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Stability analysis of Pareto optimal portfolio
of multicriteria investment maximin problem
in the Holder metric
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Abstract. We analyzed the stability of a Pareto-optimal portfolio of the multicriteria
discrete variant of Markowitz’s investment problem with Wald’s maximin efficiency
criteria. We obtained lower and upper bounds for the stability radius of such portfolio
in the case of the Holder metric I, 1 < p < oo, in the three-dimensional space of
problem parameters. We also show the attainability of bounds in particular cases.
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In paper [1] we obtained lower and upper attainable bounds for the stability
radius of a Pareto-optimal portfolio of the multicriteria Boolean investment prob-
lem with Savage’s minimax risk criteria in the case of the Chebyshev metric Iy
in the three-dimensional space of problem parameters. In the present paper we
obtained the results of similar nature for the stability radius of the multicriteria in-
vestment problem with Wald’s maximin efficiency criteria and any Holder metric [,,
1 < p < o0, in the spaces of criteria, portfolio and market states.

1 Problem statement and definitions

We consider the multicriteria discrete variant of Markowitz’s investment mana-
ging problem [2]. To this end, we introduce the following notations:
N, ={1,2,...,n} be a set of investment alternative projects (assets);
Ny, be a set of market states (conditions, scenarios);
N be a set of project efficiency measures;
r = (v1,22,...,7,)7 € X C E" be an investment portfolio, where |X| > 2,
E ={0,1},
1 if the project j is implemented,
A { 0 otherwise;
)

eijk be an assessment of efficiency of measure k € Ny of investment project
j € Ny, in the situation when the market is in state ¢ € Nyy;

E = le;ji] be a three-dimensional m x n x s matrix with elements from R.

Note that there are several approaches to evaluate efficiency of investment
projects (NPV, NFV, PI et al.), which take into account risk and uncertainty in
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different ways (see e.g. [3-5]). That way it is worth to consider a decision making
problem with multiple criteria (several measures of project efficiency).
Let the following vector objective function

f(va) = (fl(val)an(‘rvEQ)v s ,f8($,E5)),

be given on a set of investment portfolios X whose components are Wald’s maximin
criteria [6]

fre(z, Ey) = ZIEHJ{TD Ejrx = min Z €ijhT; — Max, k € Ng,
m

1EN, jeN, eXx
where Ej, € R™*" is the k-th cut of matrix E = [e;] € R™ ™, Ey =
Cilks Cidks - - - » i is the i-th row of that cut. Thus, the investor, following Wald’s
( ilks €i2k, ) znk) ) 3 g

criteria, takes extreme caution and optimizes portfolio efficiency E;;z (for the k-th
criteria), assuming that the market was in the worst state, namely the efficiency
is minimal. Obviously such pessimistic approach in the market state estimation is
justified when we are talking about the guaranteed result.

A multicriteria investment Boolean problem Z°(FE), s € N, with Wald’s criteria
means the problem of searching the set of Pareto-optimal investment portfolios (the
Pareto set)

PS(E)={zcX: f'cX (g(a',2,E) > 0y & g(a',z,E) # 01y},

where
g(ﬂf,, va) = (gl(l',,l’, El),QQ(QT/,CL', EQ)a s ,gS(CL’,,I‘, Es))a

ge(2',x, By) = fie(2', Bx) — fu(z, Ey) = max Z,Ig]l\lffl (Eypx' — Eg), k € N,

0(5) :(0,0,...,()) € R’.

It is easy to see, in the particular case for m = 1 our multicriteria investment
problem Z*(E) becomes the multicriteria problem of linear Boolean programming

Zy(E):  Er — max, (1)
reX
where X C E", E = [e;] € RX7%$ is the matrix with rows FEj = (e11x, €12k, - -
...,e1ink) € R™ k € Ng. Such case can be interpreted as the situation when the
investor has not got another alternative market state.
For any positive integer d > 2 in the real space R¢ we introduce the Hélder
metric I, 1 <p < oo, where the norm of a = (a1,a2,...,aq) € R? is defined by the

formula
1/p .

