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Lower bound on product of binomial coefficients
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Abstract. We give a lower bound on a product of binomial coefficients, connected
with primality proving or construction of high multiplicative order elements in finite
fields.
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1 Introduction and Preliminaries

Let m be a positive integer. The problem of finding such integers d−, d
(0 ≤ d− ≤ d < m) that the product of binomial coefficients

C(d−, d) =

(

m

d−

)(

d

d−

)(

2m − d− − d − 1

m − d − 1

)

(1)

is large, appears in the following two cases.

1. AKS primality proving algorithm optimization.
Efficient primality tests (determining whether a given number is prime or com-

posite) are needed in applications: a number of cryptographic protocols use big
prime numbers.

In 2002 M. Agrawal, N. Kayal and N. Saxena [1] presented a deterministic poly-
nomial time algorithm AKS that determines whether an input number n is prime or
composite. It was proved [3] that AKS algorithm runs in (log n)7.5+o(1) time. Sig-
nificantly modified versions of AKS [3, 4] are also known with (log n)4+o(1) running
time. The algorithm in [3] uses a notion of certificate for an integer n. It is proved
that if we have found the certificate for an integer, then this integer is a power of a
prime. Then it is easy to decide if the integer is prime. During the certificate finding
an essential point is to verify an inequality, for which it is necessary to calculate an
expression of the form (1). We choose numbers d−, d to construct the certificate.

2. Construction of high multiplicative order elements for finite field extensions.
The problem of constructing efficiently a primitive element for a given finite

field is notoriously difficult in the computational theory of finite fields. That is why
one considers less restrictive question: to find an element with high multiplicative
order [8, 9]. It is sufficient in this case to obtain a lower bound on the order. High
order elements are needed in several applications. Such applications include but are
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not limited to cryptography, coding theory, pseudorandom number generation and
combinatorics. The problem is considered both for general and special finite fields.

General extensions are considered in [7,13]. For special finite fields, it is possible
to construct elements which can be proved to have much higher orders. Extensions
connected with a notion of Gauss period are considered in [2,10]. Extensions based
on Kummer polynomials are considered in [5, 6, 11].

Fq denotes finite field with q elements. According to [6, Lemma 2.1] we have the
following lemma for extensions on a base of Kummer polynomials.

Lemma 1. Let q be a prime power. Let m be a positive divisor of q− 1. Let xm −a
(a ∈ F ∗

q ) be an irreducible polynomial in Fq and θ be one of its roots in the extension
Fqm = Fq[x]/(xm − a). Then for any b ∈ Fq the element θ + b has the multiplicative
order at least D = max

0≤d
−
≤d<m

C(d−, d).

One can see that the product of the form (1) is present in Lemma 1. Therefore,
the problem of product (1) maximization is important. It is shown in [3] that
approximately for d ≈ m/2 and d− ≈ 0, 2928m we have C(d−, d) ≈ 5, 8284m. Note
that the value 5, 8284m is not a lower bound on D, but only some approximate value.
Indeed, consider the following numerical examples.

For m = 37, maximum D is achieved at d− = 10, d = 17 and is equal to
D = C(10, 17) ≈ 2, 81 · 1025 . We do not compute precise integer value of D, because
we only need to compare it with (5, 8284)37 = 2, 12 · 1028. For m = 511, we have
D = C(149, 254) ≈ 4, 17 · 10386. At the same time, (5, 8284)511 = 1, 57 · 10391.

From the point of view of applications (in particular, cryptography) an exact
theoretical lower bound on D is desired. We give in the paper such explicit lower
bound on maximum of the product (1) of binomial coefficients. In particular, bounds
on binomial coefficients from [12] are used. The following inequality for binomial
coefficients has been obtained in [12, Theorem 2.8, inequality (2.12)].

Lemma 2. If r, s, t are integers with the conditions s > r ≥ 1 and t ≥ 2, then
(

st

rt

)

> (1/
√

2π) · er−1/(8t) · t−1/2 ss(t−1)+1

(s − r)(s−r)(t−1)−r+1 · rrt+1/2
. (2)

For r = 1 we have the following corollary from inequality (2) [12, Corollary 2.9,
inequality (2.13)].

