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Abstract. If a countable group G admits a non-discrete Hausdorff group topology,
then the lattice of all group topologies of the group G admits:

— continuum ¢ of non-discrete metrizable group topologies such that sup{7i, 72} is the
discrete topology for any two of these topologies;

— two to the power of continuum of coatoms in the lattice of all group topologies.

Mathematics subject classification: 22A05.

Keywords and phrases: Countable group, group topology, Hausdorff topology, basis
of the filter of neighborhoods, number of group topologies, lattice of group topologies,
Stone-Clech compacification.

1 Introduction

This article is a continuation of article [1]. Main results of this article are
Theorems 3.1 and 3.2.

Statements 3.1.2 and 3.1.3 of Theorem 3.1 are stronger than Theorem 14 from
[1], and Statement 3.1.4 affirms that if a countable group G admits a non-discrete
Hausdorff group topology, then the lattice of all group topologies of the group G
admits two to the power of continuum of coatoms.

Moreover (see Theorem 3.2), for a countable group the requirement of the exi-
stence of a non-discrete Hausdorff group topology in Theorem 14 and Theorem 13
from [1] can be weakened to the requirement of the existence of a group topolo-
gy in which the topological group does not have a finite basis of the filter of all
neighborhoods of the unity element.

2 Notations and preliminaries

For proof of the main results we need the following notations and results:

Notations 2.1.

— | A] is the cardinality of the set A;

— N is the set of all natural numbers;

— ¢ is the continuum cardinality and w(c) is the minimal transfinite number of
the cardinality c;

~ Nis a set of cardinality c of infinite subsets of the set N such that A B = ()
for any A, B € N and A # B (the existence of such a set N is proved in [3, Example
3.6.18]);
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Notation 2.2. If G(-) is a group and z is some variable, then the free product of
the group G(-) and of the free cyclic group generated by the element x is denoted
by G(x), i.e. G(x) consists of elements of the form gy - 2" - gg-2F2 ... - gs- 2 - go1q,
where g; € G for 1 <i < s+ 1 and k; is an integer for 1 < j <'s.

Definitions 2.3.

— Elements of the group G(x) are called words in the variable x over the group
G();

—If g € G() and f(z) € G(x), then the expression f(x) = g will be called an
equation over the group G(-);

— An element a € G(+) is called a root of the equation f(x) =g if f(a) =g.

Definitions 2.4.

— A partially ordered set (X, <) is called a lattice if for any elements a,b € X
there exist inf{a, b} and sup{a, b};

— A lattice (X, <) is called complete if for any non-empty subset S C X there
exist inf S and sup S;

— Lattices (X, <) and (Y, <) are called anti-isomorphic if there exists a bijec-
tive mapping ¥ : (X, <) — (Y, <) such that ¥(inf{a,bd}) = sup{¥(a), ¥(b)} and
U(sup{a,b}) = inf{¥(a),¥(b)} for all elements a,b € X.

The map ¥ : (X, <) — (Y, <) will be called a lattice anti-isomorphism;

— If a lattice (X, <) has the greatest element 1, then an element a # 1 of the
lattice (X, <) is called a coatom if b =1 for any element b € X such that a < b.

Notation 2.5. If Ay, As,... and By, Bs,... are sequences of symmetrical subsets
o0
of a group G(-) (i.e. (4;)7' = A4; and (B;)~! = B;) such that e € (] B;, then for

=1
any natural number n by induction we define the set F, (B, ..., By; A1, ... Ay): we
take Fl(Bl;Al) = {g -h- g_1|g € A, h € Bl}UB - B and

Foy1(B1,...,Bny1; Av, ... Apgr) = Fi((Ba UFn(B% o Buga; Ao, Apg); Ar).

Theorem 2.6 (see for example [2, page 203 and page 205]). A set Q of subsets of
a group G(-) is a basis of the filter of all neighborhoods of the unity element e for
a Hausdorff group topology on the group G(-) if and only if the following conditions
are satisfied:

) N V2o{eh

VeQ

2) For every Vi and Vo € Q) there exists Va3 € Q such that V3 C V3 N Va;
3) For every Vi € Q there exists Vo € Q such that Va - Vo C Vy;
4) For every Vi € Q there exists Vo € Q such that V2_1 (G Ve

5) For every Vi € Q and any element g € G there exists Vo € Q such that
g-Va-g~t CV.