(EjeNd ‘aj\p) if 1<p<oo,

llallp =

max{|a;| : j € Ng} if p=oo,
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and by the norm of a matrix means the norm of the vector composed of all matrix
elements. Hence for matrix £ € R"™*"** and any metric l,, 1 < p < oo, we get the
equalities

1Ellp = [[UEp, [ E2llps - - 1 Eslp) I, (2)

1Ekllp = I Exkllp [ Eollp, - - s [ Emkllp)llps Kk € N (3)
Thus for p < oo the equations

1Bl = (D I1EBlD)™, (4)

k€N

lzllp = ll2l3/" for =€ {~1,0,1}" (5)
hold. In addition, from (2) and (3) it follows that

1Eikllp < [|1Ekllp < [IEllp, i@ € Nim, k € N (6)

It is known, that the metric [, defined in the space R? includes the metric lq in
the dual space (Rd)*, and p, ¢, as it is well known, are related by the formula
1 1
-+-=1, 1l<p<oo. (7)
p q
In addition, as usual, we set ¢ = 1 if p = oo and ¢ = oo if p = 1. Thus, in what
follows, we assume that the domain of variation of p and ¢ is the interval [1, 0],
while p, ¢ obey the above conditions, moreover, we assume 1/p = 0 for p = oc.
Using (6) and the Holder inequality

ab < |a||,|[b]l4,

where a = (a1, as,...,a,) € R", b= (by,ba,...,b,)T € R, it is easy to see that for
2%, 2 € X and 1 < p < oo the following inequalities hold:
Buga® — Ega > | Bl (120l + ally), i @ € Nows keN,,  (8)
and for p = 1:
Eypx’ — Bz > —||Egll1, i, 9 € Ny, k€ N,. (9)

In addition, for any p € [1, 00| the following equality is obvious:
la]l, = m"Pa (10)

if any component of a € R™ is the number o > 0.
As usual [1,7-9], the stability radius of the investment portfolio x° € P*(E) in
the Holder metric [, is defined as follows:

s/ 0 [ sup E, if E,#0,
p(l‘ 7p7m)_{0 lf Ep:®7
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where
=, ={e>0: VE' € Q,(e) (2 € PS(E+E'))},
Qp(e) = {E" e R™™ ¢ ||[E'||p < e}
Here (¢) is the set of perturbing matrixes, and P*(FE + E’) is the Pareto set of
the perturbed problem Z*(E + E').

Thus, the stability radius defines an extreme level of problem initial data per-
turbations (elements of matrix E) preserving Pareto-optimality of the portfolio.

2 Lemmas

For the vector a = (a1, as, ..., as) € R® we introduce the positive cutoff function:
at =1[a)" = (af,a3,...,al),

where ) = [a]T = max{0, ax}, k € N;.
Lemma 1. Let p; >0, 2¥ # x,
||g+(1:07$aE)||1 2 p1. (11)

Then
VE' € Qi(p1) N eN, (q2°x B+ E)) >0). (12)

Proof. Suppose, to the contrary, that there exists the perturbing matrix E° € Qy(¢1)
such that the inequalities

gr(2%, 2, B, + E9) <0, k&N, (13)

hold.
Then, involving (9), we derive

0> gp(a®,z, By + EY) = Imax z'Ing\/n (Bypa® — Bjpx + ES 2’ — ESx) >

> gi(2%, 2, By) — | EQ1,
i.e. g,j(xo,:c,Ek) < |E?|l1, k € Ny. Hence, taking into account E° € Q4 (1) it
follows that the inequality
lg* (%2, E)l1 = > gf (22, Ex) < Y 1B = 1B < ¢
kEN, kEN,

holds.
This inequality contradicts the condition (11) of Lemma 1. O

Lemma 2. Let 1 < p < o0, g >0, 20 # x,
lg™ (2°, 2, Bl = 2(ll2°llg + [l2]]q)- (14)

Then
VE' € Qp(p2) NNy  (qi(2° 2, B+ E)) > 0). (15)
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Proof. We again suppose, to the contrary, that there exists the perturbing matrix
EY € Qp,(p2) with the conditions (13) and for any index k € Nj in view of (8) we
find

0 0 : 0 0 .0 0
0> gx(z”,z, Ex, + E}) = max min (Bypr” — Ejpx + Eppx” — Ejpx) >

> ge(2°, 2, Bi) — [ BR 1l (I2°llq + lllly),

i.e.
gr (@°, 2, By) < |EQl(|2°l + lzllq), k€ N

Thus, taking into account (4) and E° € Q,(p2) for p < co we have

1/p
lo* (. B)llp = (3 (g (e, B))) " <
kENs

1/p
< (32 182E) 12l + llallg) = 1B (120l +liallg) < @a(llal + lelly),
kEN,

and for p = oo we derive

lg* (2,2, B)loc = max g (2%, 2, Ey) < max 1R o (12°ll1 + llzl1) =

= 1B loo (12°l11 + llzll1) < @2(lla®ll1 + lz]l).

This inequality is contrary to the condition (14). O

By contradiction we can easily prove the following lemma.

Lemma 3. Let z° € P5(E), v > 0 and 1 < p < oo. If for any portfolio x € X \ {z°}
and any perturbing matriz E' € Q,(v) there exists | € Ng such that the inequality
q (20, z, By + E]) > 0 is true, then the portfolio 20 is a Pareto-optimal portfolio of
the perturbing problem Z*(E + E'), i.e. 2° € P*(E + E') for E' € Qu(7).

Lemma 4. Let 1 <p< oo, 2° # 2, § = (61,02,...,05), 0 >0, k € N,
S|z’ — x|l > g (2, x, Ey), k € N;. (16)

Then for any number ¢ > mYP||§|, there exists a matriz E° € Qu(c) such that
¥ ¢ PS(E + EY).

Proof. Using components of § (see (16)), we define elements of the perturbing matrix
E° = [egjk] € R™*™*5 as follows:

0
0 —g 3% i € Npn, j €N, keN,
€ijk = 9%k Hx[)_pra t ms J ns s+
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Because all rows E?k,, 1 € N,,, of the cut Eg € R™*"™ are equal, then denoting such
rows as Ay, we have
(z —a%)"

A, =0 k € Ns. (17)

20 — |l

Thus [|EY ||, = | Akllp = 0k, @ € Nim, k € Ns. Hence, according to (2), (3) and (10)
we find
122l = m/?5,, k€ Ny,

IElp = m' 7?3,

and, therefore, E® € Q,(¢) for any ¢ > m!/?||§|. Here 1/p = 0 is for p = oo.
Further we prove that for any p € [1,00] and k € N, the equality

Ap(a® —z) = =y la” — = (18)
holds. Actually, for p = oo we have (in view of (17))
Ap(2® — z) = =64 )|2° — z|1, k€ N,

and for 1 < p < oo, considering (5), (7) and (17), we get the following chain of
equalities

J2° — x|y
Ap(a® — 2) = — Gyt =
|20 — ||

2% — 2l _

1/p

1
T ol = ~ille ~ally, k€N

— 6
At last, using (16) and (18), we conclude that for any index k € N, the relations
ge(z",x, By, + Ef) = zIenJifI,ln(EZk + Ap)x zren]{fi(EZk + Ag)x

= ge(2%, 2, By) + Ap(2® — 2) < g (2%, 2, Ey) — 0pl|2® — 2|y < O

hold.
Hence, 2° ¢ P*(E + EY). O

3 Stability radius bounds
For a Pareto-optimal portfolio z° of the problem Z*(E) denote

o1 =p1(2% pm)= min _|g" (2% =z, B,

zeX\{z0}
0 g™ (2%, z, E)]|,
()OQZSDQ(ZE ,p’m): :
zeX\{z%} ”ZBOH(] 4 HxHq
+(20 4 E
b= pm) = min LDy
zeX\{z0} |20 — |,

Evidently, ¥ > 0, ¢; > 0, i € N, herewith ¢1(2°,1,m) = (2°,1,m) and
@2($Oap7 m) < 11[}(1.071)7 m) for 1 < b < 0.
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Theorem. For any m, s € N and 1 < p < oo the stability radius p*(z°,p,m) of the
investment portfolio x° € P*(E) in the Hélder metric l, has the following lower and
upper bounds

1 0 s(,.0 gpl(xovpvm ) @f p:17
m!P(a®,p,m) = p*(2%,p,m) > { S02(960,])’1,,37 fl<p<oo 19
Proof. Let 2° € P$(E). First we will prove the validity of lower bounds (19).
Without loss of generality we assume that ¢; > 0, ¢ € Na (otherwise, the inequalities
p > @i, i € Na, are obvious). We shall consider separately the two possible cases.
Case 1: p = 1. According to the definition of ¢; = 1 (2°, 1,m) for any portfolio
x # 2V the inequality
||g+(x0,x, E)Hl 2 p1,

holds. Therefore, due to Lemma 1 the formula (12) is valid. Then, according to
Lemma 3 the portfolio 2 € P*(E + E’) for any perturbing matrix E’ € Q;(¢1).
Thus, p*(z%,1,m) > ¢1(z%,1,m).

Case 2: 1 < p < oo. According to the definition of w3 = o(2?,p,m) the
inequalities hold

lg*(2°, 2, B)llp = w2(ll2°llq + llzllq), = € X\ {a".

Applying Lemma 2 yields the conclusion that for any portfolio 2 # z¥ the formula
(15) holds. Hence from Lemma 3 it follows that the portfolio 2° € P*(E + E’) for
E'" € Qp(p2). Therefore, p*(z°,p,m) > p2(z%,p, m).

Further we will prove the validity of the upper bound (19) for any number p €
[1,00]. Let &€ > m!/P¢) > 0, and a portfolio 2* # 20 be such that

lg* (2°, ", B)llp = ¢l2° — 27lg-

Then, taking into account the continuous dependence of the norm of a vector
on its coordinates we find a vector § € R® with positive components, which satisfy
inequalities (16) shach that e/m!/? > ||§], > 1. Hence, due to Lemma 4 there exists
a perturbing matrix E° € Q,(¢) such that the portfolio 2° € P*(E) is not a Pareto-
optimal portfolio of the perturbed problem Z*(E + EY). Thus, we proved that for
any number £ > m!/Pi) the inequality p*(z°,p,m) < € holds, i.e. the inequality
p* (20, p,m) < mPyp(20, p,m) is true for any number p € [1, oc]. O

4 Corollary

All of the following corollaries from Theorem are obvious and are valid for any
number of criteria s € N.
Corollary 1. For any m € N the following bounds are true:

mg@l(xo, 1,m) > ps(xo, 1,m) > gpl(xo, 1,m).
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Hence we get the following well-known result, which shows that lower and upper
bounds (19) are attainable for p =m = 1.
Corollary 2 [7,10]. The following formula holds:

$(29,1,1) = 01,1)= i E@® — ).
Pz, 1, 1) = @127, 1,1) i IE(” — )" [

Corollary 3. For any m € N the following bounds are true:

Ei/kaj‘o - Eikl'

0 . . s (.0
x°,00,m) = min max max min > p®(z”, 00,m) >
¢( ) ’ ) :BEX\{CEO} kENs €Ny i'ENm ||$0 _ le Zp ( ) ) ) =
Eyppa® — E
> min  max max min -k kT @o(2°,00,m). (20)

~ weX\{20} keN; i€Nm ¥eNm [|201 + [|lz]l1

In paper [1] we proved the attainability of such bounds for the stability radius of
the Pareto-optimal portfolio of the multicriteria investment problem with Savage’s
minimax criteria in the metric /. Using the developed there techniques it is easy
to prove, that lower and upper bounds (20), obtained here, are also attainable. In
addition, the next statement follows from Corollary 3 and shows that lower and
upper bound are attainable for p = oc.

Corollary 4. If for any portfolio x € X\ {2} the inequality ||2°||1+||z|1 = ||2°—=||
holds, then for index m € N the following formula is true:

p* (2%, 00,m) = @o(x°, 0o, m) = (2, 00, m).

Note that earlier in paper [7] (see also [8,9]) the formula of the stability radius
of the Pareto-optimal solution z° of the multicriteria linear Boolean programming
problem Z3(E) (see (1)) in the Holder metric was obtained:

s(..0 0 : ||[E(x0 - 95)]+||p
p x 7p7 1 = w x 7p7 1 = min
@p D =v@e )= i e =],

, 1 <p< oo

This result shows that upper bound (19) is attainable in the linear case (m = 1).
Corollary 5. For any parameters m € N and p € [1,00] the stability radius
p*(z%, p,m) > 0 if and only if

: +(,.0
min  max z,x, E) > 0.
2€X\{20} KEN, 9 | 2

Remark. Due to equivalence of any two metrics in finite dimensional linear spaces
(see e.g. [11]), Corollary 5 is also valid not only for the Hélder metric ,, but for
another metrics in the space R"*"™*% of perturbing parameters of Z*(F).
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