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Limits of solutions to the singularly perturbed abstract

hyperbolic-parabolic system

Andrei Perjan, Galina Rusu∗

Abstract. We study the behavior of solutions to the problem
{

εu′′

ε (t) + u′

ε(t) + A(t)uε(t) = fε(t), t ∈ (0, T ),
uε(0) = u0ε, u′

ε(0) = u1ε,

in the Hilbert space H as ε → 0, where A(t), t ∈ (0,∞), is a family of linear self-adjoint
operators.

Mathematics subject classification: 35B25, 35K15, 35L15, 34G10.
Keywords and phrases: Singular perturbation, abstract second order Cauchy
problem, boundary layer function, a priori estimate.

1 Introduction

Let H be a real Hilbert space endowed with the scalar product (·, ·) and the
norm | · |, and V is also a real Hilbert space endowed with the norm || · ||. Let
A(t) : V ⊂ H → H, t ∈ [0,∞), be a family of linear self-adjoint operators. Consider
the following Cauchy problem:

{
εu′′

ε(t) + u′
ε(t) + A(t)uε(t) = fε(t), t ∈ (0, T ),

uε(0) = u0ε, u′
ε(0) = u1ε,

(Pε)

where ε > 0 is a small parameter (ε ≪ 1), uε, fε : [0, T ) → H.
We investigate the behavior of solutions uε to the problems (Pε) when u0ε → u0,

fε → f as ε → 0. We establish a relationship between solutions to the problems
(Pε) and the corresponding solution to the following unperturbed problem:

{
v′(t) + A(t)v(t) = f(t), t ∈ (0, T ),
v(0) = u0.

(P0)

If in some topology the solutions uε to the perturbed problems (Pε) tend to
the corresponding solution v to the unperturbed problem (P0) as ε → 0, then the
problem (P0) is called regularly perturbed. In the opposite case the problem (P0) is
called singularly perturbed. In the last case a subset of [0,∞) arises in which solutions
uε have a singular behavior relative to ε. This subset is called the boundary layer.
The function which defines the singular behavior of solution uε within the boundary
layer is called the boundary layer function.
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In Theorems 5.1 and 5.2 we prove that solutions uε to the perturbed problem
(Pε) tend to the solution v to the unperturbed problem P0 in the norm of the space
C([0, T ];H), as ε → 0. At the same time in the space C1([0, T ];H) the solution uε

has a singular behavior relative to parameter ε in the neighbourhood of t = 0.
The problem (Pε) is an abstract model of singularly perturbed problems of

hyperbolic-parabolic type. Such kind of problems arises in the mathematical mo-
deling of elasto-plasticity phenomena.

A large class of works is dedicated to the study of singularly perturbed Cauchy
problems for differential equations of second order. Without pretending to a com-
plete analysis of these works, we will mention some of them, which contain a rich
bibliography. In [9, 10, 17], some asymptotic expansions of the solutions to linear
wave equations and their derivatives have been obtained. In [1, 2, 4, 8, 15, 16] non-
linear problems of hyperbolic-parabolic type have been studied. Nonlinear abstract
problems of hyperbolic-parabolic type have been studied in [5–7,12].

Unlike other methods, our approach is based on two key points. The first one is
the relationship between solutions to the problems (Pε) and (P0) in the linear case.
The second key point consists of a priori estimates of solutions to the unperturbed
problem, which are uniform with respect to small parameter ε. Moreover, the
problem (Pε) is studied for a larger class of functions fε, i. e. fε ∈ W 1,p(0, T ;H).
Also we obtain the convergence rate, as ε → 0.

In what follows we will need some notations. Let k ∈ N∗, 1 ≤ p ≤ +∞,
(a, b) ⊂ (−∞,+∞) and X be a Banach space. By W k,p(a, b;X) denote the Banach
space of vectorial distributions u ∈ D′(a, b;X), u(j) ∈ Lp(a, b;X), j = 0, 1, . . . , k,
endowed with the norm

‖u‖W k,p(a,b;X) =




k∑

j=0

‖u(j)‖p
Lp(a,b;X)




1
p

for p ∈ [1,∞),

‖u‖W k,∞(a,b;X) = max
0≤j≤k

‖u(j)‖L∞(a,b;X) for p = ∞.

In the particular case p = 2 we put W k,2(a, b;X) = Hk(a, b;X). If X is a Hilbert
space, then Hk(a, b;X) is also a Hilbert space with the scalar product

(u, v)Hk(a,b;X) =

k∑

j=0

b∫

a

(
u(j)(t), v(j)(t)

)
X

dt.

For s ∈ R, k ∈ N and p ∈ [1,∞] define the Banach spaces

W k,p
s (a, b;H) = {f : (a, b) → H; f (l)(·)e−st ∈ Lp(a, b;X), l = 0, . . . , k},

with the norms
‖f‖

W k,p
s (a,b;X)

= ||fe−st||W k,p(a,b;X).

The framework of our paper will be determined by the following conditions:
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(H1) V is separable and V ⊂ H densely and continuously, i. e.

|u|2 ≤ γ||u||2, ∀u ∈ V ;

(H2) For each u, v ∈ V the function t 7→ (A(t)u, v) is continuously differen-
tiable on (0,∞) and

∣∣(A′(t)u, v)
∣∣ ≤ a0|u||v|, ∀u, v ∈ V, ∀t ∈ [0,∞);

(H3) The operators A(t) : V ⊂ H → H, t ∈ [0,∞) are linear, self-adjoint and
positive definite, i.e. there exists ω > 0 such that

(A(t)u, u) ≥ ω ||u||2, ∀u ∈ V, ∀t ∈ [0,∞).

