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Abstract. The classical form of Griiss’ inequality, first published by G. Griiss in
1935, gives an estimate of the difference between the integral of the product and the
product of the integrals of two functions. In the subsequent years, many variants
of this inequality appeared in the literature. The aim of this paper is to introduce
a new approach, presenting a new Chebyshev-Griiss-type inequality and applying to
different well-known linear, not necessarily positive, operators. Some conjectures are
presented. We also compare the new inequalities with some older results. In some
cases this new approach gives better estimates than the ones already known.
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1 Introduction

Here we list some classical results which we will need in the sequel.
The functional given by

b b b
= | s - = [ r@is 2 [ gtwyin

T(f,9) =

where f, g : [a,b] — R are integrable functions, is well known in the literature as the
classical Chebyshev functional (see [7]).
We first recall the following result.

Theorem 1 (see [20]). Let f,g : [a,b] — R be bounded integrable functions, both
increasing or both decreasing. Furthermore, let p : [a,b] — Rar be a bounded and
integrable function. Then

b b b b
/pmm/mm¢Mgmmz/mm¢mm/MMgmm.<w

If one of the functions f or g is nonincreasing and the other nondecreasing, then
inequality (1) is reversed.
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Remark 1. Inequality (1) is known as Chebyshev’s inequality. It was first introduced
by P. L. Chebyshev in 1882 in [6]. If p(z) = 1 for a < x < b, then inequality (1) is
equivalent to

—a/f d:r>< /f dx>.<r/b (x)dm).

The next result is the Griiss-type inequality for the Chebyshev functional.

Theorem 2. (Griss, 1935, see [14]) Let f, g be integrable functions from [a,b] into
R, such that m < f(x) < M, p < g(x) < P, for all x € |a,b], where m,M,p, P € R.
Then

(M —m)(P —p).

»J>I>—‘

IT(f,9)| <

The functional L, given by L(f f f(z)dz, is linear and positive and

satisfies L(eg) = 1; here we denote e,(m) = z', for 7 > 0. In the sequel, we recall
some bounds for what we call the generalized Chebyshev functional

Tr(f,9) == L(f -g) — L(f) - L(g) (2)

and give some new results.

Remark 2. We will use the terminology ”Chebyshev-Griiss-type inequalities”, re-
ferring to Griiss-type inequalities for (special cases of) generalized Chebyshev func-
tionals. These inequalities have the general form

ITL(f, 9)] < E(L, £, 9),

where E is an expression in terms of certain properties of L and some kind of
oscillations of f and g.

Another result we recall is a special form of a theorem given by D. Andrica and
C.Badea (see [3]):

Theorem 3. Let I = [a,b] be a compact interval of the real axis, B(I) be the space of
real-valued and bounded functions defined on I and L be a linear positive functional
satisfying L(eg) = 1 where eq : [ > x +— 1. Assuming that for f,g € B(I) one has
m < f(x) <M, p<g(z) <P forall x € I, the following holds:

TL(f,9)| < 7 (M —m)(P = p).

]

Remark 3. Note that the positive linear functional is not present on the right hand
side of the estimate.

The following pre-Chebyshev-Griiss inequality was given by A. Mc. D. Mercer and
P.R. Mercer (see [18]) in 2004.
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Theorem 4. For a positive linear functional L : B(I) — R, with L(ey) = 1, one
has:

To(f,9)] < 5 min{(M —m)L(lg ~ GI) (P~ p)L(If ~ FI)}
where m < f(x) <M, p<g(x) <P forallz€l, F:=Lf and G := Lg.

Remark 4. This is a more adequate result, considering that the positive linear func-
tional appears on both the left and the right hand side of the inequality.

Let C(X) = Cr((X,d)) be the Banach lattice of real-valued continuous functions
defined on the compact metric space (X,d) and consider positive linear operators
H: C(X)— C(X) reproducing constant functions. For z € X we take L = ¢, 0 H,
so L(f) = H(f;x). We are interested in the degree of non-multiplicativity of such
operators. Consider two functions f,g € C(X) and define the positive bilinear
functional

T(f,g;x):= H(f - gix) — H(f;2) - H(g; 7).
Definition 1. Let f € C(X). If, for ¢t € [0, 00), the quantity
wi(f3t) = sup {|f(z) = f(y)], d(z,y) <t}

is the usual modulus of continuity, then its least concave majorant is given by

(t—z)wa(fy)+y—Hwa (f,z) f 0<t<dX
@a(f.t) = {SUPOSrStSySd(X)w#y o or 0 <t <d(X),

wa(f,d(X)) if t > d(X) ,
and d(X) < oo is the diameter of the compact space X.
In [24] (see Theorem 3.1.) the following was shown.

Theorem 5. If f,g € C(X), where (X,d) is a compact metric space, and x € X is
fized, then the inequality

T(f,g50)] < 3@ (£ VARG 2050)) - T (9 4V A 7))

holds, where wy is the least concave majorant of the usual modulus of continuity and
H(d?(-,x);z) is the second moment of the operator H.

For X = [a,b], we have a slightly better result (see Theorem 4.1. in [24]); a
slightly weaker inequality had been obtained earlier in [1].

