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On free groups in classes of groups with topologies

Mitrofan M. Choban, Liubomir L. Chiriac

Abstract. We study properties of free groups in distinct classes of groups with
topologies. The conditions under which the quasi-metric on the space of generators
X is extended to an invariant quasi-metric on a free group F'(X,V) in the fixed quasi-
variety V of groups with topologies are given. This result is applied to the study:

— of free paratopological groups;

— of free quasitopological groups;

— of free semitopological groups;

— of free left topological groups.

Mathematics subject classification: 22F30, 29J15, 54H11, 54E15.
Keywords and phrases: Paratopological group, semitopological group, qusitopo-
logical group, quasi-variety of groups with topologies, quasi-metric.

1 Introduction

By a space we understand a topological Ty-space. We use the terminology from
[3,9]. Let N ={1,2,...}. By clxH we denote the closure of a set H in a space X,
|A| is the cardinality of a set A.

A paratopological group is a group endowed with a topology such that the mul-
tiplication is jointly continuous. Recall that a semitopological group is a group with
a topology such that the multiplication is separately continuous. Every paratopo-
logical group is a semitopological group. A semitopological group with a continuous
inverse operation  — x~! is called a quasitopological group. A topological group is
a paratopological group with a continuous inverse operation x — 1.

The space S of reals R with the topology generated by the open base consisting
of the sets [a,b) = {z € R : a < x < b}, where a,b € R and a < b, is called the
Sorgenfrey line [9]. The Sorgenfrey line has the following properties [3]:

— S is an Abelian paratopological group with the Baire property;

— S is a hereditarily Lindelof first-countable hereditarily separable non-metrizable
space;

— S does not admit a structure of a topological group.

In this paper we study properties of free paratopological groups in a given
quasi-variety of paratopological groups W. The general theorem of existence of
free paratopological (semitopological, quasitopological) groups in distinct classes of
groups with topologies was proved in [7]. We follow [5,7,8,11,12] for the concept
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of a free object. The paratopological topology on a free group F(X, W) is con-
structed by the Markov—Graev method [10,13] developed in [15] for pseudo-quasi-
metrics. We develop this method for free groups in the non-Burnside quasi-varieties
of paratopological groups. In [15] the authors use the method of left (right) in-
variant pseudo-quasi-metrics. Since the topology generated by left (right) invariant
pseudo-quasi-metrics may not be a paratopological topology [3,4,14,15], this point
of view may create dangerous moments. For this we use the method of invariant
pseudo-quasi-metrics. The method of invariant pseudo-metrics on free objects was
developed in [6,10].

There exist distinct conditions under which a paratopological topology on a
group is topological (see the references in [1-3,15]). If G is a paratopological
group and z" = e for some natural number n, then G is a topological group. By
virtue of this fact, the method of invariant pseudo-quasi-metrics is useful in the non-
Burnside quasi-varieties of paratopological groups. In the Burnside quasi-varieties
of paratopological groups any invariant pseudo-quasi-metric is a pseudo-metric.

2 Quasi-metrics on groups

A function p : X x X — R is called a pseudo-quasi-metric if p(x,z) = 0 and
0 < p(x,z) < p(z,y) + p(y,2) for all z,y,z € X. If p is a pseudo-quasi-metric and
p(x,y) + p(y,z) > 0 for all distinct 2,y € X, then p is called a quasi-metric.

Any pseudo-quasi-metric p generates a topology T(p) with the open base
{B(z,p,r) ={y € X : p(z,y) < r} :x € X,r > 0}. The family P of pseudo-
quasi-metric generates the topology T(P) = sup{T(p) : p € P}. If P = (), then
T(P) = {0, X}. The topology T(P) is a Tp-topology if and only if for any two
distinct points z,y € X we have p(z,y) + p(y,y) > 0 for some p € P.

If p is a pseudo-quasi-metric on a space X and the sets from T(p) are open in
X, then we say that p is a continuous pseudo-quasi-metric.

Let U be an open subset of the space X. We put py(z,y) = 1if x € U and
y € X\ U, and py(x,y) = 0 otherwise. Then T(py) = {0,U, X}. Hence, any
topology is generated by some family of pseudo-quasi-metrics.

Let G be a group and p be a pseudo-quasi-metric on G. The pseudo-quasi-metric
p is called:

— left (respectively, right) invariantif p(xa, xb) = p(a,b) (respectively, p(ax, bx) =
p(a,b)) for all z,a,b € G;

— tnwariant if it simultaneously is both left and right invariant.

If p is a left (or right) invariant pseudo-quasi-metric on a paratopological group
G, then p is continuous if and only if the set B(e, p,r) is open in G for any r > 0.

If p is an invariant pseudo-quasi-metric on the group G, then (G,T(p)) is a
paratopological group and p(z~1,y~1) = p(y,z) for any 2,y € G. Thus any family
P of invariant pseudo-quasi-metrics generates a paratopological topology T(P) on
the group.

A pseudo-quasi-metric p on a group G is called a stable pseudo-quasi-metric if
p(r1z2,y192) < p(x1y1) + p(22y2) for all z1,z9,y1,y2 € G [6].
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Proposition 1. Let p be a pseudo-quasi-metric on a group G. The next assertions
are equivalent:

1. p is invariant.

2. p is stable.

Proof. Is obvious.

If p is a pseudo-quasi-metric on a group G and p(z,y) = p(y,x) for all
x,y € X, then p is a pseudo-metric. The pseudo-metric p is invariant if and only if

ply~'a™h) = pla,y) = p(zz, zy) = p(xz,y2) for all z,y,z € G.

Definition 1. A subset H of a group G is called invariant if zHx~' = H for any
zeG.

Proposition 2. Let U be an invariant open subset of a paratopological group G
with a topology T and e € U. We put dy(z,y) =0 if 2~y € U and dy(z,y) = 1 if
v~y ¢ U. Then dy is an invariant pseudo-quasi-metric and T(dy) C T.

Proof. If x € U, then dy(e,x) = 0 and dy(e,y) =1 if y ¢ U. Thus B(e,dy,r) =
U for 0 < r <1 and B(e,dy,r) = G for r > 1. By construction, dy(z,y) =
dy(e, 7 y) = dy(e, (z7'271) (2y)) = dy(zz, 2zy) for all z,y,2 € G. Let z,y € G.
Then x~ 1y € U if and only if (27 1271)(yz) € U for any z € G. Thus dy(z2,yz) =
dy(x,y). The proof is complete. O

Corollary 1. For a paratopological group G the following assertions are equivalent:
1. The topology on G is generated by a family of invariant pseudo-quasi-metrics.
2. There exists an open base B of G at e such that any U € B is invariant.