(H4) For each u, v ∈ V the function t 7→ (A(t)u, v) is twice continuously
differentiable on (0,∞) and

∣∣(A′′(t)u, v)
∣∣ ≤ a1|u||v|, ∀u, v ∈ V, ∀t ∈ [0,∞).

2 Existence of solutions to problems (Pε) and (P0)

In [11] the following results concerning the solvability of problems (Pε) and (P0)
are proved.

Theorem 2.1. Let T > 0. Let us assume that the conditions (H1), (H2) and (H3)
are fulfilled. If u0ε ∈ V , u1ε ∈ H and fε ∈ L2(0, T ;H), then there exists the unique
function uε ∈ W 2,2(0, T ;H)

⋂
L2(0, T ;V ), A(·)uε ∈ L2(0, T ;H) (strong solution)

which satisfies the equation a.e. on (0, T ) and the initial conditions from (Pε).

If, in addition, u1ε ∈ V , fε(0) − A(0)u0ε ∈ V , fε ∈ W 2,1(0, T ;H), then
A(·)uε ∈ W 1,2(0, T ;H) and uε ∈ W 3,2(0, T ;H)

⋂
W 1,2(0, T ;H).

Theorem 2.2. Let T > 0. Let us assume that the conditions (H1), (H2) and (H3)
are fulfilled. If u0ε ∈ H, and fε ∈ L2(0, T ;H), then there exists the unique function
uε ∈ W 2,2(0, T ;H)

⋂
L2(0, T ;V ) which satisfies a. e. on (0, T ) the equation and the

initial conditions from (P0).

3 A priori estimates for solutions to the problem (Pε)

In what follows, we will give some a priori estimates of solutions to the prob-
lem (Pε).

Lemma 3.1. Let us assume that conditions (H1), (H2) and (H3) are ful-
filled. If u0ε ∈ V , u1ε ∈ H and fε ∈ L2(0,∞;H), then there exists a constant
C = C(γ, a0, ω) > 0 such that for every solution uε to the problem (Pε) the estimate

||uε||C([0, t];H) + ||A1/2(·)uε||L2([0, t];H) ≤ C M0ε, ∀ε ∈ (0, ε0), ∀t ≥ 0 (3.1)
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is valid, where

M0ε = |A1/2(0)u0ε| + ε|u1ε| + ||fε||L2(0,∞;H), ε0 = min
{

1,
ω

2γ a0

}
.

If, in addition, u1ε ∈ V and fε ∈ W 1,2(0,∞;H) then

||u′
ε||C([0, t];H) + ||A1/2(·)u′

ε||L2([0, t];H) ≤ C Mε, ∀ε ∈ (0, ε0), ∀t ≥ 0, (3.2)

Mε = |A(0)u0ε| + |A1/2(0)u1ε| + ||fε||W 1,2(0,∞;H).

Proof. Proof of estimate (3.1). Denote by

E(u, t) = ε2|u′(t)|2 +
1

2
|u(t)|2 + ε

(
A(t)u(t), u(t)

)
+ ε

∫ t

0
|u′(τ)|2dτ

+ε
(
u(t), u′(t)

)
+

∫ t

0

(
A(τ)u(τ), u(τ)

)
dτ. (3.3)

For every strong solution uε to problem (Pε) we have

d

dt
E(uε, t) = 2ε2

(
u′′

ε(t), u
′
ε(t)

)
+

(
u′

ε(t), uε(t)
)

+ 2ε
(
A(t)uε(t), u

′
ε(t)

)

+ε
(
A′(t)uε(t), uε(t)

)
+ ε|uε(t)|2 + ε|u′

ε(t)|2 + ε
(
u′′

ε(t), uε(t)
)

+
(
A(t)uε(t), uε(t)

)

= 2ε
(
u′

ε(t), fε(t) − u′
ε(t) − A(t)uε(t)

)
+

(
u′

ε(t), uε(t)
)

+2ε
(
A(t)uε(t), u

′
ε(t)

)
+ ε

(
A′(t)uε(t), uε(t)

)
+ 2ε|u′

ε(t)|2 +
(
A(t)uε(t), uε(t)

)

+
(
uε(t), fε(t) − u′

ε(t) − A(t)uε(t)
)

=
(
fε(t), uε(t) + 2εu′

ε(t)
)

+ ε
(
A′(t)uε(t), uε(t)

)
, ∀t ≥ 0.

Thus

d

dt
E(uε, t) =

(
fε(t), uε(t) + 2εu′

ε(t)
)

+ ε
(
A′(t)uε(t), uε(t)

)
, ∀t ≥ 0.

Integrating on (0, t) we get

E(uε, t) = E(uε, 0) +

∫ t

0

(
fε(τ), uε(τ) + 2εu′

ε(τ)
)
dτ

+ε

∫ t

0

(
A′(τ)uε(τ), uε(τ)

)
dτ, ∀t ≥ 0.

Let us observe that

∫ t

0

∣∣fε(τ)||uε(τ)
∣∣ dτ ≤ 1

2

∫ t

0

(
A(τ)uε(τ), uε(τ)

)
dτ +

γ

2ω

∫ t

0

∣∣fε(τ)|2dτ,
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2ε

∫ t

0

∣∣fε(τ)||u′
ε(τ)

∣∣ dτ ≤ ε2

∫ t

0

∣∣u′
ε(τ)

∣∣2dτ +

∫ t

0

∣∣fε(τ)|2dτ,

ε

∫ t

0

∣∣∣
(
A′(τ)uε(τ), uε(τ)

)∣∣∣dτ ≤ a0γ

ω
ε

∫ t

0

(
A(τ)uε(τ), uε(τ)

)
dτ, ∀t ≥ 0.