Theorem 6. If f,g € C[a,b] and x € [a,b] is fixed, then the inequality

T(f,9:0) < 38 (120 EGer —250)) -5 (g:2V A (@~ 0%0) (3

holds.
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Remark 5. Here the moduli of continuity are oscillations defined with respect to
functions f on the whole domain X = [a,b]. In order to improve some results, we
propose a new approach, in which the oscillations are related to the support of the
involved functional.

Remark 6. The inequality (3) is sharp in the sense that a positive linear operator
reproducing constant and linear functions and functions f, g € Cfa, b] exist such that
equality occurs.

Example 1. Consider f = g :=e;. Then we have
w(f,t) =wler,t) =sup{|lz —y|: |z —y| <t} =t
Since w(f,-) is linear, we get W(f, ) = w(f,-). The left-hand side in Theorem 6 is
T(f,g;2)| = H(ea; 2) — (H(er; 7))

and the right-hand side is

25 (F2VATe 20 & (g 2V A~ 0%0) = 1 @A — 050)?
= H((e; — )% 2).

By choosing a positive linear operator H : C[a,b] — [a,b] such that Hey = ¢y and
He, = e1, we get

H((e; — z)%x) = H(ey — 2ze; + z°; 2)
H(ez;x) — 2zH(ey; ) + 2 = H(eg; x) — o
H(ez;x) — (H(er; )%,

so we obtain equality between the two sides.

2 A Chebyshev-Griiss-type inequality: new approach

2.1 The compact topological space case

Let p be a (not necessarily positive) Borel measure on the compact topological
space X.
Let [du(z) =1, and set L(f ff , for f € C(X). Then, for f,g €

X
C(X), we have

L(fg) — L(f)L(g) :/}x /f Japu(z /<>ww>
//f d(p @ p)(z,y) //f d(p @ p)(z,y)
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— [[ 16 - st ()
X2

Similarly,

L(fg) — L(f)L(g) = / / F@) o) — 9@))d(n ® p)(z, ).
X2

By addition,

2AL(fg) - L()L(g) = / / () — ) g(@) — g@)dp® w(a,y).  (4)
X2

Let
oscr(f) == max{|f(z) — f(y)| : (z,y) € supp(n @ p)},

where supp(pu ® u) is the support of the tensor product of the Borel measure p with
itself (see [2]) and let A := {(z,z) : z € X}. From (4) we get

Lf9) =~ LULe) = 5 [[ (1) = 1)(o(@) = o)) © 10(e.0).
X2\A
Then we have the following result.

Theorem 7. The Chebyshev-Griss-type inequality in this case is given by

IL(f9) = L(f)L(9)| < 5 - 0scr(f) - 0scr(g) [n @ p| (X2 \ D),

DO =

for f,g € C(X) and |u® p| is the absolute value of the tensor product of the Borel
measure p with itself (see Chapter 1 in [2]).

Example 2. Let X = [0, 1] and consider the functional
! 1
L(f) :a/ fydt+ (1 —a)f <§>, for 0 <a<1.
0

Then L(f) = fol f(t)dp, where the Borel measure p is given by

p=ar+ (1 —a)

[V

on X, with X the Lebesgue measure on [0, 1] and €1 the measure concentrated at %
2
Then the tensor product of p with itself is

e (aA+(1—a)a%) ® (a)\+(1 —a)a%)

=a’A®@\) +a(l — a)A®e1)+(1—a)a(er @A) + (1 - a)}(e1®e

).

[NIES

1
2
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[ ® pis a positive measure, so |p ® p| = p ® p, and

p@p([0,12\ A) = [a?(A® \) +a(l — a)(A@ey)
+a(l— a)(eé @A)+ (1 —a)2(6% ®€%)] ([0,1]*\ A)
=a®>+2a(1 — a) = a(2 — a).

The inequality becomes :

[L(fg) = L(f)L(9)| < 5 - a(2—a) - oscr(f) - oscr(g),

N =

for two functions f, g € CI0,1].

2.2 The discrete linear functional case

Let X be an arbitrary set and B(X) the set of all real-valued, bounded functions
on X. Take a, € R, n > 0, such that > 7 |a,| < co and Y > ;a, = 1. Further-
more, let z, € X, n > 0 be arbitrary mutually distinct points of X. For f € B(X)
set fn := f(z,). Now consider the functional L : B(X) — R, Lf = > > janfn. L
is linear and Leg = 1.

