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Abstract. In this paper, we prove the boundedness for some vector-valued multili-
near singular integral operators on L? spaces with variable exponent by using a sharp
estimate of the multilinear operators.
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1 Introduction and Theorems

As the development of the Calderén-Zygmund singular integral operators and
their commutators, multilinear singular integral operators have been well studied
(see [4, 9, 16-19]). Let T be the Calderén-Zygmund singular integral operator. In
[1-3], Cohen and Gosselin studied the LP (p > 1) boundedness of the multilinear
singular integral operator T4 defined by

A @) = [ Bt DY) g gy,
Rn |z — |
where )
Ry1(Asz,y) = A(z) — Z aDaA(y)(x —y)*.
laj<m

In [12], Hu and Yang proved a variant sharp estimate for the multilinear singular
integral operators. In the last years, a theory of LP spaces with variable exponent
has been developed because of its connections with some questions in fluid dyna-
mics, calculus of variations, differential equations and elasticity(see [5—8,15] and their
references). Karlovich and Lerner have studied the boundedness of the commutators
of singular integral operators on LP spaces with variable exponent (see [13]). In this
paper, we will study the boundedness properties for some vector-valued multilinear
singular integral operators on LP spaces with variable exponent, whose definition is
the following.

Fixe > 0. Let S and S’ be Schwartz space and its dual and T : S — S’ be a linear
operator. If there exists a locally integrable function K (z,y) on R" x R™\ {(z,y) €
R" x R" : z = y} such that

T(f)(z) = - K(z,y)f(y)dy
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for every bounded and compactly supported function f, where K satisfies:

|K(z,y)| < Clz —y|™"

and
‘K(ya .7}) - K(Zwr)‘ + ’K(xay) - K(I'?Z)’ < C’y - Z’E’x - z‘—n—a

when 2|y — z| < |z —z|. Let m; be positive integers (j =1,---,1), mi+---+my=m
and A; be functions on R" (j = 1,---,1). For 1 < s < oo, the vector-valued
multilinear operator related to T is defined by

00 1/s

fﬂUX@EZ(E]TNM®W) ;

i=1

where l
II'zlfﬁn-+1L4j;xay)
Ta(fi)(x) = ! —— K (z,y) fi(y)dy
Rn [z =yl

and

Ry 1(Ajiey) = 43(0) = S0 DO Ay(y)( — y)"

loo|<m;

We also denote

[e9) 1/s 00
@) = (Z !T(fi)(x)\s> and If], = (Zm(x)f)

Suppose that |T|s is weakly (L', L')-bounded.

Note that when m = 0, |T4]s is just the vector-valued multilinear commutator
of T and A (see [19]). While when m > 0, |T4|s is non-trivial generalizations of
the commutator. It is well known that multilinear operators are of great interest in
harmonic analysis and have been studied by many authors (see [1-4, 9]). In [12],
Hu and Yang proved a variant sharp estimate for the multilinear singular integral
operators. In [18], Pérez and Trujillo-Gonzalez proved a sharp estimate for some
multilinear commutator. The main purpose of this paper is to prove the boundedness
for the vector-valued multilinear singular integral operators |T4|s on LP spaces with
variable exponent. To do this, we first prove a sharp inequality for the vector-valued
multilinear singular integral operators.

Now, let us introduce some notations. Throughout this paper, () will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f and
0 > 0, the sharp function of f is defined by

1/s

" B L - 5 1/6
I (x)—zg§<|Q|/Q!f(y) fal dy> ,

where, and in what follows, fo = |Q|™! fQ f(z)dz. It is well-known that (see [11,20])

1/6
f#(x) ~ sup in (@ /Q ) — c|5dy> .

Qox c€C
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We write f# = f;& if § = 1. We say that f belongs to BMO(R") if f# belongs to
L>®(R™) and define ||f||paro = ||f7||z>. Let M be the Hardy-Littlewood maximal
operator defined by

M) = s Q1 1J/ F)ldy.

For k € N, we denote by MP* the operator M iterated k times, i.e., Ml(f)(g;) =
M(f)(z) and
M*(f)(x) = M(M*=(f))(z) when k> 2.