Thus

E(uε, t) ≤ C(γ, a0, ω)
[
E(uε, 0)+||fε||2L2(0,t;H)

]
, ∀t ≥ 0, ∀0 < ε < ε0 = min

{
1,

ω

2γ a0

}
.

Using the Brézis’ Lemma (see, e. g., [13]), the estimate (3.1) is a simple conse-
quence of the last inequality.

The proof of estimate (3.2) is similar to the proof of (3.1) if we denote by yε = u′
ε,

which is the solution to the problem

{
εy′′ε (t) + y′ε(t) + A(t)yε(t) = f ′

ε(t) − A′(t)uε(t), t ∈ (0,∞),

yε(0) = u1ε, y′ε(0) =
1

ε

(
fε(0) − u1ε − A(0)u0ε

)
.

2

Let uε be the strong solution to the problem (Pε) and let us denote by

zε(t) = u′
ε(t) + hεe

−t/ε, hε = fε(0) − u1ε − A(0)u0ε. (3.4)

Similarly to Lemma 3.1, for the function zε we obtain the following result:

Lemma 3.2. Let us assume that conditions (H1)—(H4) are fulfilled. If
fε(0) − A(0)u0ε, u1ε ∈ V and fε ∈ W 1,2(0,∞;H), then there exist constants
C = C(γ, ω, a0, a1) > 0 and ε0 = ε0(γ, ω, a0, a1) ∈ (0; 1) such that for zε, defined by
(3.4), the estimate

∣∣∣∣A1/2(·)zε

∣∣∣∣
C(0, t; H)

+
∣∣∣∣z′ε

∣∣∣∣
L2(0, t; H)

≤ C M1ε, ∀ε ∈ (0, ε0), ∀t ≥ 0, (3.5)

is valid, where

M1ε = |A1/2(0)
(
fε(0)−A(0)u0ε

)
|+|A1/2(0)u1ε|+||A(t)hε||L2(0,∞;H)+||fε||W 2,2(0,∞;H).

4 The relationship between the solutions to the problems (Pε)
and (P0) in the linear case

Now we are going to present the relationship between solutions to the problem
(Pε) and the corresponding solutions to the problem (P0). This relationship was
established in the work [14]. To this end we define the kernel of the transformation
which realizes this relationship.

For ε > 0 denote

K(t, τ, ε) =
1

2
√

πε

(
K1(t, τ, ε) + 3K2(t, τ, ε) − 2K3(t, τ, ε)

)
,
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where

K1(t, τ, ε) = exp
{3t − 2τ

4ε

}
λ
(2t − τ

2
√

εt

)
,

K2(t, τ, ε) = exp
{3t + 6τ

4ε

}
λ
(2t + τ

2
√

εt

)
,

K3(t, τ, ε) = exp
{τ

ε

}
λ
( t + τ

2
√

εt

)
, λ(s) =

∫ ∞

s
e−η2

dη.

The properties of kernel K(t, τ, ε) are collected in the following lemma.

Lemma 4.1. The function K(t, τ, ε) possesses the following properties:

(i) K ∈ C([0,∞) × [0,∞)) ∩ C2((0,∞) × (0,∞));

(ii) Kt(t, τ, ε) = εKττ (t, τ, ε) − Kτ (t, τ, ε), ∀t > 0, ∀τ > 0;

(iii) εKτ (t, 0, ε) − K(t, 0, ε) = 0, ∀t ≥ 0;

(iv) K(0, τ, ε) =
1

2ε
exp

{
− τ

2ε

}
, ∀τ ≥ 0;

(v) For every t > 0 fixed and every q, s ∈ N there exist constants C1(q, s, t, ε) > 0
and C2(q, s, t) > 0 such that

∣∣∂s
t ∂

q
τK(t, τ, ε)

∣∣ ≤ C1(q, s, t, ε) exp{−C2(q, s, t)τ/ε}, ∀τ > 0;

Moreover, for γ ∈ R there exist C1, C2 and ε0, all of them positive and de-
pending on γ, such that the following estimates are fulfilled:

∫ ∞

0
eγ τ

∣∣Kt(t, τ, ε)
∣∣ dτ ≤ C1 ε−1 eC2t, ∀ε ∈ (0, ε0], ∀t ≥ 0,

∫ ∞

0
eγ τ

∣∣Kτ (t, τ, ε)
∣∣ dτ ≤ C1 ε−1 eC2t, ∀ε ∈ (0, ε0], ∀t ≥ 0,

∫ ∞

0
eγ τ

∣∣Kτ τ (t, τ, ε)
∣∣ dτ ≤ C1 ε−2 eC2t, ∀ε ∈ (0, ε0], ∀t ≥ 0;

(vi) K(t, τ, ε) > 0, ∀t ≥ 0, ∀τ ≥ 0;

(vii) For every continuous function ϕ : [0,∞) → H with |ϕ(t)| ≤ M exp{γ t} the
following equality is true:

lim
t→0

∣∣∣
∫ ∞

0
K(t, τ, ε)ϕ(τ)dτ−

∫ ∞

0
e−τϕ(2ετ)dτ

∣∣∣ = 0, for every ε ∈
(
0, (2 γ)−1

)
;