Remark 1. Let U be an open subset of a paratopological group G with a topology
T and e € U. We put diy(z,y) = 0 if 271y € U, and diy(a,y) = 1 if 271y &
U, dyy(z,y) = 0if 2y~ € U, and dy(z,y) = 1 if 2y~' ¢ U. Then dyy is a
continuous left invariant pseudo-quasi-metric on G and d,y is a continuous right
invariant pseudo-quasi-metric on GG. Thus:

- the topology of a paratopological group G is generated by a family of left
invariant pseudo-quasi-metrics;

- the topology of a paratopological group G is generated by a family of right
invariant pseudo-quasi-metrics.

As was established by A.S. Mishchenko [14] (see also [4]), the topology, generated
by a family of left (or right) invariant pseudo-metrics, may not be a paratopological
topology.

3 Free paratopological groups

A class 'V of groups with topologies is called a quasi-variety of groups if:
(F1) the class V is multiplicative;

(F2) if G € V and A is a subgroup of G, then A € V;

(F3) every space G € V is a Tp—space.
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Let 8 be a set of multiplicative and hereditary properties of groups with topolo-
gies. A class V of groups with topologies is called an S-complete quasi-variety of
groups with topologies if it is a quasi-variety with the next property:

(F4) if G €V, then G is a group with topology with the properties 8.

(F5) if G € V and T is a Tp-topology on G with the properties 8, then (G,T) € V
too.

A quasi-variety V of paratopological groups is called an S-complete variety of
paratopological groups if it is an S-complete quasi-variety with the next property:

(F6) if g: A — B is a continuous homomorphism of a paratopological group
A €V onto a Tp-paratopological group B with the property 8, then B € V.

Denote by I, the property to be a paratopological group with an invariant bases
at the identity e. If 8, is the property to be a paratopological group, then an
8,-complete variety is called a complete variety and an §,-complete quasi-variety is
called a complete quasi-variety of paratopological groups.

Let X be a non-empty topological space and V be a quasi-variety of groups with
topologies. In any space X the basic point px € X is fixed, i.e. any space is pointed.

A free group of a space X in a class 'V is a pair (F/(X,V), ex) with the properties:

- F(X,V) eV, ex : X — F(X,V) is a continuous mapping and e = ex(px) is
the neutral element of the group F(X,V);

— the set ex(X) generates the group F(X,V);

— for any continuous mapping f : X — G € V, where f(px) = e, there exists a
unique continuous homomorphism f : F(X,V) — G such that f = foey.

An abstract free group of a space X in the class V is a pair (F%(X,V),ax) with
the properties:

- FY(X,V) € X,ax : X — F%(X,V) is a mapping and e = a,(px);

— the set ax(X) generates the group F*(X,V);

— for any mapping g : X — G € V, where f(px) = e, there exists a unique
continuous homomorphism g : F*(X,V) — G such g =goax.

In the proof of the following assertion we use the Kakutani’s method [11].

Theorem 1 (see [7]). Let V be a quasi-variety of groups with topologies. Then for
each space X there exist:

- a unique free group (F(X,V),ex);

- a unique abstract free group (F*(X,V),ax);

- a unique continuous homomorphism rx : F*(X,V) — F(X,V) of F*(X,"V)
onto F(X,V) such that ex =rx oax.

Proof. Let T be an infinite cardinal number and |X| < 7. Then the class {f, : X —
Gqo : a € A} of all mappings f, : X — G, with G, € V and |G,| < 7 is a set.

Let B={8€ A: fg: X — G is continuous}. Consider the diagonal product
ax = AMfa :a € A} : X — H; = [[{Gy : @ € A} and the diagonal product
ex = A{fa : o« € A} : X — Hy = [[{Go : @ € B}. Let F*(X,V) be the
subgroup of H; generated by the set ax(X) and F(X,V) be the subgroup of Hy
generated by the set ex (X ). Since B C A there exists a unique continuous projection
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rx @ F*(X,V) — F(X,V) such that ex = rx oax. The objects (FI(X,V),ex),
(F*(X,V),ax) and rx are constructed. The proof is complete. O

The group F(X,V) is called abstract free if rx is a continuous isomorphism.
The next problems are important in the theory of universal algebras with topologies
(see [5,7,12]) .

Problem 1. Under which conditions the free group F'(X, V) is abstract free?
Problem 2. Under which conditions the mapping ex : X — F(X,V) is an embed-
ding?

These problems for varieties of topological algebras were posed by
A.T. Mal’cev [12].

Remark 2 (see [5,6,8]). A quasi-variety V is non-trivial if in 'V there exists an infinite
group G. If the variety V is non-trivial, then:

— ax is a one-to-one mapping of X onto ax(X).

Moreover, if V is a non-trivial I,-complete quasi-variety or a non-trivial
Sp-complete quasi-variety, then:

— for any completely regular space X the mapping ex is an embedding of X into
F(X,V) and the free group F(X,V) is abstract free (see [5,7]).

Proposition 3. Let G be a paratopological group, n € N and x™ = e for any x € G.
Then G is a topological group.

1 1

= 2" ! and the mapping z — 2"~ ! is continuous, the mapping
is continuous. The proof is complete. O

Proof. Since x~

x— x !

Let V be a quasi-variety of paratopological groups, X be a space and e € X.
On the free group F*(X,V,e) with the identity e consider the maximal paratopo-
logical topology T(X,V,e) for which the identical mapping ax : X — F*(X,V,e) is
continuous.

Proposition 4. Let V be a quasi-variety of semitopological groups, X be a space
and e,e; € X. Then:

1. The semitolopological groups F(X,V,e) and F(X,V,e1) are topologically iso-
morphic.

2. The semitolopological groups (F*(X,V,e),ax,T(X,V,e)) and (F*(X,V,e1),
bx,T(X,V,e1)) are topologically isomorphic.

Proof. Consider the natural continuous mappings ex : X — F(X,V,e) and
Ix : X — F(X,V,e1). We can assume that ex and lx are embeddings and
ex(z) = Ix(z) = =z for any x € X. There exist two continuous homomor-
phisms ¢ : F(X,V,e) — F(X,V,e1) and ¢ : F(X,V,e1) — F(X,V,e) such that
¢(2)) = ze~! and ¢(x) = ex(xe;!) for any € X. Since 9 is a homomorphism,
D(p(r)) = Pla-eh) = @) - Pple!) = () - p(e) ™! = (ver ') - (e- ey )™ = = for
x € X C F(X,V,e). Hence the composition ¢ o is a continuous homomorphism
such that (¢ o ¢)(z) = = for any « € X. Thus 9 o ¢ is the identical isomorphism
and 1) = ¢~ The assertion 1 is proved. The proof of the assertion 2 is similar.
The proof is complete. O
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4 Construction of the group F*(X,V)

Fix a non-trivial quasi-variety V of paratopological groups.

