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Abstract. We study the behavior of solutions to the problem

{ eud (t) + uc(t) + A(t)u(t) = fo(t), t€(0,T),
ue(0) = uoe,  ul(0) = ue,

in the Hilbert space H as € — 0, where A(t),t € (0,00), is a family of linear self-adjoint
operators.
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1 Introduction

Let H be a real Hilbert space endowed with the scalar product (-,-) and the
norm | - |, and V is also a real Hilbert space endowed with the norm || - ||. Let
A(t):V C H— H,te€l0,00), be a family of linear self-adjoint operators. Consider
the following Cauchy problem:

{ eud (8) +ug(t) + A(t)ue(t) = feo(t), te€(0,7),

us(0) = uge,  ul(0) = uie, (P:)

where € > 0 is a small parameter (¢ < 1), u, f- : [0,7) — H.

We investigate the behavior of solutions u. to the problems (P.) when ug. — uy,
fe — f as e — 0. We establish a relationship between solutions to the problems
(P:) and the corresponding solution to the following unperturbed problem:

{ V(t)+ A()u(t) = f(t), te(0,T),

v(0) = ug. (Fo)

If in some topology the solutions wu. to the perturbed problems (FP:) tend to
the corresponding solution v to the unperturbed problem (FPp) as ¢ — 0, then the
problem (Fy) is called regularly perturbed. In the opposite case the problem (FPp) is
called singularly perturbed. In the last case a subset of [0, c0) arises in which solutions
ue have a singular behavior relative to €. This subset is called the boundary layer.
The function which defines the singular behavior of solution u, within the boundary
layer is called the boundary layer function.
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In Theorems 5.1 and 5.2 we prove that solutions u. to the perturbed problem
(P:) tend to the solution v to the unperturbed problem Py in the norm of the space
C([0,T); H), as € — 0. At the same time in the space C*([0,T]; H) the solution u,
has a singular behavior relative to parameter € in the neighbourhood of ¢ = 0.

The problem (P:) is an abstract model of singularly perturbed problems of
hyperbolic-parabolic type. Such kind of problems arises in the mathematical mo-
deling of elasto-plasticity phenomena.

A large class of works is dedicated to the study of singularly perturbed Cauchy
problems for differential equations of second order. Without pretending to a com-
plete analysis of these works, we will mention some of them, which contain a rich
bibliography. In [9, 10, 17], some asymptotic expansions of the solutions to linear
wave equations and their derivatives have been obtained. In [1,2,4,8,15,16] non-
linear problems of hyperbolic-parabolic type have been studied. Nonlinear abstract
problems of hyperbolic-parabolic type have been studied in [5-7,12].

Unlike other methods, our approach is based on two key points. The first one is
the relationship between solutions to the problems (P.) and (FPp) in the linear case.
The second key point consists of a priori estimates of solutions to the unperturbed
problem, which are uniform with respect to small parameter . Moreover, the
problem (P:) is studied for a larger class of functions f., i.e. f. € WhP(0,T; H).
Also we obtain the convergence rate, as ¢ — 0.

In what follows we will need some notations. Let £ € N*, 1 < p < 400,
(a,b) C (=00, +0c0) and X be a Banach space. By W¥*P?(a,b; X) denote the Banach
space of vectorial distributions u € D’(a,b; X), u¥) € LP(a,b;X), j = 0,1,...,k,
endowed with the norm

Sl

[[wllyys. P(a,b;X) Z ”U HLp a,b;X) for pe[l,00),

[wllwr.co (a,bx) = = (max [uD || oo (@ pxy for p=oc.