Moreover, this group topology is Hausdorff if and only if (| V = {e}
Ve
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Proposition 2.7 (see [1]). If Vi, Va,... and S1, Sa, ... are some sequences of subsets
of a group (G, (-)), then (see 1.5) for subsets Fy(Vi,...,Vk;S1,...,Sk) the following
statements are true:

2.71. Ifec Vi, then Vi CVi-V3 C F1(Vy;81) and g-Vi-g~ ' C F1(V4;S1) for
any g € Si;

2.7.2. Ifk e N and S; and V; are symmetric and finite sets for 1 <i < k, then
F (Vl, e, Vi S, .. .,Sk) is a symmetric and finite set;

2.7.3. Fp({e},....{e};S1,...,5) = {e} forany keN;
2.74. IfU;, CV; and T; CS; for each 1 <i <k, then

Fr(Uy,...,UTh, ..., Tp) € Fr(Va, ..o, Vi Sty oo, Sk);
2.7.5. Ifk,peN, andecV; fori <k and Viq; = {e} for 1 <j <p, then
Fo(Vi,. .o Vi Sty Sk) = Frop Vis oo Vieps Sty -+, Skitp)
2.7.6. If an integer k > 2, then the equality

Fe(Vi, . s Vi S, ..., 8k) =

Fk<V1 U Py (Vay oo Vi Sav o Sk)s ooy Vi UFI(Vk;Sk),Vk;Sl,...,Sk)
18 true;

2.7.7. IfeeV; foreach1 < i <k, then V; C Fk<V1,...,Vk;Sl,...,Sk> for
each 1 <t < k;

2.7.8. Ifk,seNandecV; for each 1 <i<k+s, then

Byt (Voo Virsi s Shts) € Fievoeot (Vi Viersi 1o+ Ses)
for any k,s,t € N and t < s.

Notation 2.8. Let G(-) = {e, gfl, ...} be a countable group, and for each positive
integer n let be S,, = {gfl,gécl, g

For each pair of natural numbers (7, j) we define subsets V(; ;) and S(; ;) of the
group G(-) and for each three natural numbers (i, j, k) such that 1 < k < j define a
set ®(; ; ) (z) of equations in the variable x over the group G(-) as follows:

Vg = {e}, Say = S5 and @y () = {z = c}c € S} for all j,k € N
and k < j.

Suppose that for a natural number p the sets V(; ;), S(
defined for ¢ < p and all j, k € N such that k < j.

If p4+ 1 is an even natural number, then we take:

Vips1,j) = {e} for j > p+1;

ij) and <I>(i,j,k)(a:) are
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J J
Vipr1,5) = Vip.j) U{g, 971}, where g € G\ L—J1 S (f G\ L_Jl S(p.j) = 0, then we
take Vi,q15) = Vip,j)) forall j <p+1;
(I)(p+1,j,k)($) = é(p,j,k)(x) for all k < j € N;

J
S(erl,j) = {g S G|g S kU (I)(p+1,j,k)} for all j € N.
=1

If p4+ 1 is an odd natural number, then we take:

Vipt1,j) = {e} for j > p+1;

Visr1d) = Fpriei (Vg -+ Vipws1)i Sivts - Sprn) U Vipy) for 5 <p + 15
Qi1 () = {z = g}g €S;} for all j € N and D1,k ()

{fx) = g| flz) € Fik(Vipr1.h41)s -+ Vipa1,j-1)s Vip) U {z, 271} Sk, -+, 5))
andgESk} for any k,j € N and k < j;

Sp+1,5) = S(p,j) for every j € N.

So, we identified subsets of V(; ;) and S(; ;) of the group G(-) for each pair of
positive integers (7, j) and the set ®(; ; ) (z) of equations on the group G(-) for each
triples of positive integers (i, j, k) such that 1 < k < j.