Consider a space X. Then we can assume that X C F*(X,V) as a subset and
ax(z) = x for each x € X. In particular e = px is the neutral element of the group
F*(X,V). In this case e € X C F*(X,V). The set X is called an alphabet.

Let X = X U XL Obviously, if z = px, then 27! =z =e.

Ifn>1and x1,z9,....,2, € )Z', then the symbol zixs...z, is called a word of the
length n in the alphabet X.

Any word 21%s...x,, where z1,Zs,...,x, € X, represents a unique element
[T129.. 2] = X1 - 29 - o - Ty € FYX, V).

A given element b € F%(X,V) is represented by many words. There exists a
word of the minimal length which represents the given element b. The length n of
this word is called the length of the element b and we put I(b) = n.

If an element b € F%(X,V) is represented by the words z1z2...Zn, Y1Y2...Ym
of the minimal length, then n = m and {x1,22,....,2,} = {y1,¥2, ., ym}. In
this case we say that the word xjxs...x, is irreducible and that Sup(b) = X N
{$1,$1_1,:E2,$2_1,...,:En,:nfll} is the support of the element b. The set Sup*(b) =
{e,xl,xfl,mg,xz_l, ey T, T, U} is the generalized support of the element b. Obvi-
ously, Sup(e) = {e} and e & Sup(b) if b #e. Ife € Y C X, b € FY(X,V) and
F%(Y,V) is the subgroup of F%(X,V) generated by the set Y, then b € F*(Y,V) if
any only if Sup(b) C Y. If V is the variety of all paratopological groups, then any
b€ F*X,V) is represented by a unique word of the minimal length. Moreover, in
this case any irreducible word is of the minimal length.

Let V, be the variety of all Tp-paratopological Abelian groups and V, be the
variety of all Th-paratopological groups.

For any n € N denote by B,, the Burnside variety of all Tp-paratopological groups
of the exponent (index) n: G € B, if and only if 2" = e for each z € G. The variety
B is the unique trivial variety of paratopological groups. If V is an Ip-variety of
Abelian paratopological groups, then either V =V, or V = V,NB,, for some n € N.

If V is a quasi-variety of paratopological groups and Z € V, where Z is the
group of integers, then V is a quasi-variety of the exponent 0. Obviously, if V is an
I,-complete variety of the exponent 0, then V, C V.

A class of paratopological Abelian groups is [,-complete if and only if it is
complete.

5 Extension of pseudo-quasi-metrics on free groups

Fix a non-trivial I,-complete quasi-variety V of paratopological groups. Consider
a non-empty set X with a fixed point e € X. We assume that e € X C F%(X,V)
and e is the identity of the group F*(X,V).

Let p be a pseudo-quasi-metric on the set X. Denote by Q(p) the set of all
invariant pseudo-quasi-metrics d on F%(X,V) for which d(z,y) < p(z,y) for all
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xz,y € X. The set Q(p) is non-empty, since it contains the trivial pseudo-quasi-
metric d(z,y) = 0 for all z,y. For all a,b € F*(X,V) we put p(a,b) = sup{d(a,b) :
d € Q(p)}. We say that p is the maximal extension of p on F*(X,V).

Property 1. p(a,a) =0 and p(a,b) < p(a,c) + p(c,b) for all a,b,c € F*(X,V).

Proof. We assume that co+ 00 =t4+ 00 =00+t = 00 < 0o and t < oo for
any real number ¢. In these conditions the assertion of Property 1 follows from the
construction of p. O

Property 2. p(z,y) < p(x,y) for all z,y € X.

Proof. Follows from the constructions of p. O
Property 3. p(za,zb) = p(azx,bx) = p(a,b) for all z,a,b € F*(X,V).

Proof. Follows from the invariance of the pseudo-quasi-metrics Q(p). O
Property 4. p(a,b) = p(ab=t,e) = p(e,a™1b).

Proof. Follows from Property 3. O
Property 5. p(aiaz,bibz) < p(ay,b1) + plaz, ba).

Proof. Follows from Proposition 1 and Property 3. g
Property 6. pla!,b7') = p(b,a) for all a,b € F*(X,V).

Proof. We have p(a™1,b71) = p(aa=1b,ab=1b) = p(b, a). O

Property 7. p(a,b) < oo for all a,b € F*(X,V).

Proof. For some n € N we have a = 25'25%..25" and b = y2y%2..40%. Fix i <
1 T2 n Y1 Y2 --Yn

n. If EZ = 0; = 1 then p(x? ,yfi) = p(zi,yi) < p(z,yy). e =0 = —1, then
plx; ,yz D= pla; iy ) = plyi,xi) < plyi,ai). If &g = —6;, then p(af ,yz ) <
plai,y ) + plat yi) < ple,as) + plaive) + ple,yi) + p(yire). Hence p(af, yl) <

p(wz,yz) + ( ;) + ple,x;) + p(wi,e) + ple,yi) + p(yi,e) < oo. Then pla,b) <

S Ayl si < n} < oo O

By

Example 1. Consider the variety Bs of paratopological groups. Any group G €
is commutative. Fix a space X with the fixed point e € X.

Let p(z,z) = p(z,e) = 0 for any z € X and p(e,x) = p(z,y) = 1 for all
z,y € X,x #y,x # e #y. Then p is a quasi-metric on X. In this case = = z for
xz € X. If zyx9...x, is an irreducible word, then [{z1,z2,...,2,}| = n, i.e. x; # z;
for distinct i, 7 < n. Consider the maximal extension p of the quasi-metric p on G =
FX,By). Then p(z,y) = ply~ L, 271 = p(y, ), i.e. pis a pseudo-metric. Hence
plx,e) = p(e,x) = p(x,e) = 0for any x € X. Thus 0 < p(x,y) < p(x,e)+p(e,y) =0
for all z,y € X. Therefore p(a,b) = 0 for all a,b € G. We proved that the pseudo-
quasi-metric p is trivial.