In the particular case p = 2 we put W*2(a,b; X) = H*(a,b; X). If X is a Hilbert
space, then H”(a,b; X) is also a Hilbert space with the scalar product

k b
(u7 U)Hk(a,b;X) = Z/ (u(])(t)v U(])(t)>x dt.
i=0

For s € R, k € N and p € [1, 00| define the Banach spaces
WEP(a,b; H) = {f : (a,b) — H; fO()e™ € LP(a,b; X), 1 =0,...,k},

with the norms
HfHWSk’p(a,b;X) = ||f€_3t||Wk’P(a,b;X)'

The framework of our paper will be determined by the following conditions:
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(H1) V is separable and V C H densely and continuously, i. e.
[ul* < llull®,  YueV;

(H2) For each u,v € V the function t — (A(t)u,v) is continuously differen-
tiable on (0,00) and

(4 (t)u,v)| < aolullo], Vu,we V. Vte[0,00)

(H3) The operators A(t) : V C H— H,t € [0,00) are linear, self-adjoint and
positive definite, i.e. there exists w > 0 such that

(A(t)u,u) > wllul|>, YueV, Vte]|o,o00).

(H4) For each u,v € V the function t — (A(t)u,v) is twice continuously
differentiable on (0,00) and

|(A”(t)u,v)‘ < ailullv|, Yu,v eV, Vtel0,o0).

2 [Existence of solutions to problems (P.) and (Pp)

In [11] the following results concerning the solvability of problems (P:) and (FPp)
are proved.

Theorem 2.1. Let T > 0. Let us assume that the conditions (H1), (H2) and (H3)
are fulfilled. If ug- €V, u1. € H and f. € L?(0,T; H), then there exists the unique
function u. € W22(0,T; H)(VL*(0,T;V), A(-)uc € L?(0,T;H) (strong solution)
which satisfies the equation a.e. on (0,T) and the initial conditions from (P:).

If, in addition, w1 € V, f-(0) — A(Q)up. € V, f. € W2Y0,T;H), then
A()ue € WH2(0,T; H) and u. € W32(0,T; H)\WL2(0,T; H).

Theorem 2.2. Let T > 0. Let us assume that the conditions (H1), (H2) and (H3)
are fulfilled. If ug- € H, and f- € L*(0,T; H), then there exists the unique function
u. € W22(0,T; H)(L?(0,T; V) which satisfies a.e. on (0,T) the equation and the
initial conditions from (Fp).

3 A priori estimates for solutions to the problem (FP:)

In what follows, we will give some a priori estimates of solutions to the prob-
lem (P:).

Lemma 3.1. Let us assume that conditions (H1), (H2) and (H3) are ful-
filled. If up: € V, u1- € H and f. € L*(0,00; H), then there exists a constant
C = C(y,a9,w) > 0 such that for every solution u. to the problem (P:) the estimate

lluelleqo, g:m) + 1A (Yuellz2o, gomy < C Moe, Ve € (0,50), ¥E=0  (3.1)
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1s valid, where
) w
Mo. = |AY2(0)ue] + elere] + 1 fell20.cstrys S0 = min {1, m}

If, in addition, ui. € V and f. € WH2(0,00; H) then

||ula||C([0,t];H) + ||A1/2(')uf€||L2([0,t};H) <C M, Ve € (0760)7 vt > 0, (32)

M. = [A(0)uoe| + |A1/2(0)u1€| + ||f€||W1v2(O,oo;H)'
Proof. Proof of estimate (3.1). Denote by

Blu,t) = 2l ()P + Su(t)? +=( Aty —1—5/ W (7)2dr

+a( ) / (A ) (3.3)

For every strong solution u. to problem (FP.) we have

B 1) = 22 (0, L 0)) + (w(0) ue()) + 22(A(D)ue (1), (1)

e (A (Hue(t), ue(t)) + eluc ()] + elul () + e (ul (8), ue(t)) + (A(t)uc(t), ue(t))
= 2e(ul(t), fo(t) — ul(t) — A(t)ue(t)) + (ul(t), ue(t))

+2e (A(t)ue(t), ul(t)) + e (A ()ua(t), us (1)) + 2eul (t)* + (A(t)us(t), u(t))

+(ue(t), fo(t) — uL(t) — At)us(t))

= (fot),ue(t) + 2eul(t)) +e(A'(t)ue(t), uc(t)), V> 0.

