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A semi-isometric isomorphism on a ring of matrices

Svetlana Aleschenko

Abstract. Let (R,£) be a pseudonormed ring and R, be a ring of matrices over
the ring R. We prove that if 1 < ~,0 < oo and % + é > 1, then the function 7¢ ~,o

is a pseudonorm on the ring R,. Let now ¢ : (R,€) — (R,€) be a semi-isometric

isomorphism of pseudonormed rings. We prove that ® : (Rn,7¢,4,0) — (Bn, Mg 4,5) 18
a semi-isometric isomorphism too for all 1 < v, 0 < oo such that % + % > 1.

Mathematics subject classification: 16W60, 13A18.
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isometric homomorphism, semi-isometric isomorphism, canonical homomorphism.

The following theorem on isomorphism is often applied in algebra and, in par-
ticular, in the ring theory:

Theorem 1. If A is a subring of a ring R and I is an ideal of the ring R, then the
quotient rings A/ (A1) and (A+I) /I are isomorphic rings.

In particular, if A()I =0, then the ring A is isomorphic to the ring (A + 1) /I,
i.e. the rings A and (A + I) /I possess identical algebraic properties.

Since it is necessary to take into account properties of pseudonorms when study-
ing the pseudonormed rings then one needs to consider isomorphisms which keep
pseudonorms. Such isomorphisms are called isometric isomorphisms.

Theorem 1 does not always take place for pseudonormed rings. As is shown in
Theorem 2.1 from [1] it is impossible to tell anything more than the validity of the
inequality & (¢ (1)) < € (r) in case A(I = 0.

The case when A is an ideal of a pseudonormed ring (R, §) was studied in [1],
the case when A is a one-sided ideal of a pseudonormed ring (R, ) was studied in
[2].

The following definition was introduced in [1]:

Definition 1. Let (R,&) and (R,E) be pseudonormed rings. An isomorphism
¢ : R — R is called a semi-isometric isomorphism if there exists a pseudonormed

ring <R, é) such that the following conditions are valid:

1) the ring R is an ideal in the ring R;
2) £(r) =& (r) for any 7 € R;
3) the isomorphism ¢ can be extended up to an isometric homomorphism

¥ (]A%, é) — (R, €) of the pseudonormed rings, i.e. £ (¢ (7)) = inf {é (7 +a)|a € ker cﬁ}
for all # € R.
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The following theorem was proved in [1]:

Theorem 2. Let (R,&) and (R,é) be pseudonormed rings and ¢ : R — R be a
ring isomorphism. Then the isomorphism ¢ : (R,§) — (R,f) is a semi-isometric
isomorphism of the pseudonormed rings iff the inequalities & (a - b) < & (¢ (a))- £ (b),
E(b-a) <E(p(a)) - £(b) and £ (p(a)) < &(a) are true for any a,b € R.

This paper is a continuation of [1] and [2] and it is devoted to the study of
pseudonorms on a ring of matrices which keep a semi-isometric isomorphism.

We will use the following propositions. The proof of Propositions 1 — 3 can be
found in [3]; the proof of Propositions 4, 5 can be found in [4].

Proposition 1. Let A and \* be positive real numbers such that X > 1, \* > 1 and
% + )\i = 1. Then the inequality
=
(E0)
k=1

Proposition 2. Let a;;, >0 for 1 <i<m, 1 <k <n. Then the inequality
n m )\
> (£ o)
k=1 \i=1

Proposition 3. Let ay > 0 for all 1 < k < n and G) (a1,aq,...,a,) be a real
function such that

>

o= (£)
=1

is true for all ap, > 0 and by, > 0.

>

k=

is true for any A > 1.

o

n >
Gx(al,ag,...,an):<2a2> for 1 <\ < oo,
k=1

G (a1,a2,...,a,) = 1§1?§nak for A = co.