Then the relations

L(f : g) - L(f) : L(g) = Zanfngn - Zanfn : Z AmGm
n=0 n=0 m=0

00 00 0
S A
n=0 \m=0

n,m=0
() 00
2
= § anfn.gn + g A n frnGn
n=0 n,m=0;m#n
() 00
2
- § anfn.gn - g AnQm frnGm
n=0 n,m=0;m#n
00

= Z anamfn(gn - gm)

n,m=0;m#n

= Z anamfn(gn - gm) + Z a”amf”(gn o gm)

0<n<m<oo 0<n>m<oco

= Z anamfn(gn - gm) - Z anamfm(gn - gm)
0<n<m<oo 0<n<m<oo

= Z anam(fn - fm)(gn - gm)
0<n<m<oo

hold.
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Theorem 8. The Chebyshev-Griss-type inequality for the above linear, not neces-
sarily positive, functional L is given by:

IL(fg) = L(f) - L(g)| < oscr(f)-oscrl(g) - D lananml,

0<n<m<oo

where f,g € B(X) and we define the oscillations to be:

oscr(f) = sup{|fu — finl : 0 <1 < m < o0},
oscr(g) := sup{|gn — gm| : 0 <n < m < oo}

Theorem 9. In particular, if a, > 0, n > 0, then L is a positive linear functional
and we have:

L(fg) ~ Lf Lol < 3 (1 - ;) osci(f) - oscei(g),

for f,g € B(X) and the oscillations given as above.

Remark 7. The above inequality is sharp in the sense that we can find a functional
L such that equality holds.

Example 3. Let us consider the following functional
Lf:=1-a)f(0)+af(l), for 0 <a<1.
For this functional we have
L(fg)=Lf-Lg = (1=a)f(0)g(0)+af(1)g(1)=[(1=a) f(0)+af(1)]-[(1-a)g(0)+ag(1)],
so after some calculations we get that the left-hand side is

IL(fg) = Lf - Lg| = |a(1 — a) -[f(0) = f(1)] - [9(0) — g(1)]

>0

— a1 — ) [£(0) — F1)] - |g(0) — g(1)]

and the right-hand side is

% <1 - Za;‘;) coser(f) -oscr(g) = 5 - [1—a® = (1= a)’]-[£(0) = F(1)] - |9(0) — g(1)|
n=0
= a(l—a)[f(0) = fF(1)] - 9(0) = g(1)].

N —
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3 A new Chebyshev-Griiss-type inequality for the Bernstein
operator

Consider the classical Bernstein operators
e (k 0.1
Buf(@):=> [ (=) bar(x), feR™ zeo1],
k=0 n

where b (z) = (})2*(1 — 2)""*. According to Theorem 9, for each z € [0, 1],
fyg € B[0, 1] we have

[Bu(f - 6)(@) ~ Buf(2) - Bagle)| < 5 <1 -y bik@:)) osep, (f) - 0scp, (9), (5)
k=0

where
oscp, (f) :=max{|fr — fil :0<k <l <n}
and fr = f (%), similar definitions apply to g.
Example 4. If we consider f,g € B[0,1] to be Dirichlet functions defined by

_J1 forxeQ,
f(x)'_{o forx e R\ Q

and analogously for g, with f := f (%) (the same for g), then we observe that the
oscillations in the above inequality vanish, so the right hand-side is zero.

Let ¢n(z) := Y p_ob2.(2), € [0,1]. Since

1

1 &y ’ 1
>

—_

we get
1
(’pn(gj) 2 n——l—l’ T e [07 1]7 (6)

and therefore

[Bn(f - 9)(x) = Buf(x) - Bng(x)| < ntl) oscp, (f) - oscp,(g9), « €[0,1]. (7)

Let us remark that equality is attained in (6) iff n =1 and = % In fact, inspired
also by some computations with Maple, we make the following conjectures:
Conjecture 1. ¢, is convex on [0, 1].
1

Conjecture 2. ¢, is decreasing on [0, 5} and increasing on [%, 1].



CHEBYSHEV-GRUSS-TYPE INEQUALITIES VIA DISCRETE OSCILLATIONS 71

Conjecture 3. ¢,(z) > ¢, (3), z € [0,1].

Since ¢, (% — t) = pn (% + t), t e [0, %], we see that Conjecture 1 = Conjecture
2 = Conjecture 3.
On the other hand, it can be proved that

1 2n 1 1 2n — 2
=) =4"" 2 el n( = :42—n
#(a) () ) (a) - e ()
1

and so 3 is a minimum point for ¢,. Conjecture 3 claims that it is an absolute

minimum point; in other words,

on(z) > (2"> z€0,1]. (8)

_4_"n

The following confirmation of Conjecture 3 is due to Dr. Th. Neuschel (Katho-
lieke Universiteit Leuven).

Lemma 1. For n € N and z € [0,1], we have
Zn: n 2l‘2k(1 o x)2(n—k) > i 2n
= \k 4\ n )

Proof. For symmetry reasons, it suffices to prove the statement only for 0 < z < %
In the sequel we denote P, to be the n—th Legendre polynomial, given by

n

Po(a) = 2in 3 <Z>2(az 1)k — 1),

k=0
We make a change of variable, namely set y := % > 1 and we get
n 2
n n n—
(= V> —1" Paly) =D (k:) 2 (1 - 2)?7h) = o, (2),
k=0

so we have to show that

1 /2n
== P = g ()
holds, for y > 1. The inequality holds for y = 1 and y = co. In the last case, the
inequality is even sharp. Now it is enough to show :

d

& (y—Vy? = 1)"Pu(y)} <0 fory > 1.

This is equivalent to the following statement

+Pn(y) for y > 1.

