. O

For all 4,4,k € X put
Viy = {(a,b,c,d) € FRT(X)| b= i},

Viy ={(a,b,c,d) € FRT(X)| c =i},

Viijky = {(a,b,¢,d) € FRT(X)| (a,b,d) = (i,5,k)} ,
Vi = {(a,b,¢,d) € FRT(X) | (a,¢,d) = (i,5,k)} ,
Viiy) = {(a,0,¢,d) € FRT(X) | (a,b) = (i,4)} ,
V[m {(a,b,¢,d) € FRT(X)| (a,¢) = (i,4)} ,

Viig) = {(a;b,¢,d) € FRT(X) [ (b,d) = (4,5)} ,
Viig) = {(a,b,¢,d) € FRT(X) | (¢, d) = (i, 5)}-

The following theorem gives decompositions of FRT(X) into tribands of
subtrioids.
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Theorem 4. Let FRT(X) be a free rectangular triband. Then

(i) FRT(X) is a triband (Xi.,.)" of subtrioids Vi;y,i € (Xiz,.)", such that
Vi = (FRct(X))™ for every i € X, pz;

(ii) FRT(X) is a triband (Xi»,.)" of subtrioids Vi@ € (Xp202)", such that
Vi) & (FRet(X))™ for every i € Xpz,.;

(iii) FRT(X) is a triband (F Rct(X))™ of subtrioids Vi; ; ), (i, . k) € (FRet(X))7,
such that Vi; j k) = (Xizr2)" for every (i,5,k) € FRct(X).

(iv) FRT(X) is a triband (FRct(X))" of subtrioids Viijks (3,5, k) € (FRct(X))",
such that Vi; j ) = (Xiz2) " for every (i, j, k) € FRet(X);

(v) FRT(X) is a triband (X, )" of subtrioids Vi; j), (i, 5) € (Xizm)", such that
Viig) = (Xopya) for every (i,5) € Xiz o

(vi) FRT(X) is a triband (X.5)" of subtrioids Viig) (4,9) € (X12)", such that
Vi) = (Xppr2)™ for every (i,§) € Xiz s

(vii) FRT(X) is a triband (Xyp,.)" of subtrioids V; j, (i,7) € (Xpppz)", such
that Vii ;) 2 (Xia ) for every (i,5) € Xop s

(viii) FRT(X) is a triband (Xyp,.)" of subtrioids Viig)s (i,7) € (Xppr2)", such
that Vg jy = (Xpz)™ for every (i,5) € Xoppe.

Proof. (i) By Theorem 1 the map
Trfz,rz : FRT(X) — (‘Xlz,r’z)4 :(a,b,¢c,d) — b

is a homomorphism. Then V;),i € Xj, ;, is a class of A 4+  which is a subtrioid of

lz Tz

FRT(X) If (al,bl,cl,dl), (ag,bg,CQ,dg) S V(z)7 then by = by =7 and
(a1,b1,c1,d1)(ag, ba, c2,da) = (a1,b1,c1,d2) = (a1,4,c1,dz),
(a17b17617d1)|_(a27b27627d2) = ((11,()2,62,(12) = (a17i>027d2)7

(a1,b1,c1,d1)L(az, ba, ca,d2) = (a1,b1,c2,d2) = (a1,1,c2,dz).

Hence operations - and L of V{;) coincide. It is easy to cheek that for every i € X, ;..
the map
Vi — (FRct(X))F : (a,i,¢,d) — (a,c,d)

is an isomorphism.
(ii) By Theorem 1 the map

ﬂ-}_z,rz :FRT(X) — (Xlz,r’z)'_ 2 (a,b,¢,d) —c

is a homomorphism. Then V};,i € Xy, ;, is a class of A+  which is a subtrioid of

lz Tz

FRT( ) If (al,bl,cl,dl), (a2,b2,62,d2) c V[Z], then ¢; = ¢p = ¢ and
(a17b17cl7d1)_|(a27b27c27d2) = (alvbhclvd?) = (abbl)iad?))

(a1,b1,c1,dr)F(ag, ba, ca,da) = (a1,b2,c2,da) = (a1,b2,1,d2),
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(a1,b1,c1,d1) 1 (a2, b2, co,d2) = (a1,b1,c2,d2) = (a1,b1,1,d2).