Theorem 2.9 (see [1, Theorem 11]). If a countable group G(-) admits a non-discrete
Hausdorff group topology 7 and M = {f1 () = a1y..., fm(x) = am} is a finite set
of equations over the group G(-) for which the unity element e is not a root of any
of these equations, then in the topological group (G, T) there exists a neighborhood
W of the unity element e such that each its element is not a root of any of these
equations.

From Theorem 2.6 follows

Theorem 2.10. If(2 is a set of group topologies on a group G(-) and for each topo-
logy T € Q in a topological group (G(-),T) a basis B of the filter of all neighborhoods
of the unity element e is given, then the set

{ ﬂ V;|M is a finite subset in Q and V; € B}
TeEM

is a basis of the filter of all neighborhoods of the unity element in the topological
group (G(-),sup ).

From the definition of the prototype of any topology follows

Theorem 2.11. Let f : G(-) — G() be some group homomorphism from
the group G(-) in the group G(-). If T is a group topology on the group G(-)
and T is the prototype of the topology T relative to the homomorphism f (i.e.
T = {f~YU)|U € 7}), then 7 is a group topology on the group G(-) and for any
basis B of the filter of neighborhoods of the unity element in the topological group
(G(-),7), the set B = {f~Y(V)|V) € B} is a basis of the filter of neighborhoods of
the unity element in the topological group (G(-), ).
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Similarly to the proof of step II of Theorem 13 in [1], is proved:

Theorem 2.12.  Let G(-) = {e,gi"'| € N} be a countable group and let
{hi, = gi, |k € N} be a sequence of elements of the group G(-) such that

h’i ¢ Fn({evgitl}w R {eag?:_ll}u {6}{6,9;5_11, . ‘7{67931};‘917 LR 7Sn})

for every i,n € N.  Then the following statements are true:
2.12.1. If C is an infinite subset of the set of all natural numbers N and

U, _{ {hkwe? hj;l} if 1€,
o {e} if i¢C

)

for every i € N, then the set

~

{U(C) | Ui(C) = | Fj1(Uic, - - -Uisjos iy -, Sing) i € N}
j=1

s a basis of the filter of neighborhoods of the unity element for some group topology
7(C) in the group G(-);

2.12.2. If A, B are subsets of the set N such that A\ B and B\ A are infinite
subsets, then the topologies T(A) and T(B) are incomparable.

Definition 2.13. An element d € X is called a maximal element in a partially
ordered set (X, <) if d = z for any element z in X such that d < z.

Theorem 2.14 (see [3, page 28, the Kuratowski-Zorn’s lemma)). If (X,<) is a
partially ordered set such that for any linearly ordered subset (A, <) C (X, <) there
exists an element a € X such that x < a for every x € A, then for any y € X there
exists a mazximal element d € X in the partially ordered set (X, <) such that y < d.

Proposition 2.15(see [3, Corollary 3.6.12]). If (8N, 1) is Stone-Cech compacifica-
tion, then the following statements are true:

2.15.1. The set N is a dense subset of the topological space (BN, T);

2.15.2. The topological space (OGN, 1) is Hausdorff;

2.15.3. The cardinality of the set BN 1is equal to 2°.

Proposition 2.16. For any element a € SN\ N and any neighborhood U of the
element a in the topological space (BN, T), the set U (N is infinite.

Proof. Assume the contrary, i.e. that some element a € SN\ N has a neighborhood
U such that U [N is a finite set.

Since every finite set is closed in any Hausdorff space and a ¢ N, then
V =U\(NNU) is a neighborhood of the element a in the topological space (6N, ),
and VN = (.

This contradicts the Statement 2.15.1. O
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3 Basic results

Theorem 3.1.  Let a countable group G(-) admit some Hausdorff non-discrete
group topology Ty such that the topological group (G, 7o) has a countable basis of the
filter of all neighborhoods of the unity element. Then:

3.1.1. The group G(-) admits a continuum of non-discrete group topologies
stronger than 19 and such that the following conditions are true:

— the space of the topological group is Hausdorff;
— the unity element has a countable basis of the filter of all neighborhoods;

— any two of these topologies are comparable.