P (y) <
y=—1
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Using the formula
y -1
n

Pp(y) = yPu(y) = Paoa(y),
we now have to prove the following:
(y = VY2 = DPuly) < Pa-ily) for y > 1,
which is equivalent to
Pou(y) < (y+ Vy2 = 1) Paa(y) for y > 1. (9)

The inequality (9) can be proved by induction. For n = 1 the inequality holds. We
assume that the inequality holds also for n and we want to show:

Popi(y) < (y+ Vy? — 1) Pa(y) fory > 1.

Using Bonnet’s recursion formula

2n+1
Po(y) —

Pra(y) = n+1y n

n
——P,1(y),
n+1 1)

we now have to show that the following holds:

<2n+1y_(y+\/ﬁ)> Puly) < " Py 1(y)-

n+1 n+1

After evaluation

2n+1 7 n
- -1)) P, < — 2_1)P,
(nHy (y+Vy )> (y)_n+1(y y? — 1) P, (y)
n
< —W—-Vy:-1 2-1)P,—
_nH(y y? =Dy +Vy*—1)Pu-1(y)
n
we obtain the result. O

In order to compare (6) and (8), it is not difficult to prove the inequalities

Lo_ 1 _1/my_ 1 -
— < — ——, N
n+1 " 2yn 47\ n N

More precise inequalities can be found in [9]:

1 <i<2n>< 1 n>9
t(n+3) 4"\ n Vrn—1) T

Because we have proved that Conjecture 3 is true, we have the following result.
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Theorem 10. The new Chebyshev-Griss-type inequality for the Bernstein operator
18:

1 1 (/2n
Bl - 9)(0) = Buf (@) Bago)] < 5 (1= 35 (%) ) osca, (1osem, (o) 0 € 0.1
(10)
In comparison, using the second moment of the Bernstein polynomial

Bul(er — ay) = 2022

and letting H = B,, in Theorem 6, the classical Chebyshev-Griiss-type inequality
looks as follows:

‘Bn(f g)(x) - an(x) : Bng(‘r)’ i <f 2 %) = <9;2 w> ’
(11)

() o)

for two functions f,g € C[0,1] and z € [0, 1] fixed.

which implies

[Bn(f - 9)(x) = Buf(x) - Bag(z)| <

NH

Remark 8. In (5) and (11), the right-hand side depends on z and vanishes when

x — 0 or x — 1. The maximum value of it, as a function of z, is attained for z = %,

and (7), (10), (12) illustrate this fact. On the other hand, in (5) the oscillations of
f and g are relative only to the points 0, %, e "T_l, 1, while in (11) the oscillations,
expressed in terms of w, are relative to the whole interval [0, 1].

4 Griiss-type inequalities for the Lagrange operator
Consider f € C[—1,1] and the infinite matrix X = {x},}7_, 22, with
1<z p<z22p<...<zpp <1, forn=1,2....
The Lagrange fundamental functions are given by

wn ()

l n - 5
enl®) = ) (@ — )

1<k <n,

where wy, (z) = [[j_; (z — zk,n) and the Lagrange operator (see [26]) L,, : C[—1,1] —

Hn—l is
T) = Z f(@kn)len(2)
k=1
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The Lebesgue function of the interpolation is:

n

Ap(z) := Z Uk ()]

k=1
It is also known (see [8], p. 13) that || L,|| < oo and
[ Lnll = 1An ]l
hold.

Proposition 1 (Properties of the Lagrange operator).

i) The Lagrange operator is linear but only in exceptional cases positive.

iii) The Lagrange operator is idempotent: L2 = L,,.
i) Ly, satisfies > p_; lgn(z) = 1.

Remark 9. The Lebesgue function has been studied for different node systems. In
the sequel, we will use some known results for Chebyshev nodes and give classical
and new Chebyshev-Griiss-type inequalities.

4.1 A Chebyshev-Griiss-type inequality for the Lagrange operator
at Chebyshev nodes

The Lagrange operator with Chebyshev nodes (see [5,8]) is given as follows.
Let T),(x) = cos(ncos™' x) and X = {cos[r(2k — 1)/2n]}, i.e., when

2k -1
n

Ty = COSlp , = COS m(k=1,2,...,m;mn=1,2,...)

are the Chebyshev roots.

Remark 10. It can be shown that the Lebesgue constant for Chebyshev nodes is a
lot smaller than for equidistant nodes. That’s why we concentrate on this case in
our paper.

A Chebyshev-Griiss-type inequality for the Lagrange operator with this node
system, similar to the one in Theorem 5, is given by:

Theorem 11. For f,g € C[-1,1] and all x € [—1,1], the inequality

1 ~ ~
T(f g:2)l < 7 |Lall L+ [[LnlD@ (F:2) - @ (95 2)
1 3 2. ] )
< 3 <1+;logn+ ;log n> w(f;2) -w(g;2)

holds; here w denotes the first order modulus.
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Proof. The idea of this proof is similar to the one of Theorem 2 in [1] and that of
Theorem 3.1. in [24]. Recall, however, that we have to work without the assumption
of positivity. We consider the bilinear functional

T(f,g;2) == Lo(f - g52) — Ln(f; %) - Ln(g; 2).