(viii) ∫ ∞

0
K(t, τ, ε)dτ = 1, ∀t ≥ 0,
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(ix) Let γ > 0 and q ∈ [0, 1]. There exist C1, C2 and ε0 all of them positive and
depending on γ and q, such that the following estimates are fulfilled:

∫ ∞

0
K(t, τ, ε) eγτ |t − τ |q dτ ≤ C1 eC2t εq/2, ∀ε ∈ (0, ε0], ∀t > 0.

If γ ≤ 0 and q ∈ [0, 1], then

∫ ∞

0
K(t, τ, ε) eγτ |t − τ |q dτ ≤ C εq/2

(
1 +

√
t
)q

, ∀ε ∈ (0, 1], ∀t ≥ 0;

(x) Let p ∈ (1,∞] and f : [0, ∞) → H, f(t) ∈ W 1,p
γ (0,∞;H). If γ > 0, then

there exist C1, C2 and ε0 all of them positive and depending on γ and p, such
that ∣∣∣f(t) −

∫ ∞

0
K(t, τ, ε)f(τ)dτ

∣∣∣

≤ C1 eC2t ||f ′||Lp
γ(0,∞;H) ε(p−1)/2p, ∀ε ∈ (0, ε0], ∀t ≥ 0.

If γ ≤ 0, then ∣∣∣f(t) −
∫ ∞

0
K(t, τ, ε)f(τ)dτ

∣∣∣

≤ C(γ, p) ‖f ′‖Lp
γ(0,∞;H)

(
1 +

√
t
) p−1

p ε(p−1)/2p, ∀ε ∈ (0, 1], ∀t ≥ 0.

(xi) For every q > 0 and α ≥ 0 there exists a constant C(q, α) > 0 such that

∫ t

0

∫ ∞

0
K(τ, θ, ε) e−q θ/ε |τ − θ|α dθ dτ ≤ C(q, α) ε1+α, ∀ε > 0, ∀t ≥ 0;

(xii) Let f ∈ W 1,∞
γ (0,∞;H) with γ ≥ 0. There exist positive constants C1, C2 and

ε0, depending on γ, such that

∣∣∣
∫ ∞

0
Kt(t, τ, ε)f(τ)dτ

∣∣∣ ≤ C1 eC2t‖f ′‖L∞
γ (0,∞;H), ∀ε ∈ (0, ε0], ∀t ≥ 0.

Theorem 4.1. Let us assume that operators A(t), t ∈ [0,∞), verify conditions
(H1)–(H3) and fε ∈ L∞

γ (0,∞;H) for some γ ≥ 0. If uε is the strong solution

to the problem (Pε), with uε ∈ W 2,∞
γ (0,∞;H) ∩ L∞

γ (0,∞;H), Auε ∈ L∞
γ (0,∞;H),

then for every 0 < ε < (4γ)−1 the function wε, defined by

wε(t) =

∫ ∞

0
K(t, τ, ε)uε(τ) dτ,

is the strong solution in H to the problem




w′
ε(t) + A(t)wε(t) = F0(t, ε) +

∫ ∞

0
K(t, τ, ε)

[
A(t) − A(τ)

]
uε(τ) dτ, a. e. t > 0,

wε(0) = ϕε,
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where

F0(t, ε) =
1√
π

[
2 exp

{ 3t

4ε

}
λ
(√

t

ε

)
− λ

(1

2

√
t

ε

)]
u1 +

∫ ∞

0
K(t, τ, ε) fε(τ) dτ,

ϕε =

∫ ∞

0
e−τ uε(2ετ) dτ.

5 Limits of solutions to the problem (Pε) as ε → 0

In this section we will prove the convergence estimates for the difference of so-
lutions to the problems (Pε) and (P0). These estimates will be uniform relative to
small values of the parameter ε.

Theorem 5.1. Let T > 0. Let us assume that operators A(t), t ∈ [0,∞), satisfy
conditions (H1)–(H3). If u0, u0ε, u1ε ∈ V and f, fε ∈ W 1,2(0, T ;H), then there
exist constants C = C(T, γ, a0, ω) > 0, ε0 = ε0(γ, a0, ω), ε0 ∈ (0, 1), such that

||uε − v||C([0,T ];H)

≤ C
(
M(T, u0ε, u1ε, fε) ε1/4 + |u0ε − u0| + ||fε − f ||L2(0,T ;H)

)
,∀ε ∈ (0, ε0), (5.1)

where uε and v are strong solutions to problems (Pε) and (P0) respectively,

M(T, u0ε, u1ε, fε) = |A(0)u0ε| + |A1/2(0)u1ε| + ||fε||W 1,2(0,T ;H).

Proof. During the proof we will agree to denote constants C = C(T, γ, a0, ω),
M(T, u0ε, u1ε, fε) and ε0 = ε0(γ, a0, ω) by C, M and ε0, respectively.

If f, fε ∈ W k,p(0, T ;H) with k ∈ N and p ∈ (1,∞], then f, fε ∈ C([0, T ];H)
(see, for example, [3]). Moreover, there exist extensions f̃ , f̃ε ∈ W k,p(0,∞;H) such
that {

||f̃ ||C([0,∞);H) + ||f̃ ||W k,p(0,∞;H) ≤ C(T, p) ||f ||W k,p(0,T ;H),

||f̃ε||C([0,∞);H) + ||f̃ε||W k,p(0,∞;H) ≤ C(T, p) ||fε||W k,p(0,T ;H).
(5.2)

Let us denote by ũε the unique strong solution to the problem (Pε), defined on
(0,∞) instead of (0, T ) and f̃ε instead of fε.

