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Abstract. Common Hilbert series and generalized Hilbert series for the algebras of
invariants and comitants of polynomial differential systems with homogeneous non-
linearities of the fifth degree are constructed, with their help the Krull dimensions of
these algebras are obtained. The relations between Hilbert series of various algebras of
invariants and comitants of polynomial differential systems with homogeneous nonlin-
earities of odd degree are given. With their help we give a method of the construction
of generators of the algebras of invariants for corresponding systems.
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Consider the system of differential equations

dx’ ; L . }
E = Za’;ljz,,ijjlsz o .x]W (]7]17]27 "'7]7 = 172)7 (1)
yer

J

1J2---
(v € T') is symmetrical in lower indices, in which the complete convolutionj gaké;
place. If 0 € T, then the system (1) contains constant terms a/. We observe that
the system (1) is completely determined by the set I'. Further for the notation of
the system (1) we will use s(T").

Consider the group of center-affine transformations GL(2,R) = {q}:

where I' is a finite set of different non-negative integers, and the tensor a

y = Q§$j7 Aq = dEt(q;) 7& 0 (T‘,j = 172)' (2)

If in (2) A, =1 for all ¢, then the group is called unimodular and it is denoted by
SL(2,R). Denote by a the totality of all coefficients of the system (1), and by b the
totality of all coefficients of the system obtained from system (1) by a transformation
g € GL(2,R). All coefficients and variables of (1) and (2) are real.

Definition 1. The polynomial K (a,x) of the coefficients of the system (1) and the
coordinates of the vector x = (x', 22) is called a center-affine comitant of the system
(1) if there ezists a function \(q) such that the equality

K(b,y) = Mg)K(a, )
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holds for all ¢ € GL(2,R) and all coefficients of the system (1) and coordinates of
the vector x.

If the comitant K does not depend on the coordinates of x, then it is called
an invariant of the system (1) for the group GL(2,R). As follows from the general
theory of algebraic invariants of differential systems with polynomial right-hand sides
[1-3], A(q) = A;%, where the integer x is the weight of comitant.

The problem of studying a polynomial basis for differential systems was first
posed in the works of K. S. Sibirsky [1-3] and was further developed in the monograph
of N.I. Vulpe [4] and by their disciples. In particular, in work [5] it was shown how
to use the minimal bases of comitants (MBC) of the systems s(0) and s(I'), 0 ¢ T,
in order to construct a similar basis of the system s(0,I"). However, the question of
the construction of MBC for the system s(m,n) (m,n # 0, m # n) if the MBC for
the system s(m) and s(n) are known still remains open.

In this article, using graded algebras and their generators, with the help of Hilbert
series a method of solving this problem for m = 1 and n = 2k + 1 (k > 1) will be
shown.

1 Graded algebras of invariants and comitants, and their Hilbert
series for the system s(1,2k+1) (k> 1)

Consider system of differential equations with odd nonlinearities

da? )
dt CL] % + a?naz agp’ W2 g (G apan, g, op g1 = 1, 2), (3)
where £ = 1,2, ... is a fixed natural number, and the coefficient tensor a£1a2,,,a2k+1
is symmetrical in lower indices, in which the complete convolution takes place.
Following [6, 7], we recall the definition of Hilbert series for algebras of invariants
and comitants of the system (3).

Denote by Sgdgk .1 the linear space of center-affine (unimodular) comitants of the
system (3) of the type
(d) = (67 dl, d2)7 (4)

Where ¢ is the degree of homogeneity of a comitant with respect to phase variables
2!, 2%, and d; (dg) is the degree of homogeneity of this comitant with respect to the

coordlnates of the tensor a& (a&lw,,,a% +1) The subscripts in S§ 2)k 1 show that this
space is associated with the differential system (3), the right side of which is the
sum of homogeneities of degree one and 2k + 1 with respect to x!,z2. From [6, 7] it

is known that the space 5 ( 2)k 41 1s finite for any fixed (d).