Let f,g € C[-1,1] and r,s € Lipy, where Lip; = {f € C[—1,1] : sup,z,, % <
|f (z)—f(zo)]

. r
R We are

oo} and the seminorm on Lip; is defined by [f[;, := supg.s,
interested in estimating

IT(f,g;2)| =|T(f —r+r,g—s+s;z)|
<|T(f—r,g—s;2)|+|T(f —r,s;x)|+ |T(r,g — s;x)| + |T(r,s; )| .
(13)

First note that for f,g € C[—1, 1] one has

T(f; g5 2) < [ Lnll (LWLl DAL - Mg

For r,s € Lip; we have the estimate

T (r,s;2)] = |T((r —r(0)), (s — s(0); )|
= |Ln((r = 7(0)) - (s = 5(0));2) = Ln(r — r(0); 2) - Ln(s — s(0); )]
<Ll - =) - [ls = sO) | + | Znl* - [l = 7(O)]] - [|s = s(0) |
S Ll X+ [ Lnll) - [Pl pipy - 18] i, -
Moreover, for r € Lip; and g € C[—1,1] the inequality
T (r,g;2)| = |T(r —r(0), g; )]
= |Ln((r —7(0)) - g;2) — Ly(r — r(0); 2) - Ln(g; )|
< 1Ll (=7 (0)) - gll + 1Ll - I = (0)]] - [lg]
SN Lall U+ [ Lnll) - gl - I = r(0)]]
S Lall (X + (1 Lnll) - lgll - 17 i,

holds. Note that in both cases considered so far we used

(o) = F@ =@
|r(x) —r(0)] - |z =0

é |T|Lip1 : |':U|7

for z € [-1,1], i.e.,
(@) =7 (O)] < [rlLip, -

Similarly, if f € C[—1,1] and s € Lip; we have

T(fs 850)] < Ll (U [1Lnll) - [LFIF- 18] £, -
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Then inequality (13) becomes
T(f,g;2)| <|T(f =79 —s;2)| +|T(f —r,s;2)| + |[T(r,g — s;2)| + |T(r, s;2)]
< NEall Il - {1 =7+ 1] i, § - {llg = sll + Islipy }
The latter expression involves terms figuring in the K — functional

K(f, 4 C[=1,1], Lip1)
= mf{Hf — gH +1- |g|L7;p1 ‘g€ Lipl}a

for f € C[—1,1], t > 0. It is known that (see, e. g., [22])
t 1
K<f7§>_§w(f7t)v

an equality to be used in the next step.
We now pass to the infimum over r and s, respectively, which leads to

1 _ 1 -
= Lol @+ [Lnll) - 5 - &(f52) - 5 - &(g52)

= 2Ll (I Eal52) - wle:2).

T. Rivlin (see [23]) proved the following inequality in the case of Lagrange interpo-
lation at Chebyshev nodes:

2
0.9625 < || Ly|| — —logn < 1,
0
so using this result we get
2
L] < =logn +1
7T
1
=14 ||Ly| <2 <%logn + 1)
3 2 9
= Ll L+ || Lnl]) <21+ ;logn—k plog n
which implies the result. O

4.2 A new Chebyshev-Griiss-type inequality for the Lagrange
operator with Chebyshev nodes

Theorem 12. For f,g € C[—1,1] and x € [—1,1] fized, the following inequality

T(f, g:0)| < oser, (f)-oscr,(9) - D M) - bun(@)]

1<k<m<n
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2

AZ(z) — ¢ |1+ (cos® nt) - 2=
2

<oscp, (f)-oscr,(g) -

holds, for a suitable constant ¢ and x = cost.

Proof. The first inequality follows from Theorem 8 (with an obvious modification).
The sum on the right-hand side of the first inequality can be expressed as follows:

n 2 n
Z U (@) * (@) = <Z ’lzm(x)‘) - <Z lin(”/’)) /2
1<k<m<n | \i=1 i=1
- s~ (30
L =1

?:1 lzz,n(

/2.

In order to estimate the sum
to get (case a = 2):

x), we use the proof of Theorem 2.3. from [15]

n n
Zlfn(aj) >c (1 + |cos nt|? Zi_2> ,
i=1 =1

where z = cost and c is a suitable constant. After some calculation, the sum becomes

2(g) ¢ 1+(cosnt)2.7f_2
Z [l (%) - I ()] = Anlz) ( 6 ),

2 2
1<k<m<n

so we obtain our desired inequality. O

5 Chebyshev-Griiss-type inequalities for piecewise linear
interpolation at equidistant knots

We consider the operator Sa, : C[0,1] — C[0,1] (see [12]) at the points

0, %, e %, e "T_l, 1, which can be explicitely described as
1 ~[k=1Fk k+1 k
9 . — =~ ey — _
NG nz[ L kR, :c@ f<n>
k=0 a
where [a,b,c; f] = Ja,b,c; f(a)]a denotes the divided difference of a function

f: D — R on the (distinct knots) {a,b,c} C D, w.r.t. a.
Proposition 2 (Properties of Sa,, ).
i) Sa, 1s a positive, linear operator preserving linear functions.

it) Sa, preserves monotonicity and convexity/concavity.
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i) If f € C[0,1] is convex, then Sa, f is also convex and we have: f < Sa, f.