Thus

%E(ueat) = (fe(t)aue(t) +25u (t )) +5(A,( Jue(t), ue(t)) vt > 0.

Integrating on (0,¢) we get

E(ue,t) = E(u,0) + (fs(T),’LLE(T) + 2€u'5(7')) dr
0
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25/ ‘fa(T)Hué(T)‘dTSsz/ |u’€(7)‘2d7+/0 |f5(7')\2d7',

/‘A/ Yue (T), ue (T ‘d7'< a7 . /O(A(T)ug(T),ug(T))dT, vt > 0.

Thus

. w
B(ue,t) < C(3,a0,0) | Eltte, 0)+ 1| fel B g |- ¥ = 0, ¥0 < & < g = min {1, o 3

Using the Brézis’ Lemma (see, e.g., [13]), the estimate (3.1) is a simple conse-
quence of the last inequality.

The proof of estimate (3.2) is similar to the proof of (3.1) if we denote by y. = ul,
which is the solution to the problem

(0 +42(0) + AD-(E) = S2(6) — ABuc(t), 1€ (0,%0)
y(0) = uiey 9(0) = < (£:(0) =i — A(O)uo-).

Let u. be the strong solution to the problem (P.) and let us denote by
ze(t) = ul(t) + hee 5, o= £2(0) — u1e — A(0)ug.. (3.4)
Similarly to Lemma 3.1, for the function z. we obtain the following result:

Lemma 3.2. Let us assume that conditions (H1)—(H4) are fulfilled. If
f-(0) — A(O)uge, u1e € V and f. € W2(0,00; H), then there exist constants
C =C(y,w,a9,a1) >0 and g9 = eo(v,w,ag,a1) € (0;1) such that for z, defined by
(3.4), the estimate

1420zl et + [l i < OMes Vo€ @), Wiz0, - (35)
is valid, where

M = |AY?(0)(f=(0) = A(0)uoe ) |+ A2 (0)ure |+ A he | 2 0,00:00) | fel w22 (0,00 m)-

4 The relationship between the solutions to the problems (P:)
and (F,) in the linear case

Now we are going to present the relationship between solutions to the problem
(P.) and the corresponding solutions to the problem (Fp). This relationship was
established in the work [14]. To this end we define the kernel of the transformation
which realizes this relationship.

For € > 0 denote

K(t,7¢) =

1
2ﬁ€ (Kl(t77—7€) + 3K2(t77—7 6) - 2K3(t77—7€))7
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where 3t — 27\ (2—T
Kl(t,T,E):exp{ " })\( 2\/€_t),
Ky(t,1,e) = exp{3t 1667—}/\<22t\7€_;—),
Ks(t,1,e) = exp{g})\(;j/_&;), A(s) = /:O e~ dn.

The properties of kernel K (¢, 7,¢) are collected in the following lemma.
Lemma 4.1. The function K(t,T,e) possesses the following properties:
(i) K € C(]0,00) x [0,00)) N C?((0,00) x (0,00));
(ii) Ky (t,7,e) =eK r(t,1,¢) — K, (t,7,¢), Yt>0, V7>0;

(iii) eK,(t,0,¢) — K(t,0,6) =0, Vt>0;

1
(iv) K(0,7,¢) = 2—€eXp{ — %}, V7T > 0;

(v) For everyt > 0 fized and every q,s € N there exist constants Cy(q, s,t,e) > 0
and Cs(q, s,t) > 0 such that

|0F0LK (t,7,)| < Ci(g,s,t,¢) exp{—Calq, s, t)T/e}, V7 >0;

Moreover, for v € R there exist C1,Cy and €y, all of them positive and de-
pending on 7y, such that the following estimates are fulfilled:

/ e’ ‘Kt(t,T, a)| dr < Cie'e®?t, Vee (0,e0], Vt>0,
0

/ e’ |KT(t,7', 5)| dr < Cre e Vee (0,e)], Vt>0,

0

/ e |K—r7—(t,7', a)| dr < Cre 2e%?, VYee (0,g)], Vt>0;
0

(vi) K(t,7,e) >0, Vt>0, Yr>0;

(vii) For every continuous function ¢ : [0,00) — H with |p(t)| < M exp{yt} the
following equality is true:

lim ‘/ K(t,T,e)gp(T)dT—/ e Tp(2eT)dr| =0, for every e € (0, (27)_1);
0 0

t—0

(viii)
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Let v > 0 and q € [0,1]. There exist C1,Co and £y all of them positive and
depending on v and q, such that the following estimates are fulfilled:

/ K(t,1,e) V|t — 7|%dr < C, %2t Y2 Ve € (0,e0], V> 0.
0
If v <0 and q € [0,1], then

/ K(t,7’,6)e'”|t—7’|qd7'§064/2(1—|—\/¥)q, Ve € (0,1], Vt>0;
0

Let p € (1,00] and f : [0, 00) — H, f(t) € WP(0,00; H). If v > 0, then
there exist C1,Co and g all of them positive and depending on v and p, such

that o
— / K(t,T, E)f(T)dT‘
0

< Cr e |12 (0,003my €7V, Ve € (0,2), VE>0.

If v <0, then .
—/ K(t,T,e)f(T)dT‘

<O(7 p) ||f HLP(OOOH (1+\/_) (p 1/2p Ve € (07 1]7 \V/tZO

For every ¢ > 0 and a > 0 there exists a constant C(q, ) > 0 such that

t o]
/ / K(7,0,¢) e—10/¢ T —0|*dfdr < C(q,a) '™, Ve > 0, Vt > 0;

Let f € Wa}’oo(O,oo;H) with v > 0. There exist positive constants C1,Cy and
€g, depending on vy, such that

| / Ki(t,7,2)f (F)dr| < Cr e f' e 0 orrnys Ve € (020], V> 0.
0

Theorem 4.1. Let us assume that operators A(t),t € [0,00), verify conditions
(H1)—(H3) and f. € LP(0,00; H) for some v > 0. If uc is the strong solution

to the problem (P:), with u. € W2°°(0 oo; H) N L (0,00; H), Au. € L5(0,00; H),
then for every 0 < e < (4y)~! the function we, deﬁned by

= /OO K(t,1,¢) us(1)dr,
0

is the strong solution in H to the problem

L(t) + A we(t) = Fy(t,e) + /OOO K(t,1,e) [A®t) — A(T)]uc(7) dr, a. e. t > 0,
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Rit.e) = e {2 (1) AGy D+ [ Kre £y
Ve = /OOO e T ug(2eT) dr.

5 Limits of solutions to the problem (P.) ase — 0

In this section we will prove the convergence estimates for the difference of so-
lutions to the problems (P:) and (Fp). These estimates will be uniform relative to
small values of the parameter e.

Theorem 5.1. Let T > 0. Let us assume that operators A(t), t € [0,00), satisfy
conditions (Hl)i(H?’) If ug, Uge, ue € V and fv fe € W172(07T; H)} then there
exist constants C = C(T,~,ap,w) > 0, g9 = €9(7, ag,w), €0 € (0,1), such that

|[ue = vllc(o,75:m)

<C (M(Tv Uoe, ure, f2) €+ Juge — uol + || £z — f||L2(O,T;H)),V5 € (0,e0), (5.1)

where us and v are strong solutions to problems (P-) and (Py) respectively,
M (T uge, wae, f2) = |A(0)uoe | + [AY2(0)ur.| + I fellwrz0.7,m)-

Proof. During the proof we will agree to denote constants C = C(T,~,ap,w),
M(T, upe, u1e, fe) and g = €o(y, ag,w) by C, M and ¢, respectively.

