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Composition followed by differentiation between
weighted Bergman spaces and weighted Banach spaces
of holomorphic functions

Elke Wolf

Abstract. Let ¢ be an analytic self-map of the open unit disk D in the complex plane.
Such a map induces through composition a linear composition operator Cy : f +— foe.
We are interested in the combination of Cy weith the differentiation operator D, that
is in the operator DCy : f +— ¢’ - (f o ¢) acting between weighted Bergman spaces and
weighted Banach spaces of holomorphic functions.
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1 Introduction

Let D denote the open unit disk in the complex plane. For an analytic self-map
¢ of D the classical composition operator Cy is given by

Cy: HD) — H(D), f— fo¢,

where H (D) denotes the set of all analytic functions on D. Combining this with
differentiation we obtain the operator

DCy,: HD) — H(D), fr—¢ - (f o9).

Composition operators occur naturally in various problems and therefore have been
widely investigated. An overview of results in the classical setting of the Hardy
spaces as well as an introduction to composition operators is given in the excellent
monographs by Cowen and MacCluer [5] and Shapiro [8].

Next, let us explain the setting in which we are interested. Bounded and contin-
uous functions v : D —]0, co[ are called weights. For such a weight v we define

H = {f € HD); |[fll. := iggv(z)lf(z)l < oo}

Since, endowed with the weighted sup-norm ||.||,, this is a Banach space, we say that
H?° is a weighted Banach space of holomorphic functions. These spaces arise nat-
urally in several problems related to e.g. complex analysis, spectral theory, Fourier
analysis, partial differential and convolution equations. Concrete examples may be
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found in [3]. Weighted Banach spaces of holomorphic functions have been studied
deeply in [2], but also in [4] and [1].

The weighted Bergman space is defined to be the collection of all analytic func-
tions f € H(D) such that

Ay = £ € HO) Ly = [ G702 44()) " < sed1 < p < o0

where dA(z) denotes the normalized area measure. The investigation of Bergman
spaces has quite a long and rich history. An excellent introduction to Bergman
spaces is given in [6].

In this article we characterize boundedness and compactness of operators
DCy : A,, — Hp® in terms of the involved self-map ¢ and the weights v
and w.

2 Basics

We study weighted spaces generated by the following class of weights. Let v be
a holomorphic function on D that does not vanish and is strictly positive on [0, 1].
Moreover, we assume that lim,_,; v(r) = 0. Then we define the weight v in the
following way

v(z) == v(|z|?) for every z € D. (1)
Examples include all the famous and popular weights, such as
1. the standard weights v(z) = (1 — |2|2)®, a > 1,
2. the logarithmic weights v(z) = (1 —log(1 — |2|2))?, B > 0.
3. the exponential weights v(z) = e_m, a>1.
For a fixed point a € D, we introduce a function
va(2) := v(az) for every z € D.

Since v is holomorphic on D, so is the function v,. Moreover, in particular, we will
often assume that there is a constant C' > 0 such that
v(z
sup sup (2) <C. (2)
a€D zeD ‘Ua(z)’

In the sequel we analyze which role condition (2) plays in the zoo of conditions on
weights. Lusky [7] studied weights satisfying the following conditions (L1) and (L2)
(renamed after the author) which are defined as follows

1—2! 1—27""J
(L1) inf ol ) > 0 and (L2) limsup ol )

_— — 2 <1f i € N.
neN v(l —2-7) el w(1—277) or some J
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Actually, weights which enjoy both conitions (L1) and (L2) are normal weights in
the sense of Shields and Williams (see [9]). Obviously condition (2) is connected
with contiion (L2) in the following way. If we change (2) as follows

<1, 3
a€D zeD |Ua(z)| ( )

then (L2) is equivalent with (3) if we assume that |v(z)| > v(|z|) for every z € D.
To show this, let us first assume that (L2) holds. Hence we can find j € N such that

1-27"7J
% < 1 for every n € N.
Next, we fix z € D and a € D. Then we can find n € N such that
|2 >1-2"""7 and |az| <1 —-27".

Now,

v(2) < v(l —2777)
v(az)] = o(l—277)
Conversely, we suppose that (3) is satisfied. We take j =1, fix n € N and select

< 1 for every n € N.