Let @ be a Young function and @ be the complementary associated to ®. We
denote the ®-average for a function f by

ea=ssfoos [ (159) =)

and the maximal function associated to ¢ by

Moy (f)(x) = sup || fl]a,q-
Q>

The Young functions to be used in this paper are ®(t) = t(1 + logt)” and ®(t) =
exp(t'/"), the corresponding average and maximal functions denoted by ||| | L(togL)",Q>
M ogry- and || - [|eypri/r 9s Megpri/r- Following [16-19], we know the generalized

Hoélder’s inequality:
£ (y)
@l

and the following inequalities, for r,r; > 1,7 =1,---,, with 1/r =1/ri +---+1/ry,
and any x € R", b € BMO(R"),

Hf||L(logL)1/r7Q < ML(logL)l/r(f) < OMogry (f) < CM"™(f),

|16 = bg|lexprLr.@ < Cl[bl|BMO,

lbyer — bagl < CHIIbl saro.
The non-increasing rearrangement of a measurable function f on R™ is defined
by
ff@)=mf{A\>0:|{z € R": |f(x)| > A} <t} (0<t< ).
For A € (0,1) and a measurable function f on R"™, the local sharp maximal function
of f is defined by

M (f)(@) = sup inf ((f — ¢)x@)"(AlQ])

Q>z ceC

Let p : R* — [1,00) be a measurable function. Denote by LP()(R™) the sets
of all Lebesgue measurable functions f on R™ such that m(Af,p) < oo for some
A= A(f) > 0, where

mit.) = [ 1@
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The sets becomes Banach spaces with respect to the following norm

| fll ey = nf{A >0 :m(f/\,p) <1}

Denote by M(R™) the set of all measurable functions p : R” — [1,00) such that the
Hardy-Littlewood maximal operator M is bounded on LP()(R"™) and the following
holds

1 <p_ =ess inf p(z), ess sup p(z) = py < oo. (1)
TER" TER™

In recent years, the boundedness of classical operators on spaces Lp(‘)(R") have
attracted a great attention (see [5-8,15]). In this paper, we shall prove the following
theorems.

Theorem 1. Let 1 < s < oo and D*A; € BMO(R") for all o with |a| = m; and
j = 1,--- 1. Then there exists a constant C > 0 such that for any f = {fi} €
LP(R"),0< 6 <1 and T € R",

l
(ITaN)F @ <CIT{ Do 1D Allsuo | MFH(f1)(3).

5=1 \la =m,

Theorem 2. Let 1 < s < oo, p(-) € M(R") and D*A; € BMO(R"™) for all o with
la| =m; and j = 1,---,1. Then |T4als is bounded on LPV)(R™), that is

l
ANl <CTT D2 1D A llBaro | 1I1sl] oo
7=1 \Jay|=m;

Remark 1. Let T be the Calderén-Zygmund operator (see [4, 11, 20]). Then Theo-
rem 1 and Theorem 2 hold for T'.

2 Some Lemmas

We begin with some preliminary lemmas.

Lemma 1 (see [3]). Let A be a function on R™ and D*A € L1(R") for all a with
la| =m and some ¢ > n. Then

1/q
m 1 (6%
[Rim(A;z,y)| < Clo —y| Z <|Q($2¢)|/Q( )\D A(Z)‘qdz> ;
) T,y

|a)l=m

where Q is the cube centered at x and having side length 5y/nlx —yl.
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Lemma 2 (see [11, p. 485]). Let 0 < p < g < oco. We define that, for any function
f>0and1/r=1/p—1/q,

1 llwre = iulg/\\{w € R": f(a) > MY, Nyy(f) = s%prxEHLp/HxEHLr,
>

where the sup is taken for all measurable sets E with 0 < |E| < co. Then

1fllwzs < Npg(f) < (a/(a =)' "I llwLs.

Lemma 3 (see [18]). Letr; > 1 forj=1,---,1 and we denote 1/r = 1/r1+---+1/r;.
Then

1
@,/Q\ﬁ(x) - fu@)g(@)dz < | flleapzr @ - - 11 Flleaprr @9l Logryr o

Lemma 4 (see [13]). Letp: R" — [1,00) be a measurable function satisfying (1).
Then LP(R™) is dense in LPC)(R™).