From Lemma 3.1 it follows that ũε ∈ W 2,∞(0,∞;H)∩ L∞(0,∞;H),
A(·)ũε ∈ L∞(0,∞;H). Moreover, due to this lemma and inequalities (5.2), the
following estimates hold

||uε||C([0, t];H) + ||A1/2(·)uε||L2([0, t];H) ≤ C M, ∀ε ∈ (0, ε0], ∀t ≥ 0, (5.3)

||u′
ε||C([0, t];H) + ||A1/2(·)u′

ε||L2([0, t];H) ≤ C M, ∀ε ∈ (0, ε0], ∀t ≥ 0. (5.4)

By Theorem 4.1, the function wε defined by

wε(t) =

∫ ∞

0
K(t, τ, ε) ũε(τ) dτ,
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is the strong solution in H to the problem

{
w′

ε(t) + A(t)wε(t) = F (t, ε), a. e. t > 0,
wε(0) = w0,

(5.5)

for every ε ∈ (0, ε0), where

F (t, ε) = f0(t, ε)u1ε +

∫ ∞

0
K(t, τ, ε) f̃ε(τ) dτ +

∫ ∞

0
K(t, τ, ε)

[
A(t)−A(τ)

]
uε(τ) dτ,

f0(t, ε) =
1√
π

[
2 exp

{ 3t

4ε

}
λ
(√

t

ε

)
− λ

(1

2

√
t

ε

)]
,

w0 =

∫ ∞

0
e−τ uε(2ετ) dτ.

Using properties (vi), (viii), (x) from Lemma 4.1, and the estimate (5.4), we obtain
that

||ũε − wε||C([0, t]; H) ≤ C M ε1/4, ∀ε ∈ (0, ε0), ∀t ≥ 0. (5.6)

Denote by R(t, ε) = ṽ(t)−wε(t), where ṽ is the strong solution to the problem (P0)
with f̃ instead of f, T = ∞ and wε is the solution of (5.5). Then





R′(t, ε) + A(t)R(t, ε) = F(t, ε) +

∫ ∞

0
K(t, τ, ε)

[
A(t) − A(τ)

]
uε(τ) dτ, a.e. t > 0,

R(0, ε) = R0,

where R0 = u0 − w0 and

F(t, ε) = f̃(t) −
∫ ∞

0
K(t, τ, ε)f̃ε(τ) dτ − f0(t, ε)u1ε.

Taking the inner product in H by R and then integrating, we obtain

|R(t, ε)|2 + 2

∫ t

0

∣∣∣A1/2(s)R(s, ε)
∣∣∣
2

ds ≤ |R(0, ε)|2

+2

∫ t

0
|F(s, ε)| |R(s, ε)| ds

+2

∫ t

0

∫ ∞

0
K(s, τ, ε)

([
A(s) − A(τ)

]
uε(τ), R(s, ε)

)
dτds, ∀t ≥ 0.

Using condition (H2) and the property (ix) from Lemma 4.1 we get

|R(t, ε)|2 + 2

∫ t

0

∣∣∣A1/2(s)R(s, ε)
∣∣∣
2

ds ≤ |R(0, ε)|2

+2

∫ t

0

(
|F(s, ε)| + C M ε1/2

)
|R(s, ε)| ds, ∀t ≥ 0, ∀ε ∈ (0, ε0). (5.7)
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Applying Brézis’ Lemma to (5.7), we get

|R(t, ε)| +
(∫ t

0

∣∣∣A1/2(t)R(s, ε)
∣∣∣
2

ds

)1/2

≤
√

2 |R(0, ε)| +
√

2

∫ t

0

(
|F(s, ε)| + C M ε1/2

)
ds, ∀t ≥ 0, ∀ε ∈ (0, ε0). (5.8)

From (5.4) it follows that

∣∣R0

∣∣ ≤ |u0ε−u0|+
∫ ∞

0
e−τ

∣∣ũε(2ετ)−u0ε

∣∣ dτ ≤ |u0ε−u0|+
∫ ∞

0
e−τ

∫ 2ετ

0

∣∣ũ′
ε(s)

∣∣ ds dτ

≤ |u0ε − u0| + C εM

∫ ∞

0
τ e−τ+γ ε τ dτ ≤ |u0ε − u0| + C M ε, ∀ε ∈ (0, ε0). (5.9)

In what follows we will estimate
∣∣F(t, ε)

∣∣. Using the property (x) from Lemma 4.1
and (5.2), we have

∣∣∣f̃(t) −
∫ ∞

0
K(t, τ, ε) f̃ε(τ) dτ

∣∣∣ ≤ |f̃(t) − f̃ε(t)| +
∣∣∣f̃ε(t) −

∫ ∞

0
K(t, τ, ε) f̃ε(τ) dτ

∣∣∣

≤ |f̃(t) − f̃ε(t)| + C(T, p)‖f ′
ε‖L2(0,T ;H) ε1/4, ∀ε ∈ (0, ε0), ∀t ∈ [0, T ]. (5.10)

Since
eτλ(

√
τ) ≤ C, ∀τ ≥ 0,

the estimates

∫ t

0
exp

{3τ

4ε

}
λ
(√

τ

ε

)
dτ ≤ C ε

∫ ∞

0
e−τ/4 dτ ≤ Cε, ∀t ≥ 0,

∫ t

0
λ
(1

2

√
τ

ε

)
dτ ≤ ε

∫ ∞

0
λ
(1

2

√
τ
)

dτ ≤ C ε, ∀t ≥ 0,

are true. Then

∣∣∣
∫ t

0
f0(τ, ε) dτ

∣∣∣ ≤ C ε, ∀ε ∈ (0, ε0), ∀t ≥ 0. (5.11)