Hence operations 4 and L of Vj;) coincide. It is easy to cheek that for every i € X .
the map
‘/[Z] - (FRCt(X))_| : (a‘7 b? Z.’ d) = (a7 b7 d)

is an isomorphism.
(iii) By Theorem 1 the map

F;Rct :FRT(X) — (FRct(X))_| : (a,b,¢,d) — (a,b,d)

is a homomorphism. Then V{; ; 1y, (4,7, k) € FRct(X), is a class of AF;R ) which is
a subtrioid of FRT(X). If (a1,b1,c1,d1), (ag, ba, 2, d2) € Vi, j 1, then (a1,b1,d1) =
(a27 b27 d2) = (iaj7 k) and

(a1,b1,c1,d1)A(ag, ba, ca,do) = (a1,b1,c1,d2) = (4,5, c1, k),

(a1,b1,c1,d1)(ag, ba, ca,da) = (a1, b2, c2,d2) = (4,7, c2, k),
(a1,b1,c1,d1)L(az,ba, c2,d2) = (a1,b1,c2,d2) = (4,7, c2, k).

Hence operations - and L of VJ; ;) coincide. It is clear that for every (i,j,k) €
FRct(X) the map
V(i,]}k) - (AXlz,rz)F : (i,j, c, k‘) — C

is an isomorphism.
(iv) By Theorem 1 the map

F;Rct : FRT(X) — (FRct(X))F : (a,b,¢,d) — (a,c,d)

is a homomorphism. Then Vj; ; ), (4, j, k) € FRct(X), is a class of AW'P:R , which is
a subtrioid of FRT(X). If (a1,b1,c1,d1), (a2, b2, ca,da) € Vj; j i, then (a1,c1,d1) =
(a27 627d2) = (i7j7 k) and

(a1,b1,c1,dr)(az, ba, c2,da) = (a1,b1,¢1,d) = (2,b1, 7, k),

(a1,b1,c1,dr)(az, ba, ca,da) = (a1,b2,c2,da) = (i,b2, 7, k),
(a1,b1,c1,d1)L(az, bz, ca,d2) = (a1,b1, c2,d2) = (i, b1, 4, k).

Hence operations - and L of V}; ; ;j coincide. One can verify that for every (i, j, k) €
FRct(X) the map
Viijk) = (XIZ,TZ)4 2 (4,0,4,k) — b

is an isomorphism.
(v) By Theorem 1 the map

Tt FRT(X) = (Xi250) " ¢ (a,b,¢,d) — (a,b)
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is a homomorphism. Then V{; j), (i, j) € Xiz b, is a class of A 4 which is a sub-

lz,rb

trioid of FRT(X) If (al,bl,cl,dl), (a2,b2,62,d2) S V(i,j)a then (al,bl) = (ag,bQ) =
(i,4) and

(a1,b1,c1,d1)A(ag, be, c2,dz2) = (a1, b1, c1,d2) = (4,4, 1, dz),

(a1,b1,c1,d1)(ag, be, c2,dz2) = (a1, b2, 2, d2) = (i, j, c2, d2),
(a1,b1,c1,d1) (a2, b2, c2,d2) = (a1,b1,c2,d2) = (i, j, c2, da2).

Hence operations + and L of V(Z-,j) coincide. One can cheek that for every (i,j) €
X2 »» the map
‘/(7"]) - (‘XVT’byT’Z)F : (Z'>ja & d) = (C, d)

is an isomorphism.
(vi) By Theorem 1 the map
ﬂ;’rb : FRT (X) — (Xlz’rb)F : (a,b,¢,d) — (a,c)

is a homomorphism. Then V}; j1, (i,7) € Xi. s, is a class of AW;— \ which is a subtrioid
of FRT(X). If (a1,b1,c1,d1), (az, b2, c2,d2) € V}; 5, then (ai,c1) = (az,c2) = (4,5)
and
(a1,b1,c1,d1)(ag, by, ca,da) = (a1,b1,c1,d2) = (4,b1, 7, da),
(a1,b1,c1,d1)(ag, ba, ca,da) = (a1, b2, ca,d2) = (4, b2, j,da),
(a1,b1,c1,d1) (a2, b2, c2,d2) = (a1,b1,c2,d2) = (i, b1, j,d2).

