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On a class of weighted composition operators
on Fock space

Namita Das

Abstract. Let T, be the Toeplitz operator defined on the Fock space LZ(C) with
Sz _ A2

symbol ¢ € L°°(C). Let for A € C, kx(z) = et “4, the normalized reproducing
kernel at A for the Fock space L2(C) and to(z) = 2z — , 2, € C. Define the weighted
composition operator W, on L2(C) as (Waf)(2) = ka(2)(f o ta)(2). In this paper
we have shown that if M and H are two bounded linear operators from L2(C) into
itself such that MTyH = Ty, for all ¢ € L*°(C), then M and H must be constant
multiples of the weighted composition operator W, and its adjoint respectively.

Mathematics subject classification: 47B35, 32M15.
Keywords and phrases: Fock space; Toeplitz operators; weighted composition
operators.

1 Introduction

For z,y € CV(for some integer N > 1), we write Ty = 27]:[:1 Tnyn and |x| =
(:i:z:)% Thus, |x —y| is the usual Euclidean distance between z and y. The symbol dz
denotes the Lebesgue measure in CV f20r all N > 1. The Gaussian measure on CV
is, by definition, du(z) = (271)_Ne_%dz. Denote LP(CV,du) the usual Lebesgue
spaces on CV with respect to the measure p; L(CY, du) shall be occasionally
abbreviated to L>®°(CY) = L>°(C¥,dz), since they happen to coincide [5]. Set, for
1<p<oo,

LP(CN) = {f € LP(CY,du) : f is an entire function on CV}.

The space L5(CY) is a closed subspace of LP(CN, du), L°(CYN) = H®(CY). For
p=2, LE(CN ) is a Hilbert space, called the Fock or Siegal-Bargmann space.

For a multiindex n = (ny,na,--- ,ny) € NV, the following abbreviations will be
employed:

An = Gny,na, - ,ny>
2= M2 W (for z € CY)
-1 72 N )

n! =nilng!- - npy!,

on — 9n1 +no+-t+ny
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If f is an entire function, f(2) = > .y~ fn2", then

L R = 3 a2l

neNN

Consequently, f € L2(C") if and only if the last expression is finite. The inner
product of f and g(z) = >, cxv 9n2™, f,9 € L2(CN), is given by

<fag> = Z n'2nfn§n

neNN

The set {(n!2”)_%z"}ner is an orthonormal basis of L2(C). The polynomials are

dense in L2(CY). The space L2(C") is a reproducing kernel space; the reproducing
A

kernel at A € CV is given by g)(z) = e%, and ||gx|l2 = e * . For ¢ € L®(CY,du) =
L>(CY), the Toeplitz operator T}, is defined from L2(CY) into itself as T, f = P(¢f)
where P is the orthogonal projection from L?(CY, du) onto L2(CY). Further, for
¢ € L>®(CY), define the Hankel operator H,, from L2(C¥) into (L2(CV))t by Hy f =
(I—P)(¢f). Here (L2(CN))* denotes the orthogonal complement of L2(CY). Define

< 2
for A € CV, ky(2) = 5|7|Ag(j”) = e%_%, the normalized reproducing kernel at A\ for

the Fock space L2(CY). In this paper we shall only concentrate our attention on the
Fock space L2(C). Notice that it has an orthonormal basis {e,}2°, where

en(z) = (n!2”)_%z”.

For a € C, define W, from L2(C) into itself by (W, f)(2) = ka(2)f(z — a). Note for
feL2(C),Wif=(fot_a)k_o=W_uf and therefore the operator W, is a unitary
operator on L2(C) for each o € C and the operator can be defined on L?(C).

2 The forward shift operator and Toeplitz algebra on Fock space

Let Z be the forward shift operator with respect to the basis {e,}72, and let
P(2) = & = e'@8% Let L(L2(C)) be the space of all bounded linear operators from

BRE
L2(C) into itself and £C(L2(C)) be the space of all compact operators in £(L2(C)).
For M, T € L(L?(C)), let [M,T) = MT — TM. Let

A(Te) = {T € L(LF(C)) : [T, Ts] € LC(LF(C))}

and
A(Z) ={T € L(L2(C)) : [T, Z] € LC(L2(T))}.

Lemma 2.1. The following hold.
(i) The operator Ty is a compact perturbation of Z and A(Tg) = A(Z).