Example 2. Let Aj be the variety of all paratopological Abelian groups with the
identity 23 = e. Fix a space X with the basic point e € X. Let b € X \ {e}. Then
the words bb and b~! are irreducible, bb = b~!, the word bb is not of the minimal
length and the word b~! is of the minimal length.
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Proposition 5. Let p be a quasi-metric on X, p(z~ 4, y~!) = p(y,z), p(z,y~') =
maz{p(x,e), ple,y™ )} and p(y~t,z) = mazx{p(y~',e),ple,x)} for all z,y € X.
Then p(a,b) = inf{3{paf,y>) : i < n} :n € Na= a5 23> ..-25n,b =
y‘fl -ng oo oyln} for all a,b € FY(X,V).

Proof. Obviously pi(a,b) = mf{Z{f)(xf’,yfl) ti<n,n € N,a=zx] 3?25, b=
y‘f1 -yg2 -....y%} is an invariant pseudo-quasi-metric on F%(X,V) and py (z,7) < p(z,y)
for all z,y € F*(X,V). Ifa =2 - 252 - ... 25 and b = 2 - 452 - ... -y, then

pla,b) < Z{ﬁ(xfl,tfl) ;1 <n}. Thus p(a,b) < pi(a,b). The proof is complete. [

6 Elementary spaces and free groups

Fix a non-trivial quasi-variety V of paratopological groups. Consider the space
Ex =1{0,1,-1,2,-2,...n,—n,...} with the topology generated by the quasi-metric
Poo(z,y) = 1ifx <y, and poo(z,y) = 0if & < y. Let E,, = {0,1,—-1,2,-2,...n,—n}
and pp,(z,y) = poo(z,y) for all x,y € E,,. Then (E,, p,) is a subspace of the quasi-
metric space (Ex,poo). Assume that pp = pg, = 0 € E,, for each n. For any
n € N consider the continuous retraction 7, : Es, — E,, where r,(z) = z for any
x € By, rp(z) = —n for any © < —n and r,(z) = n for any = > n.

Proposition 6. The following assertions are equivalent:
1. eg, : By — F(FE1,V) is an embedding;
2. ep.. : Fsy — F(Ex,V) is an embedding;
3. ex : X — F(X,V) is an embedding for any space X.

Proof. Implications 3 — 2 — 1 are obvious. Assume that ep, is an embedding. Fix
a Tp-space X. There exist a cardinal number 7 and an embedding f : X — ET,
where f(px) = 0. We assume that E; C F(E;,V). Then E] C F(E;,V)". Consider
the continuous homomorphism f : F(X,V) — F(E1,V)" generated by the
mapping f. Since f = fo ex is an embedding, ex is an embedding too. The proof
is complete. O

Lemma 1. Let F be a finite set of a space X and |F| =n > 1. Then there exists a
continuous mapping sp : X — E, C Ey such that sp(px) =0 and sp(x) # sp(y)
for all distinct z,y € F.

Proof. We can assume that px € F. In any non-empty finite space Y there exists
a point y such that the set {y} is closed in Y. Thus in F there exists a well-
ordering F' = {x1,x2,...,x, } such that the set {z1,z2,...,2;} is closed in F for any
i < n. Assume that px = zg, where 1 < k < n. We put F} = clx{z1},F» =
cx{xy1,x2} \ cx{z1},..., Foo1 = cdx{r1,22,...;xn_1} \ cx{x1, 22, .cytpn_2}, F, =
X\cx{x1,x2,...,xn—1}. Obviously, there exists a continuous mapping sp : X — E,
such that sp(px = 0, sp(x;)) =1 —k < sp(z;) =j—kfor 1 < j <i<nand
sp(F;) = sp({x;}) for any i < n. The proof is complete. O

Proposition 7. For a quasi-variety V the following assertions are equivalent:
1. The free group F(Ew,V) is abstract free.
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2. For eachn € N the free group F(E,,V) is abstract free.
3. For each Ty-space X the free group F(X,V) is abstract free.

Proof. Implications 3 — 2 — 1 — 2 are obvious. Implication 1 — 3 follows from
Lemma 1. ]

The next assertion is obvious.

Proposition 8. For an I,-complete quasi-variety V the following assertions are
equivalent:

1. The mazimal extension do, of the quasi-metric po, on F?(Ex,V) is a quasi-
metric and p(x,y) = doo(z,y) for all x,y € Ex;

2. For anyn € N the mazximal extension d,, of the quasi-metric p, on F*(E,,"V)
is a quasi-metric and pn(x,y) = dp(z,y) for all x,y € E,.

Proposition 9. Let V be an I,-complete quasi-variety, n € N and the mazimal
extension d,, of the quasi-metric p, on F*(E,,V) is a quasi-metric. Then:

1. F(E,,V) is an abstract free group;

2. ep, : B, — F(E,,V) is an embedding;

3. dp(z,y) = pn(x,y) for al z,y € E,.

Proof. There exists r > 0 such that » < 1 and 1 = p,(x,y) > dy(z,y) > r
for any z,y € E, for which * < y. Then d'(z,y) = min{l,r~'d,(z,y)} is an
invariant quasi-metric on F*(E,,V) and d'(x,y) = pp(x,y) for all x,y € E,. Since
d(z,y) < dp(z,y) for all z,y € F*E,,V), we have d,(z,y) = pnp(x,y) for all
x,y € E,. The proof is complete. O

Corollary 2. IfV is an I,-complete quasi-variety and d is a quasi-metric on
F*(Ewx,V), then doo(z,y) = poo(x,y) for all x,y € Fu.

Corollary 3. Let V be an I,-complete quasi-variety. Assume that ds is a quasi-
metric on F*(Ex, V). Then for any Ty-space X the free group F(X,V) is abstract
free, ex : X — F(X,V) is an embedding and on F(X,V) there exists a To—topology
T which is generated by some family of invariant pseudo-quasi-metrics and ex is an
embedding of X into (F(X,V),T).

7 Free Abelian groups of spaces

Proposition 10. The mazimal extension d, of the quasi-metric poo on F*(Es,V4)
1S a quasi-metric.

Proof. On the group Z of integers consider the topology generated by the quasi-
metric p(z,y) = 1 for x < y and p(z,y) = 0 for y < x. Obviously, p is an invariant
quasi-metric and Z € V,.