If f, f. € WFP(0,T; H) with k € N and p € (1,00], then f, fo € C([0,T]; H)
(see, for example, [3]). Moreover, there exist extensions f, f. € W*P(0, 00; H) such
that ~ ~

1 llco,00):m) + | FIlwp0,00) < C(Tsp) [ Fllwn o8
< = (5.2)
[ felle(o,00): ) T I fellwrr 0,000y < C(Ts0) | fellwrn o1 m0)-

Let us denote by @, the unique strong solution to the problem (P:), defined on
(0,00) instead of (0,T) and f. instead of f..

From Lemma 3.1 it follows that @. € W?2%(0,00;H)N L>(0,00; H),
A()tae € L*°(0,00; H). Moreover, due to this lemma and inequalities (5.2), the
following estimates hold

luelloqo, gy + A2 (el 2o, gy < C M, Ve € (0,80, Yt >0, (5.3)

||ué||C([0,t};H) + ||A1/2(')u/e||L2([O,t];H) <CM, Vee (0750]7 vt > 0. (54)
By Theorem 4.1, the function w,. defined by

we(t) = /000 K(t,7,e)u:(r)dr,
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is the strong solution in H to the problem

{ wl(t) + A(t)we(t) = F(t,e), a.e. t>0, (55)

we(0) = wo,

for every ¢ € (0,ep), where

F(t,e) = fo(t,e)ure + /OOO K(t,T,¢) fE(T) dr + /OOO K(t,T,¢) [A(t) — A(T)]’U,E(T) dr,

i) = =ze {TI(2) -2 Gy
wp = /000 e T u.(2eT) dr.

Using properties (vi), (viii), (x) from Lemma 4.1, and the estimate (5.4), we obtain
that
\ltie — welleo, g,y < C MY, Ve € (0,e), V0. (5.6)

Denote by R(t,e) = 9(t) — w.(t), where ¥ is the strong solution to the problem (F)
with f instead of f, T'= oo and w, is the solution of (5.5). Then

R'(t,e) + A(t)R(t,e) = F(t,e) + /OO K(t,7,¢) [A(t) — A(T)]ue(7) dr, ae. t >0,
R(0,¢) = R, ’

where Ry = ug — wg and
Flte) =0 - [ Kltmain) = foto)ure
0
Taking the inner product in H by R and then integrating, we obtain
‘2

|R(t,e)|? +2/t (AW(S)R(S,E) ds < |R(0,¢)[?
0

+2/0 |F(s,e)| |R(s,e)|ds

+2 /Ot /OOO K(s,T,¢) ([A(s) — A(T)]ua(T),R(S,E))deS, vt > 0.

Using condition (H2) and the property (ix) from Lemma 4.1 we get

|R(t,e)|* + 2/t (A1/2(S)R(s,e)(2 ds < |R(0,¢)[?
0

t
+2/ (1F(s.2)l +OMEP) (s, ) ds, W20, Vee(Oz).  (57)
0
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Applying Brézis’ Lemma to (5.7), we get
t 9 1/2
|R(t,e)| + ( / (A1/2(t)R(s,a)( ds)
0
t
< V2|R(0,¢)| + x@/ (yf(s,s)y + CM€1/2) ds, Vt>0, Vee(0,g). (5.8)
0
From (5.4) it follows that
o] 00 2eT
|Ro| < ’UOa_U0’+/ e |t (2e7) —uge | dr < ]u05—u0]+/ e_T/ |aL(s)| ds dr
0 0 0

o0
§|u0€—u0|—|—C’6M/ e T dr < Juge — uo| + C Me, Ve € (0,). (5.9)
0

In what follows we will estimate |.7-" (t, z—:)‘ Using the property (x) from Lemma 4.1
and (5.2), we have