The operator Sa, can also be defined as follows:

5. S zf( ) twns(o)
for f € C[0,1] and = € [0, 1], where u,; € C[0,1] are piecewise linear continuous

functions, such that
Unp, K <£> = 5kla k,l = 0,...,77,
n

5.1 A Chebyshev-Griiss-type inequality for Sa

In order to obtain a classical Chebyshev-Griiss-type inequality using Sa,, we

need the second moment of the operator. For z € [ this is given by

n?

n’n]

k—1 k k E—1
st o2 (220 [(£-0)- (520
n n n n
(=) G)
:x—— __x,
n n
which is maximal when x = % This implies

1
2.
San((er —z)% ) < e

By taking H = Sa,, in Theorem 6, the Chebyshev-Griiss-type inequality for Sa,,
is given in the following.

Theorem 13. If f,g € C[0,1] and x € [0,1] is fized, then the inequality

T(f,9;2)| S (f 2-1/94,((ex —:E)2;:U)> W (9;2 v/ Sa,((e1 —w)z;sv))

(12) 0

5.2 A new Chebyshev-Griiss-type inequality for Sa,,

IN
] = »lkl

holds.

In this case, we need to ﬁnd the minimum of the sum 7,(z) == > ;_, uik(x)
For a particular interval [ —, Z ] we get that

Zunk = (nz—k+1)?+(k—nz)? fork=1,...,n.



CHEBYSHEV-GRUSS-TYPE INEQUALITIES VIA DISCRETE OSCILLATIONS 79

For k = 1, we have = € [0, %] and 7,(z) = (nxz — 1)2, while for k¥ = n, we get

T e ["—_1 1] and 7,(2) = (nx —n +1)% So 7,(z) = (nx — k+1)? + (k — nx)? is

n
minimal if and only if z = % and the minimum value of 7,,(x) is %

Theorem 14. The new Chebyshev-Griss-type inequality for Sa, is

T, 00| < 5 <1 - Zui,k@:)) 0scsy, (1) 0scss, (9)
k=0

1 1

< 3 <1 — §> -o0scs,, (f) - 0scsy, (9)
1

< 1 05CS,,, (f)- 0SCSn,, (9),

with

oscsy, (f) ==max{|fy — fil : 0 <k <l<n},
oscsAn(g) =max{|lgr — g : 0< k<l<n},

where fr = f (%)

Remark 11. This inequality implies the classical Chebyshev-Griiss-type inequality
because |fr — fil < M —m and |gx — gi| < P — p, respectively. It is easy to give
examples in which our approach gives strictly better inequalities.

6 Chebyshev-Griiss-type inequalities for Mirakjan-Favard-Szdsz
operators

The Mirakjan-Favard-Szdsz operators (see [2]) were introduced by G. M. Mirakjan
(see [19]) and studied by different authors, e.g., J.Favard and O.Szdsz (see [10]
and [27]). The classical n—th Mirakjan-Favard-Szdsz operator M,, is defined by

e (nx)F (K
Mn ) = ne />
(Frw)i=emy = f (= (14)
k=0
for f € Fy, x € [0,00) C R and n € N. Fj is the Banach lattice
Ey:={feC(0,0)): 1) is convergent as z — oo}
) 1 _1_332 )
endowed with the norm @)
x
£l = P2

The series on the right-hand side of (14) is absolutely convergent and Fj is isomor-
phic to C[0, 1]; (see [2], Sect. 5.3.9).
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6.1 A new Chebyshev-Griiss-type inequality for Mirakjan-Favard-
Szasz operators

This is our first application of Theorem 9 for operators defined for functions
given on an infinite interval. We set

o (JI) _ e—2nw§: (nx)2k
' i (R

and we want to find the infimum:

inf =12>0.
:}goan(az) t>0

Because o, () > ¢, we obtain the following result.

Theorem 15. For the Mirakjan-Favard-Szisz operator we have

T(f,9:2)] < 5 (1 = on(2)) - 0sear, (f) - 05cm, (9)

— Do =

< (1= 0) -osear, (f) - osear, (9):
where f,g € Cp[0,00), oscpr, (f) =sup{|fx — fil : 0 < k <1 < oo}, with fr:= f (%)
and a similar definition applying to g. Cp[0,00) is the set of all continuous, real-

valued, bounded functions on [0,00).
Lemma 2. The relation inf,>oop(x) = ¢ =0 holds.