3.1.2.  The group G(-) admits a continuum of non-discrete group topologies
stronger than 19 and such that for each of these topologies the following conditions
are true:

— the space of the topological group is Hausdorff;
— the unity element has a countable basis of the filter of all neighborhoods;

— sup{ri, 2} is the discrete topology for any two of these topologies 11 # To;

3.1.3. There exist 2¢ (two to the power of continuum) non-discrete group
topologies stronger than 1o and such that sup{Ti, T2} is the discrete topology for any
two of these topologies T # To;

3.1.4. There exist 2° coatoms in the lattice of all group topologies on the
group G(-).

Proof. Proof of Statement 3.1.1 see in the proof of Theorem 14 in [1].

Proof of Statement 3.1.2. Let G = {e,gfﬂ, .. } be a numbering of elements
of the group G(-) and let S,, = {glﬂ, . ,gﬁl} for any n € N. Then there exists a
countable basis {Vi, Va, ...} of the filter of neighborhoods of the unity element in the
topological group (G, 79) which consists of symmetric subsets such that VNS, =0
and g - Viy1-g ' C Vi for any k € N and any g € Sy.

It is easily proved by induction on k that Fj, (%+1, co s Vil Sig1s - Si—l—k) cV
for any i,k € N.

The proof of the theorem will be realized in several steps.

Step I. Construction of an auxiliary sequence hq, ha, ... of elements of G(-) and
of an increasing sequence ki, ks, ... of natural numbers.
By induction on n we construct a sequence k1, ko, . . . of natural numbers such that

k; > i for every i € N and a sequence hq, ha, . .. of elements of the set G\ {e} such that
{e, hi, hi_l} C Vj, for any positive integer ¢ and for any subsets of A C {k1,...,k,}
and B C {kq,...,ky} such that A B = () and the condition holds:

Fn(Ul,Aa .. -7Un,A;Sl7 . -)Sn) an(Ul,B’ e "Un,B;Slv s 7STL) = {6}7
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where . . .
Uicz{ {hi,e,h; "} %f Z.GC,
’ {e} if i¢C
for any subset C' C {1,...,n}.

If n =1, then we take k; = 2 and h; an arbitrary element of the set V5 \ {e}.

If A and B are subsets of {1} such that A(\B = 0, then either A = ) or
B = (), and hence (see Statement 2.7.3), either F1(U; 4;51) = Fi({e}; S1) = {e} , or
Fi(Uy,B;S1) = Fi({e}; S1) = {e}. So F1(U1,4;51)(F1(Ui,B; S1) = {e}, and hence,
for the natural number k1 = 2 and the element h; all conditions specified above are
true.

Suppose that we have already defined positive integers k1 < ko,... < k, such
that k; > i and elements hi, ha, ..., h, from the set G\{e} such that all conditions
specified above are true.

For any sets A C {1,...,n}and B C {1,...,n} such that A" B = () we consider
the set (4 p)(7) of equations over the group G(-) of the form f(x) = g, where

f(I) € Fn+l(U1,Aa FRR) Un,Aa {l’, e’$—1}; Slv o 7Sn+1)

and g c Fn(Ul,Ba ceey Un,B}§ Sl, Ce ,Sn) \ {e}

We prove that the unity element e is not a root for any equation of the set
U4, (2).

Assume the contrary, i.e. that f(e) = g for some equation f(x) = g from the
set Wiqp)(r). Then g € Fy, (Ur,...,UnB};S1,---,5) \ {e} , and (see State-
ment 2.7.5)

g = f(@) S Fn-i—l(Ul,Au .. '7Un,A7{e};Sl)° . 'aS’n-‘rl) - Fn(Ul,A) .. ')Un,Aa;SL‘ . '7Sn)7

and hence,

g € Fn(Ul,A7 . '7Un,A7;S17 .. 7Sn) m (Fn(U].,B7 .. '7Un,B};S17 . an) \ {6})

We have the contradiction with the inductive assumption that
Fo(Uia,- - Unai Sty- o, Sn) [ EnUrB - - Un,gi S, - Sn) = {e},

and hence the unity element e is not a root of any equation of the set ¥ 4 py(z).