Using (5.2), (5.10) and (5.11) we obtain

∫ t

0

(
|F(s, ε)| + C M ε1/2

)
dτ

≤ C
(
M ε1/4 + ||fε − f ||L2(0,T ;H)

)
, ∀ε ∈ (0, ε0), ∀t ∈ [0, T ]. (5.12)

From (5.8), using (5.9) and (5.12) we get the estimate

||R||C([0, t]; H) + ||A(·)1/2R||L2(0,t;H)
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≤ C
(
M ε1/4 + |u0ε − u0| + ||fε − f ||Lp(0,T ;H)

)
, ∀ε ∈ (0, ε0), ∀t ∈ [0, T ]. (5.13)

In the consequence, from (5.6) and (5.13) we deduce

||ũε − ṽ||C([0,t];H) ≤ ||ũε − wε||C([0,t];H) + ||R||C([0,t];H)

≤ C
(
M ε1/4 + |u0ε − u0| + ||fε − f ||L2(0,T ;H)

)
, ∀ε ∈ (0, ε0), ∀t ∈ [0, T ]. (5.14)

Since uε(t) = ũε(t) and v(t) = ṽ(t), for all t ∈ [0, T ], then the estimate (5.1) follows
from (5.14). 2

Theorem 5.2. Let T > 0. Let us assume that operators A(t), t ∈ [0,∞), satisfy con-
ditions (H1)–(H4). If u0, u0ε, A(0)u0ε, u1ε, fε(0) ∈ V and f, fε ∈ W 2,2(0, T ;H),
then there exist constants C = C(T, ω, γ, a0, a1) > 0, ε0 = ε0(ω, γ, a0, a1), ε0 ∈ (0, 1),
such that

||u′
ε − v′ + hεe

−t/ε||C([0, T ] ;H)

≤ C
(
M1(T, u0ε, u1ε, fε) ε1/4 + Dε

)
, ∀ε ∈ (0, ε0), (5.15)

where uε and v are strong solutions to problems (Pε) and (P0) respectively,
hε = fε(0) − u1ε − A(0)u0ε,

M1 = |A1/2(0)fε(0)|+|A3/2(0)u0ε|+|A1/2(0)u1ε|+||A(t)hε||L2(0,∞;H)+||fε||W 2,2(0,∞;H),

Dε = ||fε − f ||W 1, 2(0, T ;H) + |A0(u0ε − u0)|.

Proof. In the proof of this theorem, we will agree to denote the constants
C = C(T, ω, γ, a0, a1) > 0, ε0 = ε0(ω, γ, a0, a1) and M1(T, u0ε, u1ε, fε) by C, ε0 and
M1 respectively. Also we preserve for ṽ(t), ũε(t), f̃(t) and f̃ε(t) the same notations
as in Theorem 5.1.

By Lemma 3.2, we have that the function

z̃ε(t) = ũ′
ε(t) + hεe

−t/ε, with hε = fε(0) − u1ε − A(0)u0ε,

is the solution to the problem

{
εz̃′′ε (t) + z̃′ε(t) + A(t)z̃ε(t) = F̃(t, ε), t > 0,
z̃ε(0) = fε(0) − A(0)u0 ε, z̃′ε(0) = 0,

where
F̃(t, ε) = f̃ ′

ε(t) − A′(t)ũε(t) + e−t/ε A(t)hε

and
||A1/2

0 (·)z̃ε||C([0, t]; H) + ||z̃′ε||L2(0, t; H) ≤ C M1, ∀t ≥ 0. (5.16)

Since z̃′ε(0) = 0, from Theorem 4.1, the function w1ε(t), defined by

w1ε(t) =

∫ ∞

0
K(t, τ, ε) z̃ε(τ) dτ, (5.17)
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satisfies in H the following conditions

{
w′

1ε(t) + A(t)w1ε(t) = F1(t, ε), a. e. t > 0,
w1ε(0) = ϕ1ε,

for every 0 < ε < ε0, where

F1(t, ε) =

∫ ∞

0
K(t, τ, ε)f̃ ′

ε(τ) dτ −
∫ ∞

0
K(t, τ, ε)A′(τ)ũε(τ) dτ

+

∫ ∞

0
K(t, τ, ε) e−τ/εA(τ)hεdτ +

∫ ∞

0
K(t, τ, ε)

[
A(t) − A(τ)

]
z̃ε(τ) dτ,

ϕ1ε =

∫ ∞

0
e−τ z̃ε(2ετ) dτ.

Using (5.17), the properties (vi), (viii) and (ix) from Lemma 4.1 and (5.16), we get
the estimate ∣∣z̃ε(t) − w1ε(t)

∣∣ ≤
∫ ∞

0
K(t, τ, ε)

∣∣z̃ε(t) − z̃ε(τ)
∣∣ dτ

≤
∫ ∞

0
K(t, τ, ε)

∣∣∣
∫ t

τ

∣∣z̃′ε(s)
∣∣ ds

∣∣∣ dτ ≤ C M1

∫ ∞

0
K(t, τ, ε)

∣∣t − τ
∣∣1/2

dτ

≤ C M1 ε1/4, ∀ε ∈ (0, ε0), ∀t ≥ 0,

which implies

∣∣∣∣z̃ε − w1ε

∣∣∣∣
C([0,t]; H)

≤ C M1 ε1/4, ∀ε ∈ (0, ε0), ∀t ≥ 0. (5.18)

Let v1(t) = ṽ′(t), where ṽ is the strong solution to the problem (P0) with f̃
instead of f and T = ∞.