The group G = {(z, : n € Z) € Z% : the set {n € Z : x,, # 0} is finite}, G € V,
is Abelian and on G consider the topology generated by the invariant quasi-metric
d((zn, :n € Z),(yn : n € Z)) = sup{d(xn,yn) : n € Z}. We put ag = (z,, : n € Z)
and x, =0 for any n € Z. If n € Z and n > 1, then a,, : (z,, : n € Z), where z; = 1
fori € {0,1,2,...,n — 1} and z; = 0 for each j € Z\ {0,1,2,...,n — 1}. If n € Z and
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n < —1, then a,, = (z,, : n € Z), where x; = —1 for each i € {—1,-2,...,—n} and
z; =0 for any j € Z\ {~1,-2,...,—n}. Consider the mapping h : Es, — Z%, where
d(n) = a,, for any n € E. By construction, ps(x,y) = d(h(z), h(y)) for all z,y €
FE. Thus h is an isometrical embedding of F., in ZZ. The set d (Ex) generated
the group G and the pair (G, h) is the abstract free group (F%(Ex,V4),ag,, ) of the
space En. In this case d(z,y) < doo(x,y) for any z,y € G = F*(Ex, Vo). Thus
dso 18 a quasi-metric. The proof is complete. O

Corollary 4. For any Ty-space X the free group F(X,V,) is abstract free,
ex : X — F(X,V,) is an embedding and the topology of the space F(X,V,) is
generated by some family of invariant pseudo-quasi-metric.

8 On the non-Burnside quasi-varieties

Let V be an I,-complete quasi-variety of paratopological groups. Assume that
ZeV, ie V, CVCV,.

We put F(X) = F(X,V) and F*(X) = F*(X,V) for any space X.

Fix two words x1xs...x, and y1y2...Ym, Where 1,22, ..., Tny Y1, Y2, s Ym € X.

If xy29...2, and y1y2...y,, are irreducible, then [ryxs...z,] = [y1Y2...Ym] if and
only if n = m and there exists a bijection h = {1,2,...,n} — {1,2,...,m} such that
T = Yp(;) for any i < n.

The words x1zs...2, and y1y2...y, are called equivalent if [x1z9...2,] = [y1y2...Ym].

The words x1zs...2, and y1ys2...y,, are called strongly equivalent if [zqxs...xz,] =
[Y1Y2.--Ym], n = m and there exists a bijection h : {1,2,....,n} — {1,2,...,m} such
that z; = yy(;) for any i <n.

Let N, = {1,2,...,n} for any n € N. If i < j, then we put [i,j] = [j,7] = {k €
N:i<k<j} Ifi,j € ACN, then [i,j]la = [i,5] N A.

A scheme for an element b € F*(X) is a word x125...2, and a mapping s : N,, —
N,, such that:

1. b= [x129...2];

2. s(i) # i and s(s(i)) = ¢ for any i < n;

3. There exist a word ¥1¥s...y, and a bijection h : N,, — N,, such that:

— b= [y1y2...yn] and y; = xp(;) for any i < n;

—if (i) = h=Y(s(h(i))) then for any i,j € {1,2,...,n} the sets [i,o(i)], [j,o(j)]
are either disjoint or one contains the other.

A mapping o from the definition of the scheme has the following properties:

4. There are no i,j € N,, such that : < j < (i) < o(j).

5. For some i < n we have o(i) =i+ 1.

6. The mappings s and o are bijections and involutions without fixed points.

7. The number n is even.

The method of scheme for pseudo-metric and V € {V,,V,} are due to the work
of M.I. Graev [10]. The problem of the extension of pseudo-metrics on F*(X,V)
for any quasi-variety V of topological algebras was examined in [6]. In the case
V € {V,,V,} the notion of the scheme for pseudo-quasi-metrics was defined in [15].
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We use the method of scheme from [15], in the general case, for any non-Burnside
quasi-variety.

On a space X fix a continuous pseudo-quasi-metric p. Assume that e €
X C F*X) and e is the identity of the group F%(X). For any z,y € X we
put p*(z~ 1y = p(y,x), p*a~ly) = p*(w‘lye) + p*(e,y) and p(z,y” ") =
p*(y~t, x) = p*(x,e) + p*(e,y~ ). Obviously, p* is a pseudo quasi-metric on X.

For any b € F*(X) we put N,(b) = inf{3>{p*(z; Tsy) 11 < 2m)rm €
N,s: N,, — Ny, is a scheme, b= [xlxg I}

As in [15] we say that the word xjzs...2, is almost irreducible if:

—x; € Sup*([x1,xa, ..., xy]) for any i < n;

— any word y1¥Ys...Yy, Which is strongly equivalent with the word zizs...z, does
not contain two consecutive symbols of the form u=tu, u € X \ {e}.

If b € F*(X) and 2m > I(b) > 1, then b = [z1,x9,...,T2y] for some almost
irreducible word x1x3...72,,. The next property of the function N, is important.

Lemma 2 (see [15], Claim 2). Ifb € F*(X) and l[(b) = n, then there exist an almost
irreducible word x1x9...29, and a scheme s : N, — N,, such that:

1. b= [x1m9...79,) and n < 2m < 2n;

2 2N, () = Sp (a5 ) £ < 2m).

Proof. Obviously, we can assume that b # e. Let b = [x1,x9...x9,,] and s : Ny, —
Ny, be a scheme.

Assume that the word z1xs...2,, is not almost irreducible. Then we can suppose
that there exist i < 2m and u € X such that z; = v and 2,41 = v, If h(i) = i+ 1,
then we put A = {1,....,i — 1,i+ 2,...,2m} and 0 = s|A. Then o is a scheme for
the element x = [zy29...2— 1mz+2 .Zom] and respective word L1 Lj—1Ti42.. L2m,
4 = 2 2 and "5 ) € 4) < TG ) 1 € Nand.
r=3s() #i+1and t = s(i + 1), then A = {1,.. 1z+2 L2m},o()) =

s(j) for j € Ny, \ {i,i + 1,7t} and o(r) = t, a(t) =r. Slnce p ( —1xy) +
pH(ay ) < p (wl cumh) At (uTh ) + ot () 4 p(u,m) = pt (i) +
p* (vt @) + ,0 (et x) + p*(:Ei_Jrll,:Et) o is a Scheme and > _{p*(7; -1 ZE@(])) 1 j €
A} < S {p*(x; mh(l)) : 1 € Ny, }. Thus we can assume that the Word T1X2... T2, 18
almost irreducible and for any ¢ < 2m we have x;11 # :172._1. In particular, if ¢ < 2m,
then x; - x;11 # e. In this conditions, the word x1xs...x2,, is almost irreducible
and 2m < 2n = 2I(a). Since there exists a finite set of almost irreducible words
of the length < 2I(b) which represents the given element b € F%(X), the proof is
complete. O

Lemma 3 (see [15], Claim 4). N,(z'y) = p(z,y) for all z,y € X.