Fo - [ Ko L] <10 - RO+ R0 - [ Kene

< |f@t) = -0+ CT )| fll oo 1y €4, Ve € (0,60), VEE [0,T].  (5.10)

Since
eANVT) < C, V1 >0,

the estimates

/texp{i—;—}/\<\/§>d7§C€/006_T/4d7'§05, vVt >0,
0 0
/;A(%\/;)ah'ga/ow A(%ﬁ)dTﬁCe, Vvt >0,

are true. Then
t
(/ folr,2) dT‘ <Ce Vee(0,2), V>0 (5.11)
0

Using (5.2), (5.10) and (5.11) we obtain
t
/ (1F(s.2)| +C M?) dr
0

gC<M51/4+Hfa—fHLz(OvT;H)), Ve € (0,2), Vte[0,T). (5.12)

From (5.8), using (5.9) and (5.12) we get the estimate

| Rllcqo, 4: ) + A2 Rl 20 1.0)
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< C<M51/4+ luoe — o + Hfa—fHLp(o,T;H)), Ve € (0,e0), Wtel[0,T]. (5.13)

In the consequence, from (5.6) and (5.13) we deduce
[te — 0lle(o,q,m) < e — welloo,g;m) + [1Rlleqo,:m)

<C <M€1/4 + |’LL0€ - ’LL(]| + ||f€ - f||L2(O,T;H))7 Ve € (0750)7 vt € [07T] (514)

Since uc(t) = U:(t) and v(t) = 0(t), for all ¢t € [0,T], then the estimate (5.1) follows
from (5.14). O

Theorem 5.2. Let T > 0. Let us assume that operators A(t),t € [0, 00), satisfy con-
ditions (H1)—(H4). If ug, uge, A(0)uge, uie, f=(0) € V and f, f- € W*2(0,T; H),
then there exist constants C = C(T,w,~,ag,a1) > 0, €9 = e9(w, "y, ap,a1), €9 € (0,1),
such that

Jul — o' + hae_tkHC([o,T} JH)

< c (MI(T7 Uoe, Ule, f€) 61/4 + De)v Ve € (0750)7 (515)

where us and v are strong solutions to problems (P.) and (Py) respectively,
he = fe(o) — Ule — A(O)’LL(]g,

My = |AY?(0) f2(0)|+] A% (0)uoe [+ A2 (0)ure 4[| A he | 20,005y fol lw22(0,00:):

D = ||fe = fllwr.2(0,7; 1) + [Ao(uoe — uo)l-

Proof. In the proof of this theorem, we will agree to denote the constants
C=C(T,w,vy,a0,a1) >0, eg = g9(w, 7, ap,a1) and Mi(T, ugpe, uie, f-) by C, ¢ and
M; respectively. Also we preserve for o(t), @ (t), f(t) and f.(t) the same notations
as in Theorem 5.1.

By Lemma 3.2, we have that the function

Z(t) = aL(t) + hee Y, with h. = f(0) — w1 — A(0)uqe,
is the solution to the problem

{ eZ/(t) + 2L(t) + A(t)z.(t) = F(t,e), t>0,
26(0) = fe(o) - A(O)UOa 22(0) = 0)

where
F(te) = fL(t) — A'(t)ic(t) + e/ A(t)he

and
145" )z Nleo, 0. + 1N 20 iy < C Ma, Vi >0 (5.16)

Since zL(0) = 0, from Theorem 4.1, the function ws.(t), defined by

wi.(t) = /O T Kt 7o) 5 (r) dr, (5.17)
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satisfies in H the following conditions

{ wi (t) + At)wic(t) = Fi(t,e), a.e. t>0,
wle(o) = Ple,

for every 0 < € < gg, where

Fi(t,e) = /0 - K(t,7e)fl(r)dr — /0 - K(t,7,¢) A (7). (1) dr
+ /0 K(t,7,¢) e T/ A(T)hedr + /0 K(t,m,e) [At) — A(7)] 2(1) dr,