Let us denote by R1(t, ε) = v1(t) − w1ε(t). The function R1(t, ε) verifies in H
the following problem

{
R′

1(t, ε) + A(t)R1(t, ε) = F1(t, ε), t > 0,
R1(0, ε) = R10,

where

R10 = f(0) − A0u0 − ϕ1ε,

F1(t, ε) = f̃ ′(t) −
∫ ∞

0
K(t, τ, ε)f̃ ′

ε(τ) dτ +

∫ ∞

0
K(t, τ, ε)A′(τ)ũε(τ) dτ − A′(t)v(t)

−
∫ ∞

0
K(t, τ, ε) e−τ/εA(τ)hεdτ −

∫ ∞

0
K(t, τ, ε)

[
A(t) − A(τ)

]
z̃ε(τ) dτ. (5.19)

Using the properties (viii), (ix) from Lemma 4.1 and the inequalities (5.2), we get

∣∣∣f̃ ′(t) −
∫ ∞

0
K(t, τ, ε) f̃ ′

ε(τ) dτ
∣∣∣
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≤ |f̃ ′(t) − f̃ ′
ε(t)| +

∫ ∞

0
K(t, τ, ε)

∣∣f̃ ′
ε(τ) − f̃ ′

ε(t)
∣∣ dτ

≤ |f̃ ′(t) − f̃ ′
ε(t)| + ||f̃ ′′

ε ||L2(0 ,∞; H)

∫ ∞

0
K(t, τ, ε) |t − τ |1/2 dτ ≤ |f̃ ′(t) − f̃ ′

ε(t)|

+C(T ) ||f ′′
ε ||L2(0, T ;H) ε1/2, ∀ε ∈ (0, ε0), ∀t ∈ [0, T ]. (5.20)

Taking the inner product in H by R1 and then integrating, we obtain

|R1(t, ε)|2 + 2

∫ t

0

∣∣∣A1/2(s)R1(s, ε)
∣∣∣
2

ds = |R(0, ε)|2

+2

∫ t

0

(
F1(s, ε), R1(s, ε)

)
ds, ∀t ≥ 0. (5.21)

Using the properties (viii), (ix) from Lemma 4.1, conditions (H2), (H4), estimates
(5.1), (5.3) and (5.4) we get

( ∫ ∞

0
K(s, τ, ε)A′(τ)ũε(τ) dτ − A′(s)v(s), R1(s, ε)

)

=

∫ ∞

0
K(s, τ, ε)

(
[A′(τ) − A′(s)]ũε(τ) dτ,R1(s, ε)

)
dτ

+

∫ ∞

0
K(s, τ, ε)

(
A′(s)[ũε(τ) − ũε(s)] , R1(s, ε)

)
dτ

+

∫ ∞

0
K(s, τ, ε)

(
A′(s)[ũε(s) − v(s)], R1(s, ε)

)
dτ

≤ C
(
M ε1/2 + Mε1/4 + |u0ε − u0| + ||fε − f ||L2(0,T ;H)

))∣∣R1(s, ε)
∣∣

≤ C
(
M ε1/4 + |u0ε − u0| + ||fε − f ||L2(0,T ;H)

)∣∣R1(s, ε)
∣∣, (5.22)

for every ε ∈ (0, ε0) and for all s ∈ [0, t].
Using the property (xi) from Lemma 4.1, we can state

∫ t

0

∫ ∞

0
K(s, τ, ε) e−τ/ε|A(τ)hε|dτds ≤ C M1ε, ∀ε > 0, ∀t ≥ 0. (5.23)

Using the properties (viii), (ix) from Lemma 4.1, condition (H2) and estimate
(5.16) we get

∫ ∞

0
K(s, τ, ε)

( [
A(s) − A(τ)

]
z̃ε(τ), R1(s, ε)

)
dτ

≤ C M1 ε1/2
∣∣R1(s, ε)

∣∣, ∀ε ∈ (0, ε0). (5.24)

For R10, due to (5.16), we have

|R10| ≤ |f(0) − fε(0)| + |A0(u0 − u0ε)| +
∫ ∞

0
e−τ |z̃ε(2ετ) − z̃ε(0)| dτ
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≤ |f(0) − fε(0)| + |A0(u0 − u0ε)| +
∫ ∞

0
e−τ

∫ 2ετ

0
|z̃′ε(s)| ds dτ

≤ |f(0) − fε(0)| + |A0(u0 − u0ε)|

+C M1 ε

∫ ∞

0
τ e−τ+2 γ ε τ dτ ≤ C Dε + C M1 ε, ∀ε ∈ (0, ε0]. (5.25)

Applying Lemma of Brézis to (5.21) and using estimates (5.22), (5.23), (5.24), (5.25),
we get

|R1(t, ε)| + ||A1/2
0 R1||L2(0,t; H)

≤ C
(
M1(T, u0ε, u1ε, fε) ε1/4 + Dε

)
, ∀ε ∈ (0, ε0), (5.26)

which together with (5.18) implies (5.15). 2

6 An example

Let Ω ⊂ Rn be an open bounded set with smooth ∂Ω. In the real Hilbert space
L2(Ω) with the scalar product

(u, v) =

∫

Ω
u(x) v(x) dx.