Proof. Fix z,y € X. If z = y, then 271 -y = y- 27! = ¢,N,(e) = 0 = p(x,y).

Assume that  # y. Then I(z~'y) = 2 and for the element b = 2~ !y there exist only

the next possible almost irreducible words of the length < 4: z 7'y, ex ey, ™ eye,

ex e, ylx, ey lex, y~lexe, ey lae. If V # V,, then there exist only the next
possible almost irreducible words of the length < 4: 7'y, ez ey, z 'eye, exye.

The direct calculation permits to obtain N,(z71y) = p(z,y). O
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Lemma 4 (see [15], Claim 3). The function N, has the the next properties:
1. Ny(e) =0 and N,(b) >0 for any b € F*(X).
2. Ny(a- b)S ( )+ N,(b) for any a,b € F*(X).
3. Ny(xbx~t) = N,(b) for any b,z € F4(X).

Proof. Assertions (1) and (2) are obvious. Let biby...by,, be an almost irre-
ducible word, b = [biba...,ba], s : Nay,, — Ny, be a scheme and 2N, (b) =
S {p*(b; 1, bsiiy) : i € Nap}. Fix the irreducible word z1zg..73. Put x =
(21,22, ..., ﬂik] Yom1Yoma2Yomik = T102.-Thy Yomihtl-Yomiok = T 'y A =
{1,2,....2m,....2m + 2k}, ¢(i) = s(i) for i < 2m and (2m +1i) =2m +2k —i+ 1
for ¢ < k.

Let y1,vy2,--¥om = bi,b2,...,09;,. Then ¢ is a scheme on A for the
element z 'bz, x_ibx = [Yomtk+1-Y2mt2kY1---Y2mY2m+1---Y2m+k] and
Z{p*(yj_l,yh(j)) rje A= Z{p*(bi_l,bh(j)) : 4 € N }. Hence N,(z7tbz) < N,(b)
and N,(b) = M,((zz~1)b(zz™')) < N,(2~'bx). The property (3) is proved. O

Lemma 5. The function d(z,y) = N,(z71y) is an invariant pseudo-quasi-metric
on F*(X). Moreover, d(x,y) < p(x,y) and N,(b) < p(e,b), where p is the mazimal
extension of p on F*(X), for any z,y,b € F*(X).

Proof. Really, d(za,zb) = Ny(a 'z~ zb) = N,(a=1'b) = d(a,b) and d(ax,bx) =
Ny(z7ta"tbz) = N,y(a™'b) = d(a,b). Since d(z, y) = p(z,y) for z,y € X, we have
d(z,y) < p(x,y) for all z,y € F*(X). The proof is complete. O

Proposition 11. Let r > 0 and X be a linear ordered space with the topology
generated by the quasi-metric p(x,y) =r if © <y and p(z,y) =0 if y < x. Then
the maximal extension d of p on F*(X,e) is a quasi-metric for any point e € X.

Proof. We can assume that r = 1.

Let e € X and e; € X. We put Y = X U{e1}, p(er,e1) = 0 and p(z,e;1) =
pler,x) = 1 for any x € X. Then (X, p) is a quasi-metric subspace of the quasi-
metric space (Y, p). On F*(Y) = F*(Y,V,e;) consider the function N,(y). O

Claim 1. Ifbe€ F*(Y) \ {e1}, then N,(b) + N,(b=1) #£ 0.

Proof. Assume that N,(b) + N (b‘ ) =0, b = [bibs...b,] and the word bybs...b, is
irreducible. Then by, bg,...,b, € X C Y. Since N p(b) = 0, there exists an almost
irreducible word x12s...29,, of the mlmmal length and a scheme s : Ng,,, — Ng,,, such
that b = [r129...22m] and > _{p*(z; xs(l)) 24 < 2m} = 0. From the minimality of
the length of the word zizs...z, 1t follows that x; # ey for any i < 2m. Really,
if 7; = ey, then z,;) # e and p*(x S(Z),xl) = 1, a contradiction. Thus the words
T1X9...Tom and b1bs...b, are equivalent, n = 2m is an even number and s is a scheme
on Ny,,, for the element b. We can assume that x; = b; for any i < n. Therefore
> Ap"(bisbsiy) i < n} = 0. We can assume that for any 4,5 € {1,2,...,n} the sets
[i,s(1)], [4, ( j)] are either disjoint or one contains the other.
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Since N,(b~! ) =0and b = [b;'...b; 'b 1], there exists a scheme ¢ : N,, — N,, such
that > {p* (bz,bq_ ) 14 <n} =0. Since the word bybs...b, is irreducible, b1 # bi_1
for any i < n.

We affirm that s = ¢. Assume that iy € N and s(i1) # q(i1). Put j1 = s(i1).
Since S(jl) # Q(jl) and p ( x]l) = p*(j;17$i1) =0, XN {xi17$j1} a (0 and
XY 25} # 0. We can assume that z;;, € X and zj, € X~ . For any k > 1
we put ixr1 = q(jx) and jy41 = 8(ig41). For any k < 1 we have z;, # x1 # xi,,,
p (xpt an,) = pf(x ]kl,mzk) = p*(a:jk,mi_kil) = p*(xjﬂl,mj_kl). Let k be the first
number for which {ixy1, jkr1} N {i1,71,%2, 525 o iks Gt # 0. Suppose that igy; =
q(Jx) € {31, 71, s iy Ji b I i1 = 4p for some p < k, then ji = q(ig+1) = q(ip) =
Jp—1, a contradiction. If i54; = i, for some p < k, then ji = s(ig+1) = h(jp) =
ip+1. Since iy # ji, we have p+1 < k and ji € {ip+1,Jp+1}, a contradiction.
Now suppose that jri1 € {i1,41, ... %, Jk}- If jgp1 = ip for some p < k, then
ik+1 = S(Jr+1) = s(ip) = Jjp, a contradiction. If jp41 = j, for some p < k, then
ik+1 = S(ig+1) = s(jp) = ip, a contradiction. Therefore ¢(i) = s(i) for any i < n.

There exists i < n such that h(i) = (i) = i+1. Let 7; € X. Then z;41 € X ~!. Since
p*(x Z-_Jrll, i) = p*(m;(l)) = 0, we have a:;_ll < z;. Since p*(a:i,a;;_ll) = p*(mi,mq_é)) =
0, we have z; < x +1 Hence z; = z_+11 and x; - x;11 = e, a contradiction with the
condition of irreducibility of the word b1bs...b,,. Claim 1 is proved. O

Claim 2. On F*(Y,e1) there exists an invariant quasi-metric such that:
- di(w,y) = plx,y) for any x,y € X;
- di(z,y) € {0,1} for any 2,y € F*(Y, e1).