Proof. We first need to prove that

lim e 2" [(2nz) = 0

r—00

holds, for a fixed n and Iy being the modified Bessel function of the first kind of
order 0. The power series expansion for modified Bessel functions of the first kind

of order 0 is
2k

1) = 3 s

k=0
so for a fixed n we have

i~ (n$)2k
Iy(2nx) = kzzo e
and S
e 2 . Iy(2nz) = e 2. Z E = ¢p(z).
k=0

We now use Lebesgue’s dominated convergence theorem and the integral expression

1 [t 1
Ip(2nx) = —/ e 2t —dt,
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—2nx 1 ! —2nx(1+t) 1
e -Io(2nzx) = — e -,
-1

s V1 —t2
for n fixed and we conclude that o, (x) — 0, as  — oo, because we see from above
that e=2"* . I4(2nx) — 0, for z — oo. O

Corollary 1. The new Chebyshev-Griiss-type inequality for the Mirakjan-Favard-
Szasz operator is:

T(f,g50)] < 5 - 05, (£) - 0sear, o).

where f,g € Cpl0,00), oscar, (f) = sup{|fx — fi| : 0 < k <1 < oo} and a similar
definition applying to g.
7 Chebyshev-Griiss-type inequalities for Baskakov operators

In the book of F. Altomare and M. Campiti [2] (Sect. 5.3.10), the classical
positive, linear Baskakov operators (A, )nen are defined as follows:

0

for every f € Ea, x € [0,00) and n > 1.

7.1 A new Chebyshev-Griiss-type inequality for Baskakov
operators

The procedure in this subsection completely parallels that of Section 6.1. We set

1 S n+k-1\?( z \*
= _— > 0.
Un() ST kE:0< f > <1+$> , forx >0

‘We need to find the infimum:

;:gf(’) Un(z) :==€>0.

Because 9, (z) > €, we obtain the following result.

Theorem 16. For the Baskakov operator one has

IT(f,g;2)| <

<

(1= n(2)) - 0sca, (f) - 0sca, (9)

(1 —¢€)-osca,(f)-osca,(g),

N =N

where f,g € Cpl0,00), osca, (f) =sup{|fx — fil : 0 <k <l<oo}, fo:=1Ff (%) and
a stmilar definition applying to g.
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Lemma 3. The relation inf,>o VY, (x) = € = 0 holds for all n > 1.

Proof. In [4] the following functions were defined. For I. = [0,00)(c € R,c > 0),
n >0,k €Nyand x € I, we have

n

pg]k( ) = (=1)" <_kz> (cx)f(1 +cx)~ e F c#£0.

For ¢ =1, we get

k@) = (o) = (0 (3 ) ) = (T ek = st

)

so we obtain the fundamental functions of the Baskakov operator. The following
kernel function was defined in [4]:

ncxy Zp pnk ), for x,y € I..

We are interested in the case ¢ = 1 and = = y, so the above kernel becomes

r) =Y papl@) =) ar () = V(). (15)
k=0 k=0
For n =1, we get
1 & o 1
Vi(z) =Tia(v,2) = ——5 ( > = — 0, for z — oo.
(1+x) = \1+z 1+ 22
For n > 1,
e dt
Thi(z,x) = — z,2,t))" ———,
s = [ )y

where, for ¢(z,z,t) = [1 +4x(1 —t) + 42%(1 — t)]~L, it holds:
0< ¢(x,x,t) <1,Vt€[0,1],Vz > 0.

Therefore
Tgl(x :L')>T31(1’ :L')>T41(1’ :L') .>0,Vx > 0. (16)

Now for n = 2, we have

00 2k
Tr1(z,x) = Zp2k Zk‘—kl <1+x> .

4
k=0

2
Let <1+L:c> = y. Then
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Thus

20 + 2z + 1
Tri(z,x) = % — 0, for x — oo. (17)

For n > 3 it holds from (16) that 0 < T}, 1(z,z) < T51(x,«). Combining this with
(17), we get
linlonl(ac,a:) =0,Vn >1,

and so the proof is finished. O

An inequality analogous to the one in Corollary 1 is now immediate.

8 Chebyshev-Griiss-type inequalities for Bleimann-Butzer-Hahn
operators

In the same book [2] (Sect. 5.2.8), the Bleimann-Butzer-Hahn operators are also
presented. For every n € N the positive linear operator H,, : Cy([0,00)) — C3([0, 00))

is defined by
Nk
Hulf32): 1+w Zf( k+1><k>x’

for every f € Cp([0,00)), >0, n € N, n > 1.

8.1 A new Chebyshev-Griiss-type inequality for Bleimann-Butzer-
Hahn operators

We set

n

1 n\>
)= g 2 ()

for t > 0. We make a change of variable, namely set z = 154%1 € [0,1). Then we get

¢n(t)zzn:<z>2<t+%>2k (H%fn—zk

k=0

— Zn: <Z> 2£L'2k(1 _ :L,)2n—2k'
k=0

So Yn(t) = @n(w), ie., infi>0 9y (t) = infyep 1) on(x) = = (2") as shown in Lemma
1.
This leads to

Theorem 17. The new Chebyshev-Griss-type inequality in this case is:

(gl < 5 (1= () osenn, (1) s (o), (18)
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with f,g € Cp[0,00), x € [0,00) and
oscp, (f) :=sup{|fx — fil : 0 <k <1< n},

for fo = f (%M) and a similar definition applying to g.