we will consider the following Cauchy problem

{
ε∂2

t uε(x, t) + ∂t uε(x, t) + A(x, t)uε(x, t) = f(x, t), x ∈ Ω, t > 0,
uε(x, 0) = u0ε(x), ∂t uε(x, 0) = u1ε(x)

(6.1)

where D(A(·, t)) = H2(Ω) ∩ H1
0 (Ω), t ∈ [0,∞),

A(x, t)u(x) = −
n∑

i,j=1

∂xi

(
aij(x, t)∂xj

u(x)
)
+a(x, t)u(x), u ∈ D(A(·, t)), ∀t ∈ [0,∞),

aij(·, t) ∈ C1(Ω), a(·, t) ∈ C(Ω), ∀t ∈ [0,∞), (6.2)

a(x, t) ≥ 0, aij(x, t) = aji(x, t), x ∈ Ω, ∀t ∈ [0,∞), (6.3)

n∑

i,j=1

aij(x, t)ξi ξj ≥ a0 |ξ|2, x ∈ Ω, ξ ∈ R
n, a0 > 0. (6.4)

aij(x, ·), a(x, ·) are continuously differentiable on (0,∞), ∂taij(x, ·), ∂ta(x, ·) are
bounded on [0,∞) and

∂taij(·, t) ∈ C1(Ω), ∂ta(·, t) ∈ C(Ω), ∀t ∈ [0,∞), (6.5)

aij(x, ·), a(x, ·) are twice continuously differentiable on (0,∞), ∂2
t aij(x, ·), ∂2

t a(x, ·)
are bounded on [0,∞), and

∂2
t aij(·, t) ∈ C1(Ω), ∂2

t a(·, t) ∈ C(Ω), ∀t ∈ [0,∞). (6.6)
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In conditions (6.2)–(6.3) the operators A(t), ∀t ∈ [0,∞), are positive and selfadjoint.
Let us now consider the unperturbed problem associated to the problem (6.1)

{
∂t v(x, t) + A(x, t)v = f(x, t), x ∈ Ω, t > 0,
v(x, 0) = u0(x).

(6.7)

Using Theorem 5.1 we obtain the following theorem.

Theorem 6.1. Let Ω ⊂ R
n be an open bounded set with smooth ∂Ω. Let T > 0.

Suppose that conditions (6.2) − (6.5) are fulfilled. If u0, u0 ε, u1 ε ∈ H2(Ω) ∩ H1
0 (Ω),

f, fε ∈ W 1,2(0, T ;L2(Ω)), then there exist constants ε0 = ε0(γ, a0, ω) ∈ (0, 1) and
C = C(T, n, γ, a0, ω) > 0 such that

||uε − v||C([0,T ];L2(Ω))

≤ C
(
M̃ ε1/4 +

∣∣u0 ε − u0

∣∣ +
∣∣∣∣fε − f

∣∣∣∣
L2(0,T ;L2(Ω))

)
, ε ∈ (0, ε0], (6.8)

where uε and v are the strong solutions to problems (6.1) and (6.7), respectively, and

M̃ =
∣∣A(0)u0 ε

∣∣ + |A1/2(0)u1 ε| + ||fε||W 1,2(0,∞;L2(Ω)).

Using Theorem 5.2 we obtain the following theorem.

Theorem 6.2. Let Ω ⊂ R
n be an open bounded set with smooth ∂Ω. Let T > 0.

Suppose that conditions (6.2) − (6.6) are fulfilled. If

u0, u0ε, A(0)u0ε, u1ε, f(0), fε(0) ∈ H2(Ω) ∩ H1
0 (Ω), f, fε ∈ W 2,2(0, T ;L2(Ω)),

then there exist constants ε0 = ε0(ω0, ω1) ∈ (0, 1) and C = C(T, n, ω0, ω1) > 0 such
that ∣∣∣∣u′

ε − v′ + hε e−
t
ε

∣∣∣∣
C([0, T ]; L2(Ω))

≤ C
(
M̃1 ε(1/4 + D̃ε

)
, (6.9)

where v and uε are the strong solutions to problems (6.1) and (6.7), respectively,
hε = fε(0) − u1 ε − A(0)u0 ε,

D̃ε =
∣∣∣∣fε − f

∣∣∣∣
W 1, 2(0, T ;H1

0 (Ω))
+

∣∣A0(u0ε − u0)
∣∣,

M̃1 =
∣∣A1/2(0)fε(0)

∣∣+
∣∣A3/2(0)u0 ε

∣∣+
∣∣A1/2(0)u1 ε

∣∣+
∣∣A(t)hε

∣∣+
∣∣∣∣fε

∣∣∣∣
W 2,2(0,∞;H1

0 (Ω))
.

References

[1] D’Acunto B. Hyperbolic-parabolic singular perturbations. Rend. Mat. Appl, 1993, No. 1,
229–254.

[2] Esham B.F., Weinacht R. J. Hyperbolic-parabolic singular perturbations for scalar non-

linearities. Appl. Anal., 1988, 29, No. 1-2, 19–44.

[3] Evans L. C. Partial Differential Equations. American Mathematical Society, 1998.



64 ANDREI PERJAN, GALINA RUSU

[4] Gallay Th., Raugel G. Scaling variables and asymptotic expansions in damped wave

equations. J. Differential Equations, 1998, 150, No. 1, 42–97.

[5] Gobbino M. Singular perturbation hyperbolic-parabolic for degenerate nonlinear equations of

Kirchhoff type. Nonlinear Anal., 2001, 44, No. 3, 361–374.

[6] Hajouj B. Perturbations singulières d’équations hyperboliques du second ordre non linéaires.
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