Then the family of functions {Gx|1 < X < oo} has the following properties:
1) if A1 < Ag, then Gy, (a1,a2,...,ay,) > Gy, (a1,a9,...,a,) for all ay > 0;

2) /\lim Gy (ay,a9,...,ay) = G (a1, a9, ...,ay) for all a > 0;
——+00

3) sup Gy (a1, a9, ...,a,) = Gy (a1,as9,...,ay) for all ar > 0.
A>1

Definition 2. A direction is a partially ordered set (I', <) that satisfies the following
condition: for any two elements 71,2 € I' there exists the third element 3 € I' such
that 71 <3 and 72 < 3.
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Proposition 4. Let I' be some set and R be a ring. If {£& |y € I'} is a family of
pseudonorms on the ring R, then the following statements are valid:
1. If T is a direction and for every r € R there exists linll & (r) such that
€

linrl & (r) # 0 for every r # 0, then the function & (r) = lirrpl & (r) is a pseudonorm
ve ve

on the ring R;
2. If the set {& (r) |y € I'} is bounded from above for every r € R, then the
function & (r) = sup&y (r) is a pseudonorm on the ring R.
yerl

Proposition 5. Let R and R be rings and let ¢ : R — R be a ring isomorphism.
If{& |y €T} and {&, |y € T} are families of pseudonorms such that ¢ : (R, &) —
(R, Eﬁ,) s a semi-isometric isomorphism for any v € T, then the following statements
are true:

1. IfT' is a direction and there exist }Yléll}‘ & (1), }Yléll}‘ &, (7) for everyr € R, 7 € R

such that im &, (F) # 0 for every ¥ # 0 and & (r) = lim &, (r), £ (7) = im &, (7) for
vel B B el el
everyr € R, ¥ € R, then ¢ : (R,§) — (R,g) 18 a semi-isometric isomorphism,;

2. If the set {& (r) |y € T'} is bounded from above for every r € R and £ (r) =

sup&y (r), £(7) = sup&, (F) for everyr € R, 7 € R, then ¢ : (R,§) — (R,§) is a
vel vel
semi-isometric isomorphism.

We will consider a ring of matrices R,, over a pseudonormed ring (R,¢) and a
family of functions {7¢ 5|1 < 7,0 < oo} on R, such that

ale
2=

forany A= ... ... ... € R,.
Apl ... Qpn

The following theorem gives conditions for 7 and o such that the functions 7¢ , »
define pseudonorms on the ring R,,.
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Theorem 3. Let (R,&) be a pseudonormed ring and let Ry, be a ring of matrices
over the ring R with the natural operations of addition and multiplication. Then the
function ne 5 o is a pseudonorm on the ring R, for ally and o such that1 < ~,0 < oo
and % + % >1.

a1 ... Qip bll . e bln
Proof. Let A= cee e ey B= s el and 7 =g 0.
anl .. Qpp bnl ‘o bnn

1<7,J<ooand%+%21.

It is obvious that:

1) n(A) =0 A=0;

2) n(—A) =n(A) for any A € R,,.

Since £ is a pseudonorm on the ring R then & (a;; + b;j) < & (ai;) + & (bi;) for all
1 <4,5 <n, and hence

(il <§1 (€ (aij + bij))a> J)

It follows from Proposition 2 that

T [NgE

2

7
QR

N— —
2

(i (€ (aiy) +§(bz‘j))0>

J=1

j=1

<§: (€ (as;) +€(bij))0> U < (i (€ (aij))o> U + (i (€ (bij))0>

Then
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Therefore, n(A+ B) < n(A) +n(B) for any A, B € R,,.
Verify the inequality n(A - B) < n(A) -n(B) for any A, B € R,,. We consider
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Hence

(£ (868 ) ) < (5 (8 Eerem)) )

Let o* be a positive real number such that % + Ui = 1. It follows from Proposition
2 that

<§1 (= 5<am)-5<bkj)>o> <5 (; (¢ (aik)'f(bkj))o> -
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We have the inequality
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n(A-B) = i) <XZ) <§<f ik - b,w>> )
by (é @15(@%).5(@]-))0) (;(; () >)

1

2= H
=

1 « 1
o* a o*

i(i(&(%))“)a —(4)- i(i(swkm")g
k=1 \j=1 k=1 \j=1

: 1,1 1 1 _
Slnce§+;21andg+g—lthen
Proposition 3 that

% > 0—1* and so v < ¢*. Hence it follows from

i(i(swkm“)g < z( <<bkj>>“>
k=1 \j=1 k=1

Therefore n(A - B) < n(A) -n(B) for any A, B € R,,.