Consider the linear space
Sl,2k+1 251 2k+17 (5)

which is a graded algebra of invariant polynomials with respect to the unimodular

group SL(2,R), in which the following inclusion S§ 2) i +1S§e%k < Sid;,;?l is satisfied.
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Following [6, 7], by a generalized Hilbert series of the algebra (5) we understand
the sum

d . d1
H(S1 2k+1,u, 21, 22) Zdszsl o1 U2 22 , (6)

and then we obtain the common Hilbert series from (6) as follows
H31,2k+1(u) = H(Sl,2k+1, u,u, u) (7)

If we denote by SIjop+1 the algebra of invariants of the unimodular group
SL(2,R) for the system (3), then for the generalized Hilbert series of this algebra
we have

H(SI1op 11,21, 22) = H(S1,2041,0, 21, 22), (8)

and for a common Hilbert series we obtain
Hgp, 540 (2) = H(ST 2841, 2, 7). (9)

If in the system (3) there are no linear terms (aé, Jj,a = 1,2), then we ob-
tain the system s(2k + 1), we will denote the algebra of comitants and invariants
by Sor+1 and Slspyq respectively. Note that the above-listed algebras are finitely
defined [6, 7].

Remark 1. 1t is known (see, for example, [8]), that the maximum number of
algebraically independent homogeneous elements of a graded algebra of polynomials
is called its Krull dimension, and it is equal to the order of the pole and the common
Hilbert series of this algebra in the unit.

2 Relations between the generalized Hilbert series of algebras
S, S2k:+1 and SI1,2k+1

From [6, 7] the generalized Hilbert series for algebras S1I;, S3 and ST 3 are known.
They have the forms

H(SI,b) = i b)}l 5y (10)
(S o) = A (1)
where
Ds(u,d) = (1 —d?)3(1 — d®)*(1 — u?d)*(1 — u'd),
Ni(u,d) =1 —d® + d* +u?(—d + d* + 3d® — 2d°)+ (12)
+ut(2d? = 3d* — & + d°) + ub(—d® + d° — d")
and

NIy 5(b, d)

I —
(S 137b d) D113(b d)

(13)
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Here DIy 3(b,d) = (1 —b)(1 — b*)(1 — bd)*(1 — b?d)(1 — d*)3(1 — d*)?,

NI 3(b,d) =1 —d* +d* +b(—d + d* + 3d> — 2d°)+ (14)
+02(2d? — 3d* — d® + d°) + b3 (—d® + d° — d).
With the help of equalities (10)—(14) was proved

Lemma 1. Between the generalized Hilbert series of the algebras S1i, S3 and SI; 3
the following relation exists

H(S[Lg,b,d) = H(S[l,b)H(Sg,u,d)’uzzb. (15)

In [6, 7] we have found the generalized Hilbert series for the algebra Sy of uni-
modular comitants of the system s(5)

o N5(U, f)
H(Ssu. ) = 5o, (16)
where
Ds(u, f) = (1+ /)1 = f2)2(1 = f2°(1 = fH?(1 = f°)*(1 = u?f)?x
x(1—utf)?(1—ubf),
8
Ns(u, f) =Y Roy(f)u?™,
k=0
and

Ro(f) =14 f— 2+ fA4+4f5 +11f5 + 167 + 1745 + 13 + 1370 + 131+
+17f12+16f13+11f14+4f15+f16_f17+f19+f207
Ro(f) = =2f — f24+ 53 +12f1 + 155 + 150 + 117 + 105 + 177° 4+ 2710+
+25f11+16f12_f13_9f14_5f15+2f16+3f17+3f18_2f20_2f217
Ri(f) = —f+3f24+6f3+5f* =30 —10f7 — 1375 —15f° — 1810 — 3211 —
_41f12 _51f13 _43f14_29f15 _ 18f16_ 11f17_3f18 _2f19_2f20_f21+f227

Re(f) =32+ f2 =5t —11f5 —11f5 — 157 — 20f% — 357° — 5810 — 8511
—81f12—61f13—21f14—f15—7f17—7f18—8f19—2f20+3f21+4f22,
Re(f) =22 — 3 —4ft —6f° —9f0 — 187 — 218 —21f% — 2310 — 29f11
—6f12+6f13+22f14+23f15+21f16+21f17+18f18+9f19+6f20+
—|-4f21+f22—2f23,

Rig_or(f) = —f®Roi(f~") (k =0,4).

(17)
According to [6, 7] the initial form of the generating function for the center-affine
comitants of the system s(1,5) has the form

o % = (1= w2 () (u), (18)
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where
©) N _ 1
wl (U) - (1 _ U2b)(1 _ b)2(1 . u_Qb)a
)\ _ 1
R [ (e (R (RS
1

(1 —uf)?(1 = u=0f)

Following [6, 7], after solving the functional Cayley’s equation

H(Sy5,u,b, f) — u 2H(Sy5,