9 Chebyshev-Griiss-type inequalities for King-type operators

P. P. Korovkin [17] introduced in 1960 a theorem saying that if {L,} is a sequence
of positive linear operators on Cla, b, then

lim Ly, (f)(x) = f(x)

n—oo

for each f € C[a,b] if and only if

lim L,(e;i(z)) = e;(x)

n—oo

for the three functions e;(z) = ¢, i = 0,1,2. There are a lot of well-known opera-
tors, like the Bernstein polynomials, the Mirakjan-Favard-Szdsz and the Baskakov
operators, that preserve ey and e (see [16]). However, these operators do not repro-
duce eo. We are now interested in a non-trivial sequence of positive linear operators
{L,} defined on C[0, 1], that preserve ey and e:

Ly (eo)(x) = eo(z) and Ly(e2)(x) = ea(z), n=0,1,2,....
In [16] J.P.King defined the King-type operator as follows.

Definition 2. (see [16]) Let {r,(z)} be a sequence of continuous functions with
0<rp(z) <1. Let V,, : C[0,1] — C[0,1] be defined by

Valfi@) = 2": <Z> (rn(2)(1 = rp(2)" " f <§>

k=0

= w1 (£),

k=0
for f € C[0,1], 0 <z < 1. v, are the fundamental functions of the V;, operator.

Remark 12. For r,(z) = x, n = 1,2, ..., the positive linear operators V,, given above
reduce to the Bernstein operators.

Proposition 3 (Properties of V,,).
i) Valeg) =1 and Vy(e;x) = rp(x);

i1) Valeas ) = 258 4 224 (ra(2))?;

n n
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i11) limy, oo Vi (f;2) = f(x) for each f € C[0,1], x € [0,1], if and only if

lim r,(x) = .
n—oo

For special ("right”) choices of ry,(z) = r}(z), J. P. King showed in [16] that the
following theorem holds.

Theorem 18. (see Theorem 1.5. in [13]) Let {V,}}nen be the sequence of operators
defined before with

ri(z) = 22 ; forn =1,

(@) =9 n
rn(x):—m—k\/(m)xz—km , form=2.3,....

Then we get V,*(ea;x) = 22, forn € N, x € [0,1] and V,}(e1;2) # e1(x). V' is not
a polynomial operator.

The fundamental functions of this operator, namely

tiale) = () 0200 = raa)

satisfy > ¢ _o vy p(2) =1, forn =1,2,....
Proposition 4 (Properties of 7).
i) 0<ri(x)<1, forn=1,2,..., and 0 <z < 1.
ii) limp oo i () = for 0 < < 1.

9.1 The classical Chebyshev-Griiss-type inequality for King-type
operators

The second moments of the special King-type operators V,* are given by
Vil(er —a)% @) = 2a(z — 17y (2)),

so we discriminate between two cases.
The first case is n = 1, so 7 (x) = 2% and the second moment is

Vi((e1 — 2)%2) = 22%(1 - @),
so the classical Chebyshev-Griiss-type inequality is given as follows.

Theorem 19. For L = V}", we have the inequality:

T (f, g;2) < %@ (f;2w\/m> " (g; 2wm> :
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For the second case, n = 2,3,..., we have

r(3) = _ﬁ n \/<%> 22 4 ﬁ,

so the second moments look more complicated:

Vi((ep — )% x) = 22(x — ri(x)).
In this case we get the following:

Theorem 20. For L =V, (z) and n = 2,3,..., the inequality

5 (f:2v22(0 = r3(@)) - & (9520200 — (@)

-

T(f,g;2)| <

holds.

9.2 A new Chebyshev-Griiss-type inequality for King-type
operators

We need > "), (v;k(:n))2 to be minimal. Let ¢, (z) := >}, (v;k(:n))2
For n = 1, we have that

1
pi() =) (vip(@)® = (0] (2))* + (0] 1 (x))* = 22" — 207 + 1
k=0

V2
2

(%)
il )=y

Theorem 21. The new Chebyshev-Griiss-type inequality for n = 1 then looks as
follows:

and this attains its minimum for x = . This minimum is

1
!T(f,g; x)‘ < Z " 0sCy (f) - oscyy (g)
1
=7 lfo=fil-lgo— gl
For n = 2,3,..., the problem of finding the minimum is more difficult, since
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In any case, the estimate

1
n+1

pnl(z) =) (vn k(@) >
k=0

holds, for z € [0,1] and n = 2,3,.... As a proof for this,

> k=0 Yy 1 (2))? < > k=0 U k(@) 1
n+1 - n+1 n+1

Then we get

n

1 n
1— * 21— = )
kzzo(vnvk(x)) = T nd1l ntd

Theorem 22. Forn = 2,3,... there holds

Vi (F9) (@) = Vi (f;2) - Vi (g5 )| < STOE) ~oscy(f) - oscy (9)-

Note added in proof: Regarding the conjectures from Section 3,

Dr. Th. Neuschel (Katholicke Universiteit Leuven) also validated Conjecture 2 (see
paper of G. Nikolov [21] for more details). Conjecture 1 was discussed and proved
in recent papers by I. Gavrea and M. Ivan in [11], and by G. Nikolov in [21], inde-
pendently. Conjecture 3 is the weakest of the three, but sufficient for our purposes.
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