Then, by Theorem 2.9 there exists a neighborhood W4 p) of the unity element
in the topological group (G(-), 7o) such that any element h € Wy, py is not a root
of any equation of the set W4 p().

If now M = {(A,B)|A,B C {1,...,n+ 1} and A\ B = 0}, then from the

finiteness of the set M it follows that () W4 p) is a neighborhood of the unity
(A,B)eM
element in a topological group (G(-),7), and any element h € (| W4 p) \ {e}
(A,B)eM
is not a root of any equation of the set ~ |J W4 p)(7).
(A,B)eM
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Since the set {V1, V4, ...} is a basis of the filter of neighborhoods of the unity ele-
ment in the topological group (G(+), 79), then there exists a natural number k,41 > n
such that Vi, ., € () W p)-

(A,B)eM

We take any element hy 1 € Vi, € Viy1, and prove that the conditions spec-
ified above are true also for the number n + 1, i.e. these conditions are satisfied
for the sequence of natural numbers ki, ks, ...k,4+1 and the sequence of elements
hi,..., hn+1.

Since k1 > n+1 and hypq1 € Vi, ,, then it remains only to prove that

Foti(Uia, ... Uns1,4: 51, -+, Snt m Fori(Ui, . ,Uns1,B:S15- -+, Sn1 = {e},

for any of subsets A, B of the set {1,...,n+ 1} for which A(\B = 0.
Assume the contrary, i.e. that

FnJrl(ULA, ey UTH—LA; Sl, ey Sn+1) ﬂFnJrl(ULB, ey Un—l-l,B; 51, ey Sn+1) 7A {6}

for some subsets A, B C {1,...,n+ 1} such that A(\ B = 0.

Then either A ¢ {1,2,...,n} or BZ {1,...,n}.

Suppose, for definiteness, that A ¢ {1,...,n}.

Since A(\B = 0 then B C {1,...,n} and since n +1 € A then Upy1 4 =
{hns1,€, hngr}

Then since the element h,11 # e and it is not a root of any equation of the set
VU4, )(z) then from the definition of the set W4 p)(z) and Statement 1.7.5 it follows
that {e} =

Fn+1<U1,A7 .- -aUn,A7{hn+1767h;11};Sla .- -7Sn+1> an(Ul,Ba .- -7Un,B;Sla .- 7Sn) =

Fn+1(U1,A> ey Un,A7 {hn+17 €, h;j-l}a Sla o 7Sn+1) m
Fn+1(U1,B7 ceey Un,Ba {6}7 Sla s 7Sn+1) =

Fn+1(U17A, ey U”H—LA; Sl, ceey Sn+1) ﬂFn+l(U1,Ba ceey U’VH—LB; Sl, e ,Sn+1) 7& {6}

We have a contradiction, and hence the conditions specified above are true
for the sequence of natural numbers ki, ks,...k,1+1 and the sequence of elements
hi,ho, ... hpt1.

So, we have constructed the sequence ki, ko, ... of natural numbers k; > 7 and
the sequence hy, ha, ... of elements of the set G \ {e} such that {e,h;,h; '} C Vj,
and which satisfy the following condition:

F(U1,45 - Um,ai Sty Sm) [V Fm(Urgs -+ Unn,; 81, -, Sm) = {e}

for any positive integer m and any subsets A, B C {1,...,m} such that A B = (.



ON THE NUMBER OF GROUP TOPOLOGIES ... 109

Step II. Construction of a set T of group topologies of cardinality of contin-
uum and such that sup{ri, 7} is the discrete topology for all different topologies
1,7 € T.

If j e N, A= {k;} and B =N\ {k;}, then A B) =0, and hence,

FolUtas- o Unai Stoe oy S0) [V EalULB, - s UnBi Sk -+ S,) = (€}

for any positive integer n. Then

h; ¢ Fn({e, B b Y fe o B Yo fe fes by Al b fes b by U

S1,59, .. .,Sn> and hence, the sequence ki, ks, ... of natural numbers and the se-
quence of elements h1, ho, ... satisfy the conditions specified in the proof of Theorem
13 from [1].