Proof. Let dy(z,y) = N,(z71y) forall z,y € F*(Y, e1). By construction, da(z,y) > 1

provided ds(x,y) > 0. From this fact and the Claim 1 it follows that di(x,y) =
min{1l,ds(z,y)} is the desired quasi-metric. O

Claim 3. Let e € X CY. Then on F®(Y,e) there exists a quasi-metric p; such
that:

- pu(@,y) = pla,y) for any x,y € X;

- pi(@,y) €{0,1} for any x,y € F*(Y,e).

Proof. Let dy be quasi-metric with the properties from Claim 2. In the proof of
Proposition 4 it was established that there exists an isomorphism ¢ : F*(X,e) —
F(Y,e1) such that ¢(z) = we™! for any = € Y. We put p1(z,y) = di(¢(x), p(y))
for any x,y € F%Y,e). Since the quasi-metric d; is continuous on the space
(F*(Y,e1),T(y,e1)), the quasi-metric p; is continuous on the space (F%(Y,e), T(Y,e)).
For any z,y € Y we have pi(x,y) € {0,1}. Let z,y € X and z < y. Then
ply,x) =0, p(z,y) = 1 and 1 € {pi(x,y),p(y,z)}. Since the quasi-metric p; is
continuous, we have p;(z,y) = 1 = p(x,y) and pi(y,z) = 0 = p(y,z). Claim 3 is
proved. O

Since F*(Y,e) is a subgroup of the group F*(Y,e), the proof is complete.

Corollary 5. For any n € N the mazimal extension d, of the quasi-metric p, on
F*(E,) is a quasi-metric.
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Corollary 6. The mazimal extension do, of the quasi-metric po, on F*(Ey) is a
quasi-metric.

From Corollary 5 it follows

Corollary 7. For any pointed Ty-space X the free group F(X) is abstract free and
ex : X — F(X) is an embedding. Moreover on F(X) there exists a topology T
which is generated by some family of almost invariant pseudo-quasi-metrics and ex
is an embedding of X into (F(X),T).

9 On quasi-varities of paratopological groups

Let S be a set of properties of paratopological groups, any paratopological group
with invariant base has the properties 8, W be a non-trivial S-complete quasi-variety
of paratopoligical groups. Denote by V the 8-complete variety of paratopoligical
groups generated by the quasi-variety W. We say that W is a Burnside quasi-variety
if V is a Burnside variety.

A quasi-variety W is a non-Burnside quasi-variety if and only if Z € W.

The next assertions affirm that the free objects of spaces in quasi-varieties are
the same as in varieties.

Proposition 12. For any pointed space X :

1. There exists an isomorphism ¢ : F*(X,V) — F%( X, W) such that p(z) = x
for any x € X.

2. There exists a topological isomorphism ¢ : F(X,V) — F(X,W) such that

V(e vy (@) = ex,w)(z) for any x € X.

Proof. The assertion 1 is obvious.

Fix a space X. Let (F'(X,V), e(x,v)) be the free object of the space X in the class
V and (F(X,W),ex,w)) be the free object of the space X in the class W. There
exists a continuous homomorphism ¢ : F(X,V) — F(X,W) such that p(z) = =
for any = € X.

Case 1. Z ¢ 'W.

In this case W C B,, for some n € N. By virtue of Proposition 3, W is a quasi-
variety of topological groups. For quasi-varieties of topological groups the assertions
of Proposition 12 are known (see [5,8]).

Case 2. Z € W.

In this case the variety V is not a Burnside variety. Then, by virtue of Corollary
7, the free objects F'(X,V), F'(X, W) are abstract free and the mappings e(x,y) and
e(x,w) are embeddings. The proof is complete. O

Theorem 2. If Z € W, then for any pointed space X we have:

1. The free topological group (F (X, W),ex) is abstract free and the mapping ex
is an embedding.

2. If p is a continuous pseudo-quasi-metric on the space X, then:

(2a) the maximal extension p of the pseudo-quasi-metric p on F(X,W) is a
continuous invariant pseudo-quasi-metric;
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('Qb) p(ﬂj‘,y) = ﬁ(eX(x)v eX(y)) fO’f’ all T,y € X;

(2¢c) if x,y € F(X,W) and p is a quasi-metric on Sup*(x) U Sup*(y), then
p(x,y) + ply,x) > 0;

(2d) if p is a quasi-metric, then p is a quasi-metric too.

Proof. We can assume that ex(z) = « for any 2 € X and X C (F(X,W).

On (F(X,W) consider the function N,(b) and the pseudo-quasi-metric d(x,y) =
Np(x_ly). By virtue of Lemma 5, d is an invariant pseudo-quasi-metric. From
Lemma 3 it follows that d(z,y) = N,(z7'y) = p(x,y) for all z,y € X. Thus
d(z,y) < p(x,y) for all z,y € F(X,W) and d(z,y) = p(x,y) for all z,y € X.

Let z,y € F(X,W) and p be a quasi-metric on Z = Sup*(z) U Sup*(y). We
put b = 7 ty. Then Sup*(b) C Z. Let r = min{p(u,v) : u,v € Z, p(u,v) > 0}.
Since the space Z is finite, we have r > 0 and there exists an ordering on Z such
that p(u,v) > 0 provided u < v. We have Z C F*(Z,' W) C F(X,W). By virtue of
Proposition 11, N,(c) + N,(c™!) > 0 for each ¢ € F4(Z, W). Since b € F4(Z, W),
0 < N,(b) + N,(b7") = d(z,y) + d(y,z) < p(z,y) + p(y,z). The assertions 1, (2a),
(2b) and (2¢) are proved. The assertion (2d) follows from the assertion (2c). The
proof is complete. U

10 Free groups of quasi-uniform spaces

A quasi-uniformity on a set X is a family U of entourages of the diagonal A(X) =
{(z,x) : x € X} and a family P of the pseudo-quasi-metrics on X, which satisfies
the following conditions:

(QU1) fVelUland VCW C X x X, then V € U.

(QU2) If V,IW € U, then VN € U.

(QU3) If V e U, then there exist p € P and r > 0 such that {(x,y) €
XxX:plx,y)<r}CV.

(QU4) {(z,y) € X x X : p(z,y) <r}eUforall pePandr >0.

