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The Ricci-flat spaces related to the Navier-Stokes
equations
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Abstract. Examples of the Riccii-flat metrics associated with the equations of
Navier-Stokes are constructed. Their properties are investigated.

Mathematics subject classification: 34C14.
Keywords and phrases: Riemann metrics, geodesics, Navier-Stokes equations.

1 Introduction

Properties of solutions of the Navier-Stokes equations to the incompressible fluid
can be studied by geometric methods [1].
For this purpose we rewrite the N.S- equations in equivalent form of conservation
laws
Uy + (U? = uUy + P)p + (UV — pUy)y + (UW — uU,), =0,
Vt + (UV - :uvx)m + (V2 - /LVy + P)y + (VW - /LVz)m = 0)
Wi+ (UW — yWo) + (VW — yW,)y + (W? — uW, + P), = 0,
Upg +Vy + W, =0,

where U,V,W and P are components of the velocity and the pressure of the
fluid. The relations (1) can be considered as conditions of the equality to
zero the Ricci tensor of 14-dimensional space D' in local coordinates X =
(x,y,z,t,n, p,m,u,v,w,p, &, x,n) = (&, t,n,p,m,¥;) , Il = 1,..,7, endowed with
the Riemann metric

(1)

Mds? = —oT%, (%, 1) V;da’ da” + 2d ¥, da’. (2)

The metric (2) is the metric of the Riemann extension [2] of 7-dimensional space
D7 of affine connection in local coordinates (z,y, z,t,1, p,m) and the components
of connection I‘;k(f:, t).

In explicit form it looks as follows

Wds? = 2dz du + 2 dy dv + 2 dz dw + (=V (&, t)v — W(Z, t)w — U(F, t)u) dt*
(< (U(E, 1) +uP(F, )+ up Up (7,6) —0U (7, )V (7, 1)~ U(, t)p ) dn*+

+ p Uy (F,t) —wU(Z, )W (Z,t) +wp U, (£, 1)) dn* +2 d*n &+
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F(—ulU(Z, )V (T, 8) +0P(Z, 1)~V (Z, )p+up Vi (T, 1) —wV (T, )W (Z, 1)) dp*+
T (on Vo @, 0) +wpVa(@,6) 0 (V(3,))) dp*+2d%p et
+ (wP(a}', ) =W (&, )p—w (W (Z, 1)) +wp W, (Z, t)+vu Wy (Z, t)) dm*+

oV (@, W (Z, ) Fup Wa (7, 1) —ul (T, )W (7, 1)) dm>+2 dm dn +2 dt dp. (3)

The main property of the space withe the metric (3) is that it is Ricci-flat if the
functions U, V, W and P satisfy the NS-equations (1).

Despite the fact that all scalar invariants of the space D' are equal to zero
its geometric properties can be studied with the help of equations of geodesics and
corresponding invariant differential operators.

2 Geodesics
The full system of geodesics of the metrics (2) consists of two parts

520,

k k owisj _
X —|—wax —0, d2

+ Rkﬂx’x v, =0,

ov . .
where —F — U, — ng\lll:'v].

S
In the considered case the first group of equations is
E4+1/2U(Z,t)i2+1/20U (7, )2 —1/20? n Uy (7, 1) —1/2 0 P(Z, )+

+1/2 p2U (2, 4)V (2, t)-1/2 p* p Vi (£, 1L /22U (&, )W (£, )1 /2 rin(8) n W (2, ) = 0,
G+ 1/2V(Z,6)i* + 1/20(s)2U (7, )V (Z,t) — 1/20°n Uy (7, 1) + 1/2 p*V (7, )*~
—1/2 52V (Z,1) — 1/2 p(s) P(Z, 1) + 1/202V (Z, )W (Z, 1) — 1/2m0> u Wy (7, t) =
E41/2W (2, )82 4+1/20(s)2U (&, )W (Z,t)—1/20° n UL(Z,t)+1/2 p*V (Z, )W (Z, t)—
—1/2 PP Vo2, 6)+1/2m° W (Z,1)2 = 1/2m u W, (Z,t) — 1/2m> P(Z,t) = 0,
t+1/2U(z,y, 2, )0 +1/2V (2,9, 2,1)p* + 1/2W (x,y, z,t)m? = 0,
ii(s) =0, p(s) =0, m(s)=0.
In the particular case of 2D-potential flow U = ¢,, V = —¢,, W = 0,
P = Q(x,y,t) this system takes the form
2 + gyt + a1¢] — a1 by — 01 °Q — a2 byr + 2> 1 fag = 0,
2§ — ol® — a1’Pyde — s By + Q27D + A2 U Py — 2°Q =0,
2% —Qag? =0, 2t+¢ya;® — dras? =0,

n(s) = ais, p(s) = ass, m(s) = ass.
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Remark. The coefficients of the geodesics are the components Ffj of affine connection
of the 7-dimensional manifold in the local coordinates (Z,t,n, p,m).
It is Ricci-flat

Rij = OxTy; — Oy + TRTL —T5 T =0

on solutions of the NS-equations (1) and its properties can be studied independently
of the enclosing 14-dimensional Riemann space with the metric (3).
The linear part of geodesic has the form of linear system of equations with
variable coefficients
\I’Z = Af\lfk + Blk\l’k,

where U, = [u,v,w,p,& x,n] are vector-functions, A¥ = A¥(#Ft) and
BF = BF(#,t) are matrix-functions depending on coordinates X = (&, ).