Now we consider:

— the set U; 4 = {e} if k; ¢ A and U; 4 = {hy, e, hi_l} if k; € A for any positive
integer ¢ and any set A € N (for the definition of the set N, see I.1);

—the set Uiiy15),4 = Fj(Uir1,4, -+, Uiyja; Siv1, - - -, Siyj) for every pair (4, ) of
natural numbers. A -

Then (see [1, Step II of the proof of Theorem 13]) the set {U;(A) = J U ),ali €
N} is a basis of the filter of neighborhoods of the unity element f01{ slome group
topology 7(A) on the group G(-) such that the following conditions are true:

— the space of the topological group (G(-),7(A)) is Hausdorff;

— the unity element has a countable basis of the filter of neighborhoods;

— the topology 7(A) is stronger than the topology 7y for any set A € N.

We show that if A,B € N and A # B, then sup{r(A),7(B)} is the discrete
topology.

In fact, since A B = 0, then {e} C U )4 Uq,s),B S

FTH—m(Ul,Aa ey Un-l—m,A; Sl, ceey Sn+m) ﬂFn—l-s(Ul,Ba ey UTH—S,B; Sl, ey STL+S) Q

Fn+m+s(U1,Aa ceey Un+m+s,A; Slv ceey Sn+m+s) m

Fn+m+s(U1,B7 ) Un+m+s,B; Sla o 7Sn+m+s) = {6}

for any positive integers m and s, and hence,
Ui(A) ﬂU1(B) = ( U Ui j)A) ﬂ ( U Uaj.e) = {e}
j=1 J=1

Since U;(A) and U;(B) are neighborhoods of the unity element in the topo-
logical group (G(-)sup{r(A),7(B)}), then {e} = U (A)NU1(B) is a neighbor-
hood of the identity in the topological group (G(-),sup{7(4),7(B)}), and hence,
sup{7(A), 7(B)} is the discrete topology for any different sets A, B € N.
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From the fact that the topology 7(A) is non-discrete for any set A € N it follows
that 7(A) # 7(B) for any different sets A, B € N.
Statement 3.1.2 is proved.

Proof of Statement 3.1.3. Since the set A = U (N is infinite (see Proposition
2.16) for each element a € SN\ N and any neighborhood U of the element a of the
topological space (8N, ), then we consider the topology 7, = 7(U[\N), which
was defined in the proof of Statement 3.1.2.

If a € N\ N and , is the set of all neighborhoods U of the element a in
the topological space (0N, 1), we consider the topology 7, = sup{7, v|U € Q,}, and
show that sup{7,, 7} is the discrete topology for any distinct elements a,b € SN\ N.

From the fact that the space (ON,7) is Hausdorff it follows that there exist
neighborhoods U and V of points a and b, respectively, such that UV = 0, and
hence, (UNN)(V(N) = 0. Then (see the end of the proof of Statement 3.1.2),
sup{T.,u, Ta,v } is the discrete topology, and as sup{r,, 7} > sup{7av,7s,v}, then
sup{7q, T} is the discrete topology.

Since for each ¢ € SN\ N the topology 7, is a non-discrete topology, then the set
{7c|]c € BN\ N} has cardinality 2¢, and since sup{7,, 7} is the discrete topology for
any distinct elements a,b € SN \ N then Statement 3.1.3 is proved.

Proof of Statement 3.1.4. If 7, is the set of all group topologies on the
group G(-) and 7 is the discrete topology, then (7, C) is a complete lattice. From
Theorem 2.10 it follows that for any linearly ordered subset (7, C) of non-discrete
topologies the set {e} is not a neighborhood of the unity element in the topological
group (G(-),sup7), and hence, sup7 € 7, \ {7;}. Then, by Theorem 2.14, for any
topology 7, where a € SN\ N, which is defined in the proof of Statement 3.1.3, there
exists a maximum element 7, in partially ordered set € 7, \ {7} such that 7, < 7.
Then for each a € SN\ N the topology 7/ is a coatom in the lattice (7;, C).