Thus, the function = 7¢ , , is a pseudonorm on the ring R, for all v and o
suchthat1<’y,0<ooand%+£21.

It follows from Proposition 3 that

L
o

o\ L
o vy

Il M:

7767170- = Sup 7767770- = Sup 7767770-7
1<v<;%5 y>1

Ney,1 = Sup nﬁva'—supnﬁway
1<U<

Ne, 1,1 = SUP g 4,1 = SUPNe 1,05
v>1 o>1

= lim
Mg 1,00 U_H{nﬁglp,

77§70071 = ’\/EI—‘,I}OO n§7%1'

Therefore by Proposition 4 the functions 7¢ 1.4, Meq,1, Me,1,15 Me,1,000 M¢,00,1 aT€
pseudonorms on the ring R, too for all 1 < v,0 < co.

Thus, the function n = 7¢, , is a pseudonorm on the ring R,, for any v and o
suchthatlgfy,agooand%—i—%zl. O

Remark 1. The conditions v, > 1 and % + % > 1 are essential. Consider examples
which show that if these conditions are not satisfied, then the function 7, 4 is not
a pseudonorm on the ring R,

Let R be the ring of real numbers and £(r) = |r| be a norm on the ring R ; let
ail ai12

Ry be the ring of real matrices A =
G21 Q22

, v,0 > 0and n = 1., be a

pseudonorm on the ring Rs.
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11

1. IfAsz(l 1

>and%—|—%<1,then

n(A-B) =235 > 27%7 9375 = y(4) (B).

11 11
2.IfA—<0 1>,B—<1 1)andy—oo,o'>1,the1a

n(A-B) =251 > 25 .25 = n(A) -n(B).

1 1 11
3.IfA:<1 1>’B:<O 1>anda:oo,’y>1,then

1

n(A-B) =215 27 .97 = y(A) - n(B).

4. IfAsz(1 1>and7:cr:oo,then

01

n(B-A)=2>1-1=py(B)-n(A).

0 1 10
5.IfA—<0 1>,B—<1 O>anda<1,then

n(A+ B) =27%% > 27 + 27 = n(A) + n(B).

00 1 1
6.IfA—<1 1>,B—<0 0>and7<1,then
1,1 1 1
A+ B)=27"7 >25 +2 =n(A) +n(B).

0 1 10
7.IfA—<0 1>,B—<1 O)and’y—oo,a<1,then

nA+B)=2s >1+1=n(A) +n(B).

0 0 11
8.IfA—<1 1>’B_<O O>and0—oo,7<1,then

DA+ B) =27 > 141 =1n(A) +n(B).

S0 1¢ ~,s is not a pseudonorm on the ring Ry if the conditions v,0 > 1 and
% + % > 1 are violated.

Theorem 4. Let (R,€), (R,€) be pseudonormed rings, ¢ : (R,€) — (R, ) be a
semi-isometric isomorphism, R, and R, be rings of matrices over the rings R and
R with the pseudonorms n¢ .~ o, and NE o respectively, where 1 < v,0 < 0o and

% + % > 1. Then the mapping P : (Rn,ngmg) — (Rnﬂ]g‘,%g) given by



A SEMI-ISOMETRIC ISOMORPHISM ON A RING OF MATRICES 81

( ail N AT ) ( (,0((111) N gp(aln) )
apl ... Qpn @(anl) cee @(ann)

is a semi-isometric isomorphism too.