3 Parameters of Beltrami

The solutions of the equations

v aw>:0, A 1 00

0rioxi Yoz ort dxd (4)

Agtp = gV (

play important role in geometry of Riemann spaces and can be used to study pro-
perties of solutions of the N.S-equations.

As example in the case of two dimensional potential flow of fluid the metric of
associated Riemann space has the form

ds* = 2 dr du + 2 dy dv + 2 dz dw + (—pyu + ¢,v) dt* + 2 dt dp+

+ (_UQS?/ + up ¢my + UQ(% Y, t) + U¢y¢x +op ?byy - ¢yp) d772+
+2dn d + (Upydy — Ut Gox — V7 — Vi ay + VQ(2,y, 1) + op) dp*+
+2dp dx + wQ(z,y,t)dm? + 2 dm dn. (5)

Components of the Ricci-tensor to the metric (5) are equal to zero R,, = 0,
R,, = 0 on solutions of 2D NS-equations

¢y¢xy Y ¢xxy —Qz — ¢yy¢x - N¢yyy + ¢yt =0,

_¢y¢mc + U Gpr + /“Zsmyy - Qy — Gut + ¢:vy¢m =0,

where the function ¢(x,y,t) satisfies the condition of compatibility

(¢mm + ¢yy)t + ¢y(¢wx + ¢yy)m - wa(ﬁbmc + ¢yy)y - /‘A(Qsmm + @byy) =0. (6)

As is known [3] with the help of solutions equation (4) can be studied geodesics
of the metric to the arbitrary Riemann space.
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To the metric (5) the second equation (4) takes the form
29athy + 20yt + 20200 + 200 + 2Pnthe + 29ptly + 2Pmtn + Uy dyu—
et + YFudy — VFup duy — YEUQ — YEUGy G — VEVI By + VEDyp—
~WFudy s+ Y3up bus + YRVOT + R0l Goy — YIVQ — YR e — wQYp — 1= 0. (7)
After the separation of variables in the equation (7) we find
(x,y, 2, t,m, pymyu,v,w,p,E, X, n) = 3z + csn + cgp + crm + 1€+
+cizx + cun + F(x,y,t,u,v,w,p)
where the function F(x,y,t,u,v,w,p) satisfies the equation
2F, Py +2F Fy+2c3Fy, +2FF), +2c5¢12 +2c6c13 + 2 creiat+
+EXpyu — Frdav + cro’udy, — 1’ upt day — c12°uQ — c12*vdydp—
— 12”0 Gy + C12°dyp — 137 udy s + c13*up dup + 13005+
+e13°0 bay — €13°0Q — 137 Pep — wQc14® — 1= 0. (8)
In particular case
F(z,y,t,u,v,w,p) = A(z,y,t)p + uB(x,y,t),c14 =0, c13 =0, c10 = 1/2 ¢5

from the equation (8) we get three equations on two functions A(zx,y,t), B(z,y,t)
having solutions if the functions ¢(z,y,t), Q(z,y,t) satisfy the relation

H(¢7¢w7¢y7¢tv@) =0. (9)

As example in the case of the Euler system of equations, (u = 0) the relation (9)
takes the form

¢yt¢;2cy¢y —4 ¢yt¢y¢my¢xyt + 2 gby@bxxy(l%t -4 ¢yt¢g2/¢mmy_
-3 Qﬁy@% + 4¢§¢my¢xyt +2 ¢2¢mmy +2 ¢y¢iy¢ytt - nggcy = 0.

References

[1] DRYUMA V. On spaces related to the Navier-Stokes equation. Bul. Acad. Stiinte Repub.
Moldova, Matematica, 2010, No. 3(64), 107-110.

[2] DRYUMA V. The Riemann extensions in theory of differential equations and their applications.
Matematicheskaya fizika, analiz, geometriya, 2003 10, 307-325.

[3] BoccaLETTI D., CAaTONI F., CANNATA R., ZAMPETTI P. Integrating the geodesic equa-
tions in the Schwarzschild and Kerr space-times using Beltrami geometrical method.
arXiv:gr-qc/0502051 v2 3 Apr, 11 (2008) 1-12.

VALERY DRYUMA Received Mai 21, 2012
Institute of Mathematics and Computer Science

Academy of Sciences of Moldova

Academiei str. 5, MD-2028 Chigindu

Moldova

E-mail: valdryum@gmail.com; cainar@mail.md;
emental@mail.md



