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The order of convexity for a general integral operator

Laura Stanciu, Daniel Breaz

Abstract. In this paper, we consider the classes of the univalent functions denoted
by SH(), SP and SP(«a, 8). On these classes we study the order of convexity of the

5
integral operator foz (tef(t)) dt, where the function f belongs to these classes.
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1 Introduction and Preliminaries

Let A denote the class of all functions of the form
flz)=2z+ Zakzk,
k=2

which are analytic in the open unit disk
U={z€eC: lz| < 1}
and satisfy the following usual normalization condition
f(0)=f'(0)—1=0.
We denote by S the subclass of A consisting of functions f which are univalent

in U.
A function f € A is the starlike function of order a, 0 < o < 1 if f satisfies the

inequality 02
zf'(z
Re<f(z)>>a, z € U.

We denote this class by $*(«).
A function f € A is a convex function of order o, 0 < o < 1, if f satisfies the

inequality 10
zf"(z

Re + 1) > a, z € U.
( f'(z)

We denote this class by K(a).
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In [4], J. Stankiewicz and A. Wisniowska introduced the class of univalent func-
tions SH(S), B > 0, defined by

E) o (\/5 - 1) ‘ < Re{ﬁzf/(z) }+2ﬁ <\/§ - 1) (1)

f(2) f(2)
for all z € U.
Also, in [3], F. Ronning introduced the class of univalent functions SP, defined
by
2f(2) ‘ <Zf’(z)>
— 1| < Re 2
) ) )
for all z € U.

The geometric interpretation of the relation (2) is that the class SP is the class
of all functions f € S for which the expression zf(z)/f(z), z € U, takes all values
in the parabolic region

Q=A{w: lw—1] < Rew}
={w=u+iv: v?<2u—1}

In [2], F. Ronning introduced the class of univalent functions SP(«, ), a > 0,
B €10,1), as the class of all functions f € S which have the property

2f'(2)
f(2)

—(a+5)‘ < Re (fo;iz))>+a—ﬂ, 3)

for all z € U.

Geometric interpretation: f € SP(«, ) if and only if zf'(2)/f(2), z € U, takes
all values in the parabolic region

Qap={w: |w—(a+P)] <Rew+a—p}

={w=u+iv: U2§4C¥(U_ﬁ)}-

In the present paper, we will obtain the order of convexity of the following
integral operator:

F(z) = /Z (tef(t)ydt (4)
0

where the function f € A and v € C.

Remark 1. The integral operator defined by (4) was introduced by Frasin and Ahmad
in [1].
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2 Main results

Theorem 1. Let f € A be in the class SH(B), 8 > 0 and f satisfies the condition
|f(2)] < M, for M a positive real number, M > 1 for all z € U. If Re (':fé?) <1,
z € U, then the integral operator F(z) defined by (4) is in K(J), where

§=1—|y|[4B8(V2 —1)+V2)M +1]

and
N [(4B(V2-1)+V2)M +1] <1, ~yeC.

Proof. We calculate for F(z) the derivatives of the first and second order. From (4)
we obtain .,
F'(z)= (zef(z))

and
F(2) = ~ (zef(a)”‘l (ef(Z) 4 f/(z)ef(f«')) .

After the calculus, we obtain that

5(()) — (14 2(2))
— (L)1) o)
It follows from (5) that
210 (8
S’y<< z}f(;;) ~25(Va2- 1)‘ +28 (\/5—1>> yf(z)\+1> . (6)

Because f € SH(B), >0 and |f(z)| < M, M > 1 for all z € U, we apply in the
condition (6) the inequality (1) and we obtain

ey | = 01 (el 257 oo (2 1)) e
<l <<\/§Re <ijéi’§)> +48 (x/i— 1)> M+ 1>
From the hypothesis of Theorem 1 we have Re (%) < 1 and we obtain
ZJZ;(S) <[AB(V2 - 1) +V2)IM +1]=1-4

which implies that the integral operator F(z) defined by (4) is in the class £(d). O
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Theorem 2. Let the function f € SP, where f satisfies the condition |f(z)| < M,

for M a positive real number, M > 1, z € U. If Re <’;((j))> <1, z € U, then the

integral operator F(z) defined by (4) is in (), where

§=1—|y|(2M +1)

and
v 2M+1) <1, ~eC.

Proof. Following the same steps as in Theorem 1, we have

2F(z) _ <2f’(2)
FI(2) /(2)

fe+1). 7)

It follows from (7) that

i < mt (|2 e+ 1)
B R

Because f € SP and |f(z)| < M, M > 1 for all z € U, we apply in the condition (8)
the inequality (2) and we obtain

(£ ) )

Because Re (Z]]:(,S)) < 1, we obtain that

2F"(2)
F'(z)

2F"(2)
FI(2)

<l @EM+1)=1-56

which implies that the integral operator F(z) defined by (4) is in the class £(J). O

Theorem 3. Let the function f € SP(a, ), a >0, f € [0,1), where f satisfies the
condition |f(z)| < M, for M a positive real number, M > 1, z € U. IfRe (’;éj;) <1,
z € U then the integral operator F(z) defined by (4) is in K(0), where

0=1—|y[1420)M+1)

and
W [1420)M+1) <1, ~eC.

Proof. From the proof of Theorem 1, we have

< 1 < Z;:;i?

2F"(2)
F'(z)

1I+1)
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2f'(2)

<ni (|5

Because f € SP(a, ), a >0, 8 € [0,1) and |f(z)] < M, M > 1 for all z € U, we
apply in the condition (9) the inequality (3) and we obtain

< <<Re <Z;;i§)> +a—ﬁ+a+ﬁ>M+1>
() )

Because Re (Zf/(z)) <1, z € U, we obtain that

@A+ rp) @) o)

2F"(2)

F'(2)

f(z)
2F"(2)

F'(2) <y [(14+20)M+1]=1-§

which implies that the integral operator F(z) defined by (4) is in the class £(d). O
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