Proof. Let 1 < v,0 < o0, %4—% > landlet n =1, ,and7n = U be pseudonorms

on the rings R, and R,,. We verify the conditions of Theorem 2 for the mapping
Let us show that the inequality n(A - B) < 7(®(A)) - n(B) is valid for any

ailr ... Qin b11 bln
A= , B=1| ... ... ... € R,.
anl ... Qpp bnl brm

Since &(a + b) < &(a) + £(b) and &(a - b) < E(p(a)) - £(b) by Theorem 2 then

¢ (z " bk]) < 3 E(ambiy) < 32 (o (a)) - € (biy).

k=1

and hence

=
b
Z
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INNgE
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It follows from Proposition 2 that

(i (z g <so<aik>>-s<bkj>>a>“ <3 (5 (o (as)) - ( <s<bkj>>”>“).
j=1 \k=1 k=1 J=1

Let o* be a positive real number such that % + Ui = 1. Using Proposition 1 we
obtain the ineguality

NgE

Then
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(i <z (E<w<aik>>>”>”>7 - (Z (z <£<bkj>>”> ) .
=1 \k=1 k=1 \j=1

Since % + % > 1 and % + Ui = 1 then v < ¢*. Hence it follows from Proposition 3
that

1

(i <§: (5(%’))0) 0) < (i (i (é(bkj))g>a) = n(B).
k=1 \j=1 k=1 \j=1

We have the inequality

(i( (%‘))") ) <7(2(A)) - n(B).

Jj=1

(B (8 «w»”f)% &

Let us show that the inequality n(B - A)
R,,. Since ¢ <Z biy, - akj) < > & (bik - axj)
k=1 k=1

ﬁgl (A))-n(B) is true for any A, B €
Z:: & (bik) - € (o (ax;)), then

<
<

1‘ =

(21 (Z <§ (; b k>>) 3) - ( ( (k;sam T <akj>>>0) 3) W

. It follows from Proposition 2 that
(i (£ 60w € o) ) <3 (s(m)- ( (s«o(am))”)g).
J=1 \k=1 k=1 J=1
) (5 (i) - (i (E(Qp(akj)))a> 0) =
k=1 7=1

o

o

NgE

Using Proposition 1 we have
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Then
(i (£ e <so<akj>>>g> "<
7=1 \k=1
(i <£<bzk>>0)_ > (z € (p (ar)) ) B
k=1 k=1 \j=1
and hence

2

i=1 \j=1 \k=1
(i (z (€ <bik>>”);> e (z € (akm)") U
i=1 \k=1 k=1 \j=1
Since v < ¢* then it follows from Proposition 3 that
> (z (z<w<akj>>)"> RS (z E( (akm)“) ) =@,
k=1 \j=1 k=1 \j=1

We obtain the inequality

Jun

NEB-A) < i(i(iabmz(wamf) <

i=1 \j=1 \k=1
(i(i(swik»f’);)v- i(i(w(am))“)a < 1(B) - TB(A).
i=1 \k=1 k=1 \j=1

The inequality 7(®(A)) < n(A) follows from the inequality (¢ (aij)) < &(ai ).
~ All conditions of Theorem 2 are valid. Therefore the mapping @ : (R e y0) —
(R, 775-7%0.) is a semi-isometric isomorphism when 1 < v,0 < co and % + % > 1.

Since n§7170 = sup ?’,57770-7 n§7%1 = sup ?’,57770-7 ?’,57171 = Supn§7%1 =
l<y<-2. l<o<1; >1
= i = 1 h i
321377571,0, 7,100 SHm e o and  7¢ 001 RLUNZA then it follows

from Proposition 5 that ® : (Rn,7m¢10) — (Bn,ng;,) for any 1 < o < oo,

P (Rpymey1) = (Rnymgq ) for any 1 <y <00, @ 1 (Rnyne1,00) = (B g 1,00)5
O (Ry,Meoo1) — (Rn,ng’wl) and ¢ : (Ry,me1,1) — (Rn,ng,m) are semi-isometric
isomorphisms too.

Thus the mapping ® : (R, 7¢ y,0) — (R, N¢ ~.o) is a semi-isometric isomorphism

forany’yandasuchthat1§’y,a§ooand%+%21. O
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