(ii) The Toeplitz operator Ty € A(Tw) for every ¥ € L>°(C).
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Proof. (i) Notice that

(Topz",2"m) = /iz"Zmd,u(z)
c |2l

1 oo 2T . 2
= 5 / / prtmetn=mADl =5 gt dy.
TJo Jo

This is zero unless m = n + 1, and in that case it equals

 opaq 1 o0 1 1, 1 3
/ r#" e T rdy :/ 2Mtat el = 2" Al (1 + 5 )
0 0

where I is Euler’s gamma function. Thus

(Toen. en) = { . _10 ) %f m#n+1;
(n12")~2(ml2m™) 22" 2D(n+ 3) if m=n+1.
I'(n+2) .
Consequently, Tge, = cpen11, where ¢, = m Let diag(1 — ¢,,) be the

diagonal matrix whose nth diagonal entry is 1 — ¢,. Now it follows that Z — T =
Z - diag(l — ¢,), and in order to verify our claim it suffices to show that ¢, — 1 as
n — 4o00. According to Stirling’s formula [1],

MNzx+1) ~ \/27Txx+%e_x,

where “~” means that the ratio of the right-hand to the left-hand side approaches
1 as x — 400. Substituting this into the expression for ¢, produces

n+ )" emaor
2

nEtie 5 (2m)i(n+1)5 e 53 (2m)F

Cp

The terms containing 7 cancel, as well as those containing e, and what remains is

the product of
n n+l 1
n+3\° (n+i) d (n+3)2
9y an )
n n+1 ni(n+1)a

=

which tend to ei,e T and 1, respectively. So, ¢, — 1 and the assertion (i) follows.
Now we shall prove (ii). The formulas

Tyo — TyTy = H;Hy, (1)
Tng — TgTw = HgHw — H%H@, (2)
hold for arbitrary 1,0 € L*>(C). Owing to (2),

TyTy — ToTy = HyHy — H:Hy
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will be compact for arbitrary ¢ € L*°(C) if Hg, Hg are compact. The latter is
equivalent to Hy He, H%Hg are compact, respectively, and from (1) it follows that
this is equivalent to I —T§Te and I —TeTy are compact, respectively. Owing to (i),
the last two operators are compact perturbations of I — Z*Z =0 and I — ZZ* =
(., e0)eq, respectively and the result follows. a

Let T denote the unit circle in the complex plane C. Let L*°(T) be the space of all
essentially bounded measurable functions on T with the essential supremum norm.
Let H? be the Hardy space on the unit circle T. For ¢ € L>(T), the Toeplitz operator
By with symbol ¢ is the operator on H? sending f € H? to Py (¢f), where Py is
the orthogonal projection of L?(T) onto H?. It is easy to check that BfBsB, = By
for any ¢ € L*°(T). According to a classical result [3], the converse holds: if an
operator T € L(H?) satisfies BT B, = T, then T = By for some ¢ € L>(T). This
result serves as a starting point for the theory of symbols of operators. It is also
shown in [3], that the only compact Toeplitz operator is the zero Toeplitz operator.
If ¢ € H(T) then B, € L£L(H?) is called an analytic Toeplitz operator and B}, = Bj
is called a coanalytic Toeplitz operator. Let

A(B,) = {T € L(H?) :T—-B!TB, € LC(H?)}
= {T € L(H?):[T,B,] € LC(H?)},

the essential commutant of the forward shift operator B, on H2. It is known [2] that
A(B,) is a C*—subalgebra of L(H?) and By, € A(B,) for all ¢ € L>=(T).

Lemma 2.2. There exists a unitary operator U : H? — L2(C) such that the
transformation T — U*TU is a C*-isomorphism of A(Z) onto A(B,).

Proof. Define U : H?> — L2(C) by mapping the standard basis of H? onto the basis
{en}nen of LZ(C),

U:z"€H2n—>\/%eLz(C).

This operator is unitary and the transformation 7' — U*TU maps Z to B,; hence,

TecAZ) & |[T,Z] € LC(L:(C))
& U*TZU - U*ZTU € LC(H?)
& (UTU)U*ZU) — (U*ZU)U*TU) € LC(H?)
& (U*TU)B, — B,(U*TU) € LC(H?)
< U'TU € A(B,).
The proof is complete. O

3 Main result

We now prove the main result of the work.

Theorem 3.1. Let « € C and define the translation operator on C as t,(z) = z —a.
Suppose M and H are two linear bounded operators from L2(C) into itself such that
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MTyH = Ty, forallyp € L*(C,dz). Then M = cW,, and H = %W; and MH =1,
the identity operator on L2(C).