Corollary 1. For s > 1 and t ≥ 2 the following inequality holds:
(

st

t

)

> (1/
√

2π) · e1−1/(8t) · t−1/2 ss(t−1)+1

(s − 1)(s−1)(t−1)
. (3)

Lemma 3. The following equalities are true for binomial coefficients:
(

u

v

)

=
u

u − v

(

u − 1

v

)

, (4)

(

u

v

)

=
u

v

(

u − 1

v − 1

)

. (5)
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Proof. To prove (4) note that
(u
v

)

= (u−v+1)·...·u
1·2·...·v and

(u−1
v

)

= (u−v)·...·(u−1)
1·2·...·v . The

observation that
(u−1
v−1

)

= (u−v+1)·...·(u−1)
1·2·...·(v−1) allows to prove (5).

2 Main result

We give below in Theorem a lower bound on the maximum D of the product (1)
of binomial coefficients. The proof of the theorem uses inequalities (2) and (3) from
respectively Lemma 2 and Corollary 1.

Theorem 1. Put h = 4 · 55/4/33/2. For m ≥ 8 the following lower bound holds:

D >
hm

30m3/2
. (6)

Proof. Take k = m mod 4, d− = (m − k)/4, d = (m − k)/2. Show first that for
k ∈ {0, 1, 2, 3}

(

m

d−

)

=

(

m

(m − k)/4

)

> β(k)

(

m − k

(m − k)/4

)

, (7)

where β(0) = 1, β(1) = 32
25 , β(2) = 16·14

13·11 , β(3) = 32· 28·24
27·23·19 .

β(0) = 1 is clear. For k = 1, apply (4) to the left side of (7):

(

m

(m − 1)/4

)

=
4m

3m + 1

(

m − 1

(m − 1)/4

)

.

Since, for m ≥ 8, the inequality 4m
3m+1 ≥ 32

25 holds, we have the above-mentioned

β(1). For k = 2, apply (4) subsequently 2 times:

(

m

(m − 2)/4

)

=
4m

3m + 2

(

m − 1

(m − 2)/4

)

,

(

m − 1

(m − 2)/4

)

=
4(m − 1)

3(m − 1) + 1

(

m − 2

(m − 2)/4

)

.

As, for m ≥ 8, the conditions 4m
3m+2 ≥ 16

13 , 4(m−1)
3(m−1)+1 ≥ 14/11 are true, we have the

foresaid β(2). For k = 3, apply (4) subsequently 3 times:

(

m

(m − 3)/4

)

=
4m

3m + 3

(

m − 1

(m − 3)/4

)

,

(

m − 1

(m − 3)/4

)

=
4(m − 1)

3(m − 1) + 2

(

m − 2

(m − 3)/4

)

,

(

m − 2

(m − 3)/4

)

=
4(m − 2)

3(m − 2) + 1

(

m − 3

(m − 3)/4

)

.

Since, for m ≥ 8, the inequalities 4m
3m+3 ≥ 32

27 , 4(m−1)
3(m−1)+2 ≥ 28

23 and 4(m−2)
3(m−2)+1 ≥ 24

19

hold, we obtain the aforementioned β(3).
Show now that

(

2m − d− − d − 1

m − d − 1

)

=

(

2m − 3(m − k)/4 − 1

m − 2(m − k)/4 − 1

)

> δ(k)

(

5(m − k)/4

2(m − k)/4

)

, (8)
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where δ(0) = 1
3 , δ(1) = 39

25 , δ(2) = 21·19·17
8·13·11 , δ(3) = 5·41·37·33·29

2·14·27·23·19 .

For k = 0, apply (5) to the left side of (8):

(

5m/4 − 1

2m/4 − 1

)

=
2m/4 − 1

5m/4 − 1

(

5m/4

2m/4

)

.

As, for m ≥ 8, the condition 2m/4−1
5m/4−1 ≥ 3

9 is true, we have δ(0) = 1
3 . For k = 1, apply

the equality (4):

(

5(m − 1)/4 + 1

2(m − 1)/4

)

=
5(m − 1)/4 + 1

3(m − 1)/4 + 1

(

5(m − 1)/4

2(m − 1)/4

)

.

Since, for m ≥ 8, the inequality 5(m−1)/4+1
3(m−1)/4+1 ≥ 39

25 holds, we have the aforesaid δ(1).

For k = 2, first apply (5):

(

5(m − 2)/4 + 3

2(m − 2)/4 + 1

)

=
5(m − 2)/4 + 3

2(m − 2)/4 + 1

(

5(m − 2)/4 + 2

2(m − 2)/4

)

.

Then apply (4) subsequently 2 times:

(

5(m − 2)/4 + 2

2(m − 2)/4

)

=
5(m − 2)/4 + 2

3(m − 2)/4 + 2
· 5(m − 2)/4 + 1

3(m − 2)/4 + 1

(

5(m − 2)/4

2(m − 2)/4

)

.