- (1 _ 2—n)2
Ap = m

We obtain
v(l —27"71) < v(z) v(2)

<
v(l1—=2"") ~ |v(az)| — i

a€D zeD ‘Ua(z)’
Thus, under some additional assumptions (2) is a weaker verson of (L2). Calcu-
lations show that the standard weights as well as the logarithmic weights satisfy
condition (2), while the exponential weights do not fulfill condition (2).
Finally, we need some geometric data of the unit disk. A very important tool
when dealling with operators such as defined above is the so-called pseudohyberbolic
metric given by

< 1.

p(z,a) = |oa(2)],

where 04(2) = 1=, 2,a € D, is the Mébius transformation which interchanges
a and 0.
3 Results

Lemma 1. Let v(z) = f(|z|) for every z € D, where f € H(D) is a function whose
Taylor series (at 0) has nonnegative coefficients. We assume additionally that v
satisfies condition (2). Then there is a constant C > 0 such that

[/l

f(2)] < 07— —
w(0)7 (1 — |2[2)Fu(z)
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Proof. Recall that a weight v as defined above may be written as
v(z) := max{|g(A\z)|;|\| = 1} for every z € D.

We will write g\(z) := g(Az) for every z € D. Next, fix A € C with |\ = 1.
Moreover, let o € D be an arbitrary point. We consider the map

2

Ty : AL — AP, Ty f(2) = F(0a(2))0(2)7 gr(0a(2))7.

Then a change of variables yields
[Taxfllt, = /Dv(z)If(ffa(Z))IPIJL(Z)IQIQA(%(Z))I dA(z)

o)
< /D (Gl o s (2] dA:)

< C/D |f(@a(2))lv(0a(2))|og (2)* dA(2)
< [ wolror dAw =i,
Now put hy(z) := T, r(2) for every z € D. By the mean value property we obtain

v(0)[2A(0)]” < /Dv(z)lhx(z)lp dA(z) = Il < CISIIT -
Hence
0(0)[A(0)[P = v(0)|f (@) P(1 = |*)[ga(@)] < CIfIIE-
Since A was arbitrary we obtain that
v(0)|f(@)P(1 = |a*)?v(a) < CIfIIF,

Thus,
[1f o,
T 2 1
v(0)7 (1 = |a?)rv(a)r

Since a was arbitrary, the claim follows. O

1f(a)] < C»

Lemma 2. Let v(z) = f(|z]) for every z € D, where f € H(D) is a function whose
Taylor series (at 0) has nonnegative coefficients. We assume additionally that v
satisfies condition (2). Then for every f € AY there is Cy, > 0 such that

1f(2) = f(w)] < Cvllfllv,pmaX{ = : : }p(z,UJ)

(1= 2P)ro()r (1= w]2)ro(w)s
for every z,w € D.

Proof. The proof is completely analogous to the proof given in [10]. Hence we omit
it here. O
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Lemma 3. Let v(z) = f(|z|) for every z € D, where f € H(D) is a function whose
Taylor series (at 0) has nonnegative coefficients. We assume additionally that v
satisfies condition (2). Then for f € HY° and z € D:

M
0(0)7 (1 — [2[2) 7 u(2)

Proof. By Lemma 2 we have that

Ml max{ ! 2 10 ! 2 1 } p(sz)”f”U,P'
v(0)7 1 —=[zP)ro(z)r (1 —[w*)ro(w)?
o ‘f(z +h) — f(2)

f'(2)] < 7| fllo.p-

£ (2) = f(w)| <

|| -
M 1 1
S 1 max{ 2 10 2 1 } p(Z + h,Z)”f”v,p
v(0)7|h| (1= |z +h2)pu(z + B)2 (1 |22)pu(z)?
M 1 1 z+h—z
= 1 max P ) P T ———| | fllvp
v(0)7 A (1 |2+ h2)pv(z+ h)r (1 |z2)ro(z)r J 11 =2 +hz

M 1 1 1
= T nax 2 15 2 1 — ”f”U,P'
wOF (1= |+ hR)Fuz+h)s (1= |22)pe()s | 11— 2+ h2

Finally, let h tend to zero and obtain

f'(2)] <

M
1 2 1 f v,p
O R s

O

Proposition 1. Let v(z) = f(|z|) for every z € D, where f € H(D) is a function

whose Taylor series (at 0) has nonnegative coefficients. We assume additionally that

v satisfies condition (2). Then DCy : A,, — HyY is bounded if and only if
w(2)|¢(2)]

sup 2 T < 00. (4)
€D (1 — | (2)?) " ru(d(2))»
Proof. First, we assume that (4) is satisfied. Applying Lemma 1 we obtain

IDC, = supw(=)|6 ()] (6(2)| < Csup— NI
2€D z€D (1 — ’(25(2:)‘2) pv(¢(2))P

Hence DCy : A, — HY must be bounded.
Conversely, let a € D be arbitrary. Then there exists f4 in the unit ball of H°
such that |f,(a)P = 6(1[1). Now put

9a(2) = fa(2)o4(2) for every z € D.
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Then [|lga[lVp = Jp19a(2)[Pv(2) dA(2) < sup.epv(2)|fa(2)|P fplo(2)[P dA(2) < K.
Moreover,

90(2) = fa(2)0a(2) + fa(2)oy(2) for every z € D.