Hence operations - and L of V}; ; coincide. It can be shown that for every (i,j) €

X2 »» the map
‘/[Z’ﬂ - (Xr’b,rz)4 : (i>b7j> d) = (ba d)

is an isomorphism.
(vii) By Theorem 1 the map
Tz FRT (X) = (Xppr2)" t (a,b,¢,d) — (b, d)

is a homomorphism. Then V; j, (4, 5) € Xyp,2, is a class of A 4 which is a sub-

rb,rz

trioid of FRT(X) If (al,bl,cl,dl), (CLQ,bQ,CQ,dg) S V(i,j]y then (bl,dl) = (bQ,dg) =
(1,7) and

(a1,b1,c1,dr)H(az, ba, c2,d2) = (a1,b1,¢1,da) = (ar,4,¢1,7),

(a1,b1,c1,dy)(az, ba, ca,da) = (a1,b2,c2,da) = (a1,1,¢2,7),
(a1,b1,c1,d1)L(az, ba, ca,d2) = (a1,b1,c2,d2) = (a1,1,¢2,7).

Hence operations - and L of V(Z-,j] coincide. Clearly, for every (i,j) € X,p,. the
map
Vies) = (Kizgt) 2 (@5 = (a,0)
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is an isomorphism.
(viii) By Theorem 1 the map

Trorz  FRT(X) = (Xpp02)" ¢ (a,b,¢,d) — (c,d)

is a homomorphism. Then V; ), (4,5) € Xyp,2, is a class of A+ which is a sub-

rb,rz
trioid of FRT(X) If (al,bl,cl,dl), (ag,bg,CQ,dg) € V[i,j)y then (Cl,dl) = (Cg,dg) =
(i,j) and
(a17b17cl7d1)_|(a27b27627d2) = (a17b17clud2) = (a17b17i7j )

)
(CLl,bl,Cl,dl)l_(CLQ,bQ,Cg,dg) = (a17b27027d2) = (CLl,bQ,i,j),
(a1,b1,c1,d1) (a2, b2, co,d2) = (a1,b1,c2,d2) = (a1,b1,7, j)

)

S Xrb,rz the

Hence operations - and L of V}; ;) coincide. Evidently, for every (i, j
map
Vv[i,j) - (AXVlz,rb)_| : (CL, b,’L,]) = (CL, b)
is an isomorphism. O

References

[1] Lopay J.-L., RoNco M.O. Trialgebras and families of polytopes. Contemp. Math., 2004,
346, 369-398.

[2] LopAy J.-L. Dialgebras. Dialgebras and related operads, Lect. Notes Math., 1763, Springer-
Verlag, Berlin, 2001, 7—66.

ZuucHOK A.V. Dimonoids. Algebra and Logic, 2011, 50, No. 4, 323-340.

ZHUCHOK A.V. Trioids. Asian-Eur. J. Math., 2015, to appear.

MCcLEAN D. Idempotent semigroups. Amer. Math. Monthly, 1954, 61, 110-113.

ZHUCHOK A.V. Dibands of subdimonoids. Mat. Stud., 2010, 33, 120-124.

ZHUCHOK A.V. Semilattices of subdimonoids. Asian-Eur. J. Math., 2011, 4, No. 2, 359-371.

e N N S )

S G )

ZHUCHOK A.V. Free rectangular dibands and free dimonoids. Algebra and Discrete Math.,
2011, 11, No. 2, 92-111.

[9] ZHucHOK A.V. Tribands of subtrioids. Proc. Inst. Applied Math. and Mech., 2010, 21,
98-106.

[10] CLIFFORD A.H. Bands of semigroups. Proc. Amer. Math. Soc., 1954, 5, 499-504.

[11] ZHUCHOK A.V. Some congruences on trioids. Journal of Mathematical Sciences, 2012, 187,
No. 2, 138-145.

YuLiia V. ZHUCHOK Received December 10, 2014
Department of Algebra and System Analysis

Luhansk Taras Shevchenko National University

Gogol square, 1, Starobilsk, 92700, Ukraine

E-mail: yulia.mih@mail.ru