For m ≥ 8, since 5(m−2)/4+3
2(m−2)/4+1 ≥ 21

8 , 5(m−2)/4+2
3(m−2)/4+2 ≥ 19

13 and 5(m−2)/4+1
3(m−2)/4+1 ≥ 17

11 are true,

we obtain the foregoing δ(2). For k = 3, first apply (5) 2 times:

(

5(m − 3)/4 + 5

2(m − 3)/4 + 2

)

=
5(m − 3)/4 + 5

2(m − 3)/4 + 2
· 5(m − 3)/4 + 4

2(m − 3)/4 + 1

(

5(m − 3)/4 + 3

2(m − 3)/4

)

.

Then apply (4) subsequently 3 times:

(

5(m − 3)/4 + 3

2(m − 3)/4

)

=
5(m − 3)/4 + 3

3(m − 3)/4 + 3
·5(m − 3)/4 + 2

3(m − 3)/4 + 2
·5(m − 3)/4 + 1

3(m − 3)/4 + 1

(

5(m − 3)/4

2(m − 3)/4

)

.

For m ≥ 8, since 5(m−3)/4+5
2(m−3)/4+2 ≥ 5

2 , 5(m−3)/4+4
2(m−3)/4+1 ≥ 41

14 , 5(m−3)/4+3
3(m−3)/4+3 ≥ 37

27 , 5(m−3)/4+2
3(m−3)/4+2 ≥

33
23 and 5(m−3)/4+1

3(m−3)/4+1 ≥ 29
19 hold, we have the forementioned δ(3).

Combining (7) and (8), we obtain that for k ∈ {0, 1, 2, 3} and n = m − k the
following inequality holds

D > β(k)δ(k)

(

n

n/4

)(

n/2

n/4

)(

5n/4

2n/4

)

. (9)

Now we give, using inequalities (2) or (3), lower bounds on each binomial coeffi-
cient on the right side of (9). Applying the inequality (2) to the first coefficient on
the right side of (9) (in this case t = n/4, s = 4), we have:
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(

n

n/4

)

> (1/
√

2π) · e1−1/(2n)(n/4)−1/2 4n−3

33n/4−3
. (10)

Note, that t ≥ 2 must hold, that is m − k ≥ 8, and if k = 0, then m ≥ 8. Applying
the inequality (2) to the second coefficient (in this case t = n/4, s = 2), we have:

(

n/2

n/4

)

> (1/
√

2π) · e1−1/(2n)(n/4)−1/22n/2−1. (11)

Applying the inequality (3) to the third coefficient (in this case t = n/4, s = 5,
r = 2), we have:

(

5n/4

2n/4

)

>
1√
2π

· e2−1/(2n)(n/4)−1/2 55n/4−4

2n/2−4 · 33n/4+1/2
. (12)

Substituting the inequalities (10), (11), (12) in the inequality (9), and taking into
account that 1

e3/(2(m−k)) ≥ 1
e3/(2(m−3)) , 1 < e3/(2(m−3)) < 1, 35 for m ≥ 8, 1

(m−k)3/2 ≥
1

m3/2 , we obtain the bound

D >
37 · e4

105 · π3/2 · 1, 35 · β(k)δ(k)

hk
· hm

m3/2
. (13)

Since 37·e4

105·π3/2·1,35
> 0, 1588, minimal value for β(k)δ(k)

hk is at k = 3 and equals to 0,21,

the last inequality is transformed into the bound (6).

Obtained lower bound (6) on the product (1) of binomial coefficients is exact
theoretical bound and comparable with the corresponding value from [3]. Taking
into account in (6) that 5, 7556 < 4 · 55/4/33/2 < 5, 7557, we have the following
corollary.

Corollary 2. For m ≥ 8 the following inequality holds: D > 5,7556m

30m3/2 .

Clearly for big enough m the main contribution on the right side of the last inequality
is given by the term (5, 7556)m.

Remark that our result is a lower bound on D for m ≥ 8 with constant 5,7556. If
allow m to be bigger, say m ≥ 32, then one obtains similar lower bound with constant
5,8230. To achieve this, choose in the proof of the theorem d− = m/4 + m/32,
d = m/2. For m ≥ 1024, taking d− = m/4 + m/32 + m/128 + m/512 + m/1024,
d = m/2, one can obtain a bound with constant 5,8284.
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