Lemma 5 (see [14]). Let f € L}, (R") and g be a measurable function satisfying
{z € R" : |g(x)] > a}| < oo forall a>0.
Then

/ Nf@)g(@)ldz < Cp /R ) MY (f)(@)M(g)(x)da.

Lemma 6 (see [14]). Let§>0,0< A< 1 and f € L) (R"). Then

loc
ME(f)(x) < /N fE ().

Lemma 7 (see [13]). Letp: R™ — [1,00) be a measurable function satisfying (1).
If f € LPO(R™) and g € LP'O(R™) with p/ (z) = p(x)/(p(x)—1), then fg is integrable
on R" and

/n [f(@)g(2)ldz < Cl[fl|Leer [19]] o -

Lemma 8 (see [13]). Letp: R" — [1,00) be a measurable function satisfying (1).
Set

1l = { [ 1@lds s £ € 0.9 € 7O}

Then || fll oy < (1l 00) < ClHlpuo -
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3 Proof of Theorem

It suffices to prove that for f € C§°(R") and some constant Cjp, the following
inequality holds:

1 1/5 l
(161 L Imatn @) = Coffar) < CTT{ 3 1D%alavo | a0

|ovj|=m;

Without loss of generality, we may assume [ = 2. Fix a cube @ = Q(xo,d) and T € Q.

Let @ = 5y/n@Q and Aj(z) = Aj(z) — > %(DO‘AJ')Q:CQ, then R, (Aj;z,y) =
|a|l=m

Rin(Aj;@,y) and D*Aj = D*Aj — (D 4;)g for [af = m;. We split f =g+ h =

{g9:} + {h;} for g; = fiXQ and h; = fiXRn\Q- Write

HQ': Rerl(Aa:Cay)
Ta(f;)(z) = =
Rn |90 y|

9 -
Ry 11(Aj;
A
Rn |z -yl
H?:l ij (A]7 x7 y)
Rn |z —y|™
1 m A; ) — o1 1
Z R 2( 2; L y)(l’ y) DalAl(y)

|z —y|™

K(z,y)fi(y)dy

K(z,y)g:(y)dy

K(z,y)gi(y)dy

|oer|=m

Z 1 le A2 )@ = 9™ pos 1000 K (2, 9)g: () dy

|z —y[™
loa|=m
1 (SL‘ _ y)a1+a2Da1A1(y)Da2A2(y)
K i(y)dy,
+‘ | z|: | a1las! /n |z — y[m (z,v)g:(y)dy
ai|=mi, |a2|=m2
then, by Minkowski’ inequality,
1/6
]Q|/ || Ta(f) — [T5(h)(x0)]s| d:c}
§/s 1/é
= | al; ( Zalfi)(x) - Tg(hmo)rs) dm]
> A s\ 0/s 1/6
c [T7_1 R, (Aj32,9)
< _ J J '
B IQ! /Q (Z  —ym K(z,y)gi(y)dy dx
m AQ; x y)(x — y)al
+ 2(

=1 |ai|=m1
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x D Ay (y) K (z,y)gi(y)dy|*)* *dz]/°
mi (A1 2, y) (2 — y)*2

’ |Q|/Z| > [

=1 |ag|=ma2
x D Ay(y) K (x,y)gi(y)dyl*)/* da]'/°
y o[ Jertes o A (y) D2 Ay (y)

* \Q!/Z|

—yl™

=1 Jai|=mi, |az|=ma

XK (x,)gi(y)dy|*)*da]'/°

* IQ!/ (Z [Tathi)(@) = Ta(hi)

= Lh+L+I3+ 1L+ Is.

|z —y|™

1/6

d/s
(xo)}s) dx

Now, let us estimate Iy, Is, I3, I4 and I5, respectively. First, for z € @) and y € Q,
by Lemma 1, we get