[ee]
90152/ e " Z:(2eT) dr.
0

Using (5.17), the properties (vi), (viii) and (ix) from Lemma 4.1 and (5.16), we get
the estimate

|Z:(t) — wie(t)| < /OOO K(t, 7€) |Z(t) — zZ-(7)| dT

o0 t 0o
< [Tkt [ @l ale<om [T Kenol-
0 T 0

<C MY, vee (0,e0), Vt>0,
which implies
< CM e, Vee (0,6), Vi>0. (5.18)

|22 — wie| ‘C’([O,t};H)

Let vi(t) = ¥/(t), where ¢ is the strong solution to the problem (P,) with f
instead of f and T = cc.

Let us denote by Ry(t,e) = vi(t) — wi-(t). The function Ry(t,e) verifies in H
the following problem

{ Rll(tﬁg) + A(t)Rl (t7€) = fl(t7€)a t> 07
R1(0,¢) = Ryo,

where
Rig = f(0) — Agug — ¢1c,

Filt,e) = f(t) — /0 - K(t,7e)f/(r)dr + /0 - K(t,7,¢) A (7)ae(r) dr — A'(t)v(t)

_ /OO K(t,7,¢) e T/°A(r)hedr — /OO K(t,7,¢) [At) — A(T)]) (7)) dr.  (5.19)
0 0

Using the properties (viii), (ix) from Lemma 4.1 and the inequalities (5.2), we get

o - [ Ko i



LIMITS OF SOLUTIONS TO THE SINGULARLY PERTURBED ABSTRACT ... 61

<170 - o)+ [ T K(tre) ) - F0)| dr

<170 = PO+ 171220 00 ) /0 K(t,76) [t —7]Y2dr < |7'(t) — FL(0)

+C(T) 1M 20.7 1y €%, Ve € (0,20), ¥t € [0,T7. (5.20)
Taking the inner product in H by R; and then integrating, we obtain

Ryt o) +2/Ot (Alﬂ(s)Rl(s,g)f ds = | R(0,)[?

+2 /Ot (,7-"1(3,5),R1(s,5))ds, vt > 0. (5.21)

Using the properties (viii), (ix) from Lemma 4.1, conditions (H2), (H4), estimates
(5.1), (5.3) and (5.4) we get

— /OO K(s,T,¢) ([A/(T) — A'(s)]us(r)dr, Rl(s,g))dﬁ-
0
+ /0 K(s,T,¢) <A/(S)[@a(7) — uc(8)] ,R1(375)>d7
+ /Ooo K(s,T,¢) (A/(S)[ﬂa(s) — U(S)]731(8,5)>d7

< O (MeY2 4 MeY* + fuoe — | + 1S = Fllzzorian) ) [Fas,€)]

<C <M€1/4 + |uoe — uol + [|fe — f||L2(o,T;H)> |Ra(s,€)|, (5.22)

for every € € (0,¢¢) and for all s € [0,¢].
Using the property (xi) from Lemma 4.1, we can state

t 00
/ / K(s,7,¢) e T/?|A(T)he|drds < C Mye, Ve >0, Vt>O0. (5.23)
0o Jo

Using the properties (viii), (ix) from Lemma 4.1, condition (H2) and estimate
(5.16) we get

/Ooo K(s,7,¢) ( [A(s) — A(T)]EE(T),Rl(375)> dr

<CM El/z‘Rl(s, £)
For Ry, due to (5.16), we have

, Ve e (0,e0). (5.24)

[Rio| < [£(0) — fo(0)| + [Ao(uo — uoe)| + /000 e " |Z:(2eT) — Z(0)| dr
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2eT
< [£(0) — (0 )\+\A0U0—u05\+/ / o) ds dr
<[£(0) = fe(0)] + [Ao(uo — uoe)|
+CM1€/ Te T2 dr < CD.+C Mg, Vec (0,g]. (5.25)