(QUB) If p1, p2 € P, then there exists p € P such that max{pi(x,y), p2(z,y)} <
p(x,y) for all z,y € X.

(QU6) If 2,y € X and = # y, then p(z,y) + p(y,x) > 0 for some p € P.

Obviously, the quasi-uniformity U is generated by a family of pseudo-quasi-
metrics P.

Fix a non-trivial I-complete quasi-variety W of paratopological groups.

Let G € W. Denote by QP(G) the family of all continuous pseudo-quasi-metrics
on the space G, LQP(G) = {d € QP(G) : d is left invariant}, RQP(G) = {d €
QP(G) : d is right invariant} and IQP(G) = LQP(G) N RQP(G).

The pseudo-quasi-metrics LQP(G) generate the left quasi-uniformity U; on G
and the pseudo-quasi-metrics RQP(G) generate the left quasi-uniformity U, on G.
These quasi-uniformities generate the topology of the space G. If G is a paratopo-
logical group with the invariant base at the identity e, then U; = U,..

Assume that W is not a Burnside quasi-variety. Fix a quasi-uniformity pointed
space (X,U) generated by the pseudo-quasi-metrics P. For any p € P denote by p
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its maximal extension on F'(X, W). We put P= {p:p € P}. The family P generates
an invariant quasi-uniformity on F(X, W).

11 Free quasitopological groups

A class V of quasitopological groups is called a C-complete quasi-variety of qua-
sitopological groups if:

(QF1) the class V is multiplicative;

(QF2) if G €V and A is a subgroup of G, then A € V;

(QF3) every space G € V is a Ty-space;

(QF4) if G € V, T is a compact Tp-topology on G and (G, T) is a quasitopological
group, then (G,7T) € V.

Lemma 6. Let G be a quasitopological group. If G is a Ty-space, then G is a T} -space.
Proof. Tt is obvious. U

On any set X there exists the profinite topology Tp(X) = {X,0} U{X \ F: F
is a finite set}. The space (X, T,¢(X)) is a compact T-space.

Lemma 7. Let G be a group. Then (G,T,¢(G)) is a quasitopological group.
Proof. 1t is obvious. O

Theorem 3. Let W be a non-trivial C'-complete quasi-variety of quasitopological
groups. For any Ti-space X the free group F(X, W) is abstract free and ex : X —
F(X,W) is an embedding.

Proof. For any infinite cardinal 7 we fix a group G, € W of the cardinality 7 with
the profinite topology T,,s(G-). Further we fix an infinite group Go € W. Let F be
a non-empty closed subset of the space X and b & F.

Case 1. The set X \ F' is finite.

In this case the sets F' and X \ F' are open-and-closed. There exists a mapping
g: X — Ggsuch that g(px) = e, g(F) and g(X\ F) are singletons and g~ (g(F)) =
F'. Then the mapping g is continuous and ¢(b) & clg,9(F) = g(F).

Case 2. The set X \ F' is infinite.

Let 7 = |X \ F|. There exists a mapping g : X — G such that g(X) = G,
g Y g(F)) = F, g(F) is a singleton g(px) = e and g(x) # g(y) for distinct points
z,y € X \ F. Since X is a Tj-space, the mapping ¢ is continuous and g(b) ¢
clayg(F) = g(F).

Therefore the mapping ex : X — F(X,W) is an embedding. Thus we can
assume that e = px € X C F(X,W).

Assume that e = px € X C F*(X,W). On F(X,W) we consider the profinite
topology Tpr(F*(X,W)). Then the mapping ax : X — F%(X,W) is a continu-
ous injection. Therefore there exists a continuous homomorphism ¢ : F(X, W) —
F*(X, W) such that ¥(z) = = for any x € X. Hence 1 is an isomorphism. The
proof is complete. O
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12 Free left topological groups

A group G with topology is called a left (respectively, right) topological group
if the left translation L,(x) = ax (respectively, the right translation R,(z) = za) is
continuous for any a € G.

A class V of left topological groups is called an LI-complete quasi-variety of left
topological groups if:

(LF1) the class V is multiplicative;

(LF2) if G € V and A is a subgroup of G, then A € V;

(LF3) every space G € V is a Ty-space;

(LF4) if G €V, T is a compact Tp-topology on G and (G, T) is a left topological
group, then (G,7T) € V;

(SF5) if G € V, T is a Ty-topology on G and (G, T) is a paratopological group
with an invariant base, then (G,7T) € V.

From Theorem 2 it follows
Corollary 8. Let W be a non-trivial LI-complete quasi-variety of left topological

groups and Z € W. Then for any pointed space X the free left topological group
(F(X,W),ex) is abstract free and the mapping ex is an embedding.

From Theorem 3 it follows

Corollary 9. Let W be a non-trivial LI-complete quasi-variety of left topological
groups, n € N and 2" = e for any x € G and G € W. Then for any pointed T} -space
X the free left topological group (F (X, W), ex) is abstract free and the mapping ex
is an embedding.

The following assertion completes Corollary 9.

Lemma 8. Let G be a left topological group and for any x € G there ezists n(z) € N
such that 2"®) =e. Then G is a T} -space.

Proof. Any finite Ty-space contains a closed one-point subset. Thus any finite left
topological group is a Ti-space. By conditions, any point a € G is contained in a
finite subgroup G(a) = {a* : 0 <i < n(a)}. Thus {e} is a closed subset of the group
G and G is a Ti-space. O

Remark 3. The similar assertions are true for classes of right topological groups.

13 Free semitopological groups

A class V of semitopological groups is called a CI-complete quasi-variety of semi-
topological groups if:

(SF1) the class V is multiplicative;

(SF2) if G €V and A is a subgroup of G, then A € V;
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(SF3) every space G € V is a Ty-space;

(SF4) if G € 'V, T is a compact Tp-topology on G and (G, T) is a quasitopological
group, then (G,7T) € V;

(SF5) if G € V, T is a Ty-topology on G and (G, T) is a paratopological group
with an invariant base, then (G,7) € V.
From Theorem 2 it follows

Corollary 10. Let W be a non-trivial C'I-complete quasi-variety of semitopolog-
ical groups and Z € W. Then for any pointed space X the free topological group
(F(X,W),ex) is abstract free and the mapping ex is an embedding.

From Theorem 3 it follows

Corollary 11. Let W be a non-trivial C'I-complete quasi-variety of semitopological
groups, n € N and ™ = e for any x € G and G € W. Then for any pointed T -space
X the free topological group (F(X,W),ex) is abstract free and the mapping ex is
an embedding.

Lemma 6 completes Corollary 11.
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