Ry, (Aji2,y) < Clz—y|™ > |ID% AjllBmo0,

lovj[=m;

thus, by Lemma 2 and the weak type (1,1) of |T|5, we obtain

I <

IN

IN

<

2
ol
j=1

2
ol
j=1

2
cll
j=1

I
Tl

> 1ID% AjllBaro

|ovj|=m;

> 1IDY AjllBno

|ovj|=m;

> D% AjllBumo

lovj[=m;

> 1ID% AjllBao

|ovj|=m;

> 1ID% AjllBaro

|ovj|=m;

(1 f, 17 ’6‘””)1/6

1T(9)lsxel|Ls
‘Q| ' |Q’1/6Ql 2

QI T (9) sl lw i

QI lllglsll 2

M (|f1s)(2).

For I, by Lemma 2 and generalized Holder’s inequality, we get

I

IN

|z |=mo

IN

|az|=m2

¢ I aaloo X (i

|t |=ma

lovt|=ma

[ e g ’

C Y ID*Alpuo Y 1QITIT(D™ Arg)(@)lsxellwr
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< ¢ Y 1D Aslparo |Q,/ D% A, ()| g(2) | ad
|aa|=ma |t |[=m

< ¢ 3 D% Mlsvo X ID% AL — (D™ A gl ol 1l Laar0
|ag|=ma |at|=ma
2

< Il 5 1D 4yllmo | M2(1719)@).

7=1 \lagl=m;

For I3, similarly to the proof of Is, we get

2
O[T D D% Ajllsyo | MP(£]5)(@).

J=1 \laj|=m;

Similarly, for I4, taking 771,79 > 1 such that 1/r = 1/r; + 1/ry, we obtain, by
Lemma 3,

1 R ~ 1/6
I, < C > ( / \T(DalAlDa2A2f1)(a:)|gdx>

_ _ Q|
lar|=m1, |az|=m2

C > QI H||T(D** A D** Asg)lsxollw it

la1|=m1, |az|=m2

c Y g [ 0D g

la1|=m1, |az|=m2

c Y Il CE DI Y [V R

lo|=m1,|az|=m2 j=1

IN

IN

IN

2
< CII Do ID%AjlIsao | MP(1£15) ().
J=1 \laj|=m;
For I5, we write

2

Ti0) @) - Talhlon) = [ (0 - e )H (i )b (w)dy

[z —y[™  Jzo—y[™

Rm2 (A27 .Z', y)
lzo — y|™

- ~ Rm A ;x ?
n / (RmQ(Az,x y) - Rmz(AWfO’y)) W

-y /n ma (Aa; 2, y)(fﬂ—y)“lK(Ly)

|z —y|™

=

+/n (le(Al;q;,y) - le(Al;xo,y)) (o, y)hi(y)dy

K (wo,y)hi(y)dy

\al\—ml

_Rm2 <A2;33073/)(370 - y)al
|z —y|™

K (w0, )| D" A1 (y)hi(y)dy
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Z 1 le (Al; x,y)(m - y)ag K(l‘,y)

3 |z —y|™

oz [=m2

R, A . o, To — )22 o ¥
B (Ao ?J)(mO y) K (zo,y)|D* As(y)hi(y)dy

|zo — y
1 (x —y)artee (zo —y)™
N L ———K(z,y) - ———— K(xo,
Z arloy) /n |: |x_y|m ( y) |x0—y’m ( 0 y)

lat|=m1, |az]=m2
x D Ay (y) D2 Ay () hi(y)dy
= 1)+ 1P+ 1+ 1+ 1P+ 1.

By Lemma 1 and the following inequality(see [20])

161 — bq,| < Clog(|Q2/1Q1])[bl[Bao for Q1 C Qs

we know that, for z € Q and y € 25+1Q \ 2FQ,

R, (Agiz,y)] < Clo—y™ Y (IID% Allgmo + (D A)g .,y — (DY A)g))
o [=m;
< Chlz—y™ > |ID%Al|u0-
levj[=m;

Note that |z —y| ~ |zg — y| for 2 € Q and y € R™\ Q, we obtain, by the conditions
on K,

2
1) |z — x| |z — x|
’IS ’ S C ’w() _ ‘m_;'_n_;'_l ’f]}'() _y’m+n+5 H m A]7m Yy Hh’< )’dy