0

Applying Lemma of Brézis to (5.21) and using estimates (5.22), (5.23), (5.24), (5.25),
we get
1/2
[Ba(t,€)| + 146" Ral 20,51

< C (Mi(T,we, wne, )4 4+ D.), Ve € (0,20), (5.26)

which together with (5.18) implies (5.15). O

6 An example

Let 2 C R™ be an open bounded set with smooth 0f2. In the real Hilbert space
L?() with the scalar product

we will consider the following Cauchy problem

{ €0? ug(x,t) + Oy uc(x,t) + Az, t)us (x,t) = f(z,t), z€Q, t>0, (6.1)

ue(x,0) = upe(z), Oruc(x,0) = uie(x)

where D(A(-,t)) = HX(Q) N H} (), t€[0,00),

Az, tu(z) = — Z Ox, (aij(x, )0z, u(x)) + a(z, t)u(z), u € D(A(,t)), Vt € [0,00),

ij=1
aij('7t) € Ol(ﬁ)v a('7t) € 0(5)7 vt € [0700)7 (62)
a(x,t) >0, aj(z,t) =aj(z,t), €, Vtel0,00), (6.3)
Y aii(@)&& > alEff, weQ, LER", ag>0. (6.4)
ij=1

a;j(x,-), a(x,-) are continuously differentiable on (0,00), 0:a;;(z,-),0wa(x,-) are
bounded on [0, c0) and

dai;(-,t) € CHQ), da(-,t) € C(Q), Vt € [0,00), (6.5)

aij(x,-),a(z,") are twice continuously differentiable on (0,00), d%a;;(x,-), dfa(x,-)
are bounded on [0, c0), and

dtaij(-,t) € C1(Q),0%a(-,t) € C(Q), VYt € [0,00). (6.6)
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In conditions (6.2)—(6.3) the operators A(t), Vt € [0, 00), are positive and selfadjoint.
Let us now consider the unperturbed problem associated to the problem (6.1)

(Bt + aaip=1wn, s<0 t>0 6

v(x,0) = ugp(x).
Using Theorem 5.1 we obtain the following theorem.

Theorem 6.1. Let 2 C R™ be an open bounded set with smooth 02. Let T > 0.
Suppose that conditions (6.2) — (6.5) are fulfilled. If ug, uge,u1- € H*(Q) N HE(Q),
f,f- € WH2(0,T; La(R2)), then there exist constants eg = o(7,a0,w) € (0,1) and
C=C(T,n,vy,ap,w) >0 such that

e — vlleo,m;L2(9)

<C <M€1/4 + ‘UOE — U0| + Hfa - fHLz(QT;LQ(Q))), e € (0,eq], (6.8)

where ue and v are the strong solutions to problems (6.1) and (6.7), respectively, and
M = !A(O)u05| + ‘Al/z(o)ula’ + HfaHWL?(O,oo;LQ(Q))-
Using Theorem 5.2 we obtain the following theorem.

Theorem 6.2. Let 2 C R™ be an open bounded set with smooth 02. Let T > 0.
Suppose that conditions (6.2) — (6.6) are fulfilled. If

U, Uoe, A(0)uge, ure, £(0), f2(0) € HA(Q) N H(Q), f, f- € WH2(0,T; Ly (Q)),

then there exist constants g = eo(wo,w1) € (0,1) and C = C(T,n,wp,w1) > 0 such
that

|l — ' + hoe <C (1\71 e/ IDE), (6.9)

t

: HC([O,T]; La(Q))
where v and u. are the strong solutions to problems (6.1) and (6.7), respectively,
he = fe(0) —u1e — A(0)uge,

135 = Hf5 - fHW1v2(O7T;H3(Q)) + |A0(u05 - UO)‘a

My = [AY2(0) £ (0)| + | A¥2(O)uo | + [ A2 O)ure] + [A@)he | + || £ [ y2.200. oo 13-
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