Next, we assume that there is a sequence (zy,), C D such that |¢(z,)| — 1 and
w(zn)|¢' ()]

2 142 1

(1= l¢(zn)?) "7 o(d(2n)) 7

Thus consider now g, (2) = gg(s,)(2) for every n € N as defined above. Obviously
(gn)n is contained in the closed unit ball of 4, , and

> n for every n € N.

¢ > w(zn)|d' (2095 (6(20))] =

for every n € N which is a contradiction. O

Proposition 2. Let v(z) = f(|z]), z € D, where f € H(D) is a function whose Tay-
lor sereis (at 0) has nonnegative coefficients. Moreover, we assume that v satisfies
(2). Then the operator DCy : Ay, — Hg is compact if and only if

/
lim sup w(z)|<f+(2z)| T
[6()=1 (1= |p(2)[?) TP o(e(2))”
Proof. Let (f,)n be a bounded sequence in A, , that converges to zero uniformly on

the compact subsets of D. Let M := sup,, || fnllv,p, < 00. Given ¢ > 0 there is r > 0
such that if |¢(z)| > 0, then

w(z)|¢'(2)] 2

<

(1— o)) T ru(a(z))r — 200

On the other hand, since f,, — 0 uniformly on {u; |u| < r}, there is an ny € N such
that if |¢(2)| < r and n > ng, then w(2)|f)(¢(2))]|¢'(2)] < §. Now, an application
of Lemma 3 yields

supw(2)| [ (6(2))ll¢' (2))] < sup w(2)|f, ((2)]1¢(2)] +

€D |6(z)|<r
+ sup w(2)|f(6(2)]|¢'(2)] < 5 5 St swp w(z)!i(zﬂ T <€
|6(2)|>r B@)I>r (1 — |p(2)[2)r T v(p(z))?

Thus, the claim follows.
Conversely, we suppose that DCy : A, ), — Hy° is compact and that there are
0 >0 and (z,), C D with |¢(2,)] — 1 such that

w(za)|#/ ()
(1= 6(za)|2) P u(d(20)) 7

> ).
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Since |¢(zn)| — 1 there exist natural numbers a(n) with lim, .. a(n) = oo such
that |¢(z,,)|*™ > 1 for every n € N.

Next, for every n € N we consider the function

1+2
= a(n)
gn(2) = fn(z)a(b(zi)z ,

where f € HZ such that || f}]l, <1 and |f,(é(2,))P = =——. Then we obtain

= n 5(¢(2n))
HDCfbanw > w(zn)’¢/(zn)"f1/1(¢(zn))‘

Y

Y

1
5 > =0.
B(6(z)F (1 [o(z)) 5~ 2

This is a contradiction. O

References

1]
2]
8]
[4]
[5]
(6]

[7]
8]
[9]

[10]

BIErsTEDT K.D., BONET J., GALBIS A. Weighted spaces of holomorphic functions on
balanced domains. Michigan Math. J., 1993, 40, No. 2, 271-297.

BIERSTEDT K.D., BONET J., TASKINEN J. Associated weights and spaces of holomorphic
functions. Studia Math., 1998, 127, No. 2, 137-168.

BIERSTEDT K. D., MEISE R., SUMMERS W. H. A projective description of weighted inductive
limits. Trans. Am. Math. Soc., 1982, 272, No. 1, 107-160.

BIERSTEDT K. D., SUMMERS W. H. Biduals of weighted Banach spaces of holomorphic func-
tions. J. Austral. Math. Soc., Ser. A., 1993, 54, 70-79.

CoweN C., MACCLUER B. Composition Operators on Spaces of Analytic Functions. CRC
Press, Boca Raton, 1995.

DUREN P., SCHUSTER A. Bergman spaces, Mathematical Surveys and Monographs 100.
Amer. Math. Soc, Providence, RI, 2004.

Lusky W. On the structure of Hvug(D) and hvo(D). Math. Nachr., 1992, 159, 279-289.
SHAPIRO J. H. Composition Operators and Classical Function Theory. Springer, 1993.

SHIELDS A.L., WiLLiaMS D.L. Bounded porjections, duality and multipliers in spaces of
harmonic functions. J. Reine Angew. Math., 1978, 299/300, 256-279.

WoLr E. Differences of composition oprators between weighted Bergman spaces and weighted
Banach spaces of holomorphic functions. Glasgow Math. J., 2010, 52, No. 2, 325-332.

ELKE WoOLF Received  September 30, 2013

Mat

hematical Institute

University of Paderborn
Warburger Str. 100
33098 Paderborn
Germany

E-mail: lichte@math.uni-paderborn.de