Proof. Notice that the Fock space L2(C) is an invariant subspace for W, and W} =
W_,, and therefore PW,, = W, P. For f € L2(C) and o € C, we have

TyWaof = Ty [(JE o ta) kol

= PW,[(ota)f]
= WaP (ot a)f]
= WaTwot,af-

Thus we get WiTyWof = Tyor_,, f, for a € C. Now let R, = WM and S, = HW,.
Since MTyH = Ty, it follows that R,TSq = WoMT HWo = WiTyor, Wa = Ty,
for all ¢p € L*°(C). It is known [4] that the norm closure of the set of all Toeplitz
operators in £(L2(C)) contains £LC(L2(C)). In fact, if 73 = {T : ¢ € D(C)} then
closT; = LC(L2(C)) where D(C) is the set of all infinitely differentiable functions on
C whose supports are compact subsets of C. Thus

RoTySoTe = TyTe =Tye + G (for some G € LC(LZ(C)))
RaTd,q)Sa + G

Ro(TyTe — G)So + G

= R,(TyTo — lim Ty )So + G (where G = lim Tp,)
= RaTquﬁa — lim RaT(z,nSa + G

= RaTqu)Sa — lim T¢n + G

= RaT¢Tq>Sa -G+ G

= R.TyTeS,.

It follows therefore that R,Ty(SaTe — T9Ss) = 0. We shall now show that SoTe —
T3S = 0. Suppose on the contrary that there is some z # 0 in Ran(S,Tp — T9S,,)-
Then, by the last relation, R Tyx = 0 for all ¢y € L*°(C), so the kernel of R,
contains the set {Tyx : ¢ € L°°(C)}. Consider some y € L2(C) orthogonal to this
set. Then 0 = (y,Tyz) = (y, P(¢x)) = [ y(2)(2)z(2)du(z) for all ¢ € L>(C);
because Zy € L'(C,du), we conclude that Zy = 0, and this is only possible if at
least one of the analytic functions z, ¥ is identically zero. But x # 0 by assumption,
so y must be zero, which means that our set is dense in L2(C). Because this set is
contained in ker R,,, we have R, = 0, so T}, = R,TS, = 0 for all ¢ — a contradiction.
This proves that ST — TeS, = 0. Hence STy = Ty S, for all n € N. Therefore
So(Z + K)" = (Z 4+ K)"Sy as Tp = Z + K for some K € LC(L2(C)). Hence, it
follows that SoZ" — Z"S, = K,, for some K, € LC(L2(C)). Thus

(U*SU)U*Z"U) — (U* Z"U)(U*SalU) = Ch,
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for some C,, € LC(H?) for all n € N. Hence U*S,U lies in the essential commutant of
all analytic Toeplitz operators in L(H?). Thus U*SaU = By+K for some ¢ € H*®(T)
and K € LC(H?).

Similarly one can show that U*R,U = Bz + K, for some § € H*(T) and K’ €
LC(H?). This is because RyTy S, = Ty for all ¢ € L>(C) implies STy R:, = Ty, for
all p € L>(C). Now (U*R,U)(U*SU) = By, + C, for some C € EC(H?). Hence
I = (U*RaSaU) = Bgy + C and therefore By _g, = C. This implies 1 — ¢ = 0 as
the only compact Toeplitz operator in £L(H?) is the zero Toeplitz operator. Thus
C =0andf = é This implies # € H*°(T) and § € H>®(T). Thus § = d and
¢ = é for some constant d. Hence it follows that U*R,U = By + K' = dI + K’ and
U*SaU =By + K = I+ K. Thus I = (dI + K')(3I + K) and therefore

K/
dK+7+K’K:O. (3)
On the other hand, U*S, U = é] + K implies S, = é—i— UKU* = % + F where
E=UKU* € LC(L%(C)). Hence

280 2" — é (4)

as Z*"EZ™ — 0 (see [2] for the proof) strongly. Further, since S,Z" — Z"S, = K,
for some K,, € LC(L2(C)), hence

2802 — Sy = Jy (5)

for some J, = Z*"K,, € LC(L2(C)). Since {J,} converges strongly to 0, we obtain
from (4) and (5) that Sq = 1. Hence E = 0 and therefore K = 0. It follows hence
from (3) that K/ = 0. Thus U*S,U = % and U*R,U = d. Hence S, = % and R, = d.
Thus M = WoRy = dW, and H = S, W} = éW; and the theorem follows. O
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