Since 7 = sup{7a, 7} < sup{r,, 7} < 7 for different a,b € SN\ N, then 7, # 7/
for different a,b € SN\ N, and hence, the set {7, | a € SN\ N} has the cardinality 2¢
(two to the power of continuum).

Statement 3.1.4 is proved and, hence, the theorem is completely proved. ]

Theorem 3.2. Let G(-) be a countable group and let Ty be the set of all group
topologies on the group G(-) and T be the set of all group topologies on the group G(-)
such that for any of these topologies the topological group (G(-),T) has a finite basis
of the filter of all neighborhoods of unity element. Then the following statements are
true:

3.2.1.  The partially ordered set (71, C) is a lattice which is anti-isomorphic to
the lattice (N, C) of all normal subgroups of the group G(-);

3.2.2. If Ty # Ty, then in the group G(-) there exist continuum of group
topologies in each of which the topological group has a countable basis of the filter of
all neighborhoods of the unity element such that any two topologies are comparable;
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3.2.3. If Ty # Ty, then in the group G(-) there are 2¢ (two to the power of
continuum) of group topologies any two of which are incomparable.

Proof. Proof of Statement 3.2.1. As for any normal subgroup N of the group
G(-) the set {N} satisfies all conditions of Theorem 2.6, then it is a basis if the
filter of neighborhoods of the group G(-) for some group topology 7(NV), and in this
topology the topological group has a finite basis of the filter of all neighborhoods of
the unity element, i.e. 7(N) € 7;.

Now, if 79 € 77 and B is some finite basis of the filter of all neighborhoods of
unity element in the topological group (G(:),79), then N(79) = () V is an open
VeB

normal subgroup of G(+), and hence, N(7p), is a neighborhood of the unity element
in the topological group (G(+),79). Then 7(N (1)) = 70.

So, we have proved that 73 = {7(N)|N € N'}. As 7(N;) < 7(Na) if and only if
Ny O Ny, then (77, <) is a lattice, which is anti-isomorphic (see 1.4) to the lattice
(N, Q).

Statement 3.2.1 is proved.

Proof of Statement 3.2.2. Let G(-) be a group such that 7y # 7; and
70 € 7o\ 77. If B is some basis of the filter of all neighborhoods of the unity element
in the topological group (G(-),70), and N = (] V, then N is a closed normal
VeB
subgroup of the topological group (G(-), o).
Since 19 ¢ 71, then N is not a neighborhood of the unity element in the topo-
logical group (G(-),70) (otherwise the set {N} would be a basis of the filter of
neighborhoods of unity element in the topological group (G(-), 70)).

Then the factor-group (G(-), 7o) = (G(+), 70)/N is a non-discrete, Hausdorff topo-
logical group, and by Statement 3.1.1, a set T of cardinality of continuum of group
topologies exists on the group G(-)/IN, in each of which a topological group has a
countable basis of the filter of neighborhoods of the unity element and any two of
them are comparable.

Since the canonical homomorphism f : G(-) — G(-)/N is a surjective map, then
f(f~1(V)) =V for any subset V C G(-)/N.

Let now 71,72 € T, and let 7, and 7 be the prototype topologies 71 and 75 with
respect to the homomorphism f, respectively.

If 71 < To, then 7 = {J“lﬁﬂﬁ €71} C{fYV)|V € 72} = 7, and if
71 < 7o, then 71 = {f(fHO))|U € 71} = {f(O)|U € m} C {fT' V)V € »} =
{f(f_l(V))]U € To} = T2, and hence, 71 < 73 if and only if 71 < 7.

Then a set of cardinality of continuum of group topologies exists on the group
G(+) in each of which the respective topological group has a countable basis of the
filter of neighborhoods of the unity element and any two of them are comparable.

Statement 3.2.2 is proved.
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Statement 3.2.3 can be proved by analogy with the proof of Statement 3.2.2
if you use Statement 3.1.3 and the fact that if sup{71,72} = 7 for non-discrete
topologies 71 and T2, then the topologies 71 and 79 are incomparable.

This theorem is proved. O
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