7=1

2

< H 1D Ajl| Brmro
Jj=1 ‘O‘]| m;
o0

|z — 0] |z — ol

X + 7 d
Z 2k+1Q\2+Q (|~To —y["tt |z —yl’”e) [fily)ldy

(AN
I

@ - — — 1
CIL| 3 10" llowo | S i+ g |, s

|al=m; k=1

thus, by Minkowski’ inequality,
00 1/s
S
(Z " ) < c
i=1 j

X =
25Q

> ID¥AjllBuo | DK (27F +27F)

lal=m; k=1

- |f(y)]sdy
2

Y

Il
= =
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2
H ( > DO‘AJ-BMO) M(|f]5)(Z)-

|ar|=m;

For I, éQ), by the formula (see [3]):

~ ~ 1 ~
|B8l<m; "

and Lemma 1, we have

| B, (A;2,9) = Bony (A;o,9)| < C Y7 Y Ja—aol™ Pz —y| 7| DAl g0,

|Bl<my |al=m;

thus
> S 1/s 2
(Z‘I‘S’ ) : CH S 11D 44llmaco
i=1 S\
%) xo‘
sd
kz::/Q’“*lQ\?’“Q |zo — y[n 1 [F(y)lsdy
2
: H ’DajAjHBMo M(|f]s)(T).
j=1 ‘O‘]| =m;
Similarly,

Sl

lovj|=m;

1/s 2
) H( > DO“AJBMO) M(|f]s)().

2)

For Ié4), similar to the proof of I(l), Ié and Iy, we get

< C Z /
a1 |=my R™\Q

x| Ry (Ag; 2, )| D Ay ()| £ ()| sy
+C Z / ‘Rm2(427x7y) - Rm2(A2;Z’0,y>‘

|t |=m1

(:Z: - y)alK(l’v y) o ('1"0 - y)alK(‘TOa y)
|z —y|™ lzo — y|™

» |(zo — y)“ K (%0, y)
|zo — y|™

D Ay ()17 ) sy
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IN

@ A G —k —ck 1~ a1A 5
C Y Ao 3 S k2t 42 )‘ka/%QID L)1) ody

|ag|=ma |ag|=mq k=1

C Y D% Alsmo Y SR 42

loz|=ma o |[=mq k=1

XHDalAl - (DalAl)Q|‘esz72kQ‘||f‘5‘|L(logL)72kQ

( > Da7AjBMO) M?(|f15)(E).

|ovj|=m;

IN

IN

ol

2
J=1

Similarly,

2

. 1/s
) <c]]

7=1

bl

i=1

( > D%AjBMo> M2(|f]5)(®).

ovj|=m;

For I, éﬁ), we obtain

50 1/s
()
=1

—y)ta ¢ —y)yta i
< C 3 / ~ (z y|)$_ h (z,y) (20 7; . ‘m(:vo,y)
a1 |=m1,|as|=ms R™M\Q Yy 0—Y
x| D A1 (y)|[D** A2 ()1 f (y) |sdy
o0 B B 1 . _ . 3
<o Y Setert o [ D he)De Al o).y
|t |=ma1,|az|=ma k=1 25Q| J2+¢
2
<o 3 lpva- 0¥l g 11l 2
|1 |[=ma,|az|=ma j=1
2
< CII | Do D% AjlIBro | MP(f1s)(#).
3=1 \Joyl=m;
Thus

2
s <] ( > D%AjBMo) M3(|f]5) (%)

J=1 \laj|=m;
This completes the proof of Theorem 1.
By Lemmas 4-7, we get, for f = {f;} € Lg°(R") and g € L’ O)(R"),

| map@la@ias < ¢ [ A 1)@ ) @)z

< [ (TaNF @M (g)a)d
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< cC / M| f]) (2) M (g)(2)de
Rn

< C||Ml+1(|f|s)HLP(~)HM(g)HLp’(-)

< ClIflsllpeeor gl o

thus, by Lemma 8,

ITACH) @) sl Loy < (1S sl zee -

This completes the proof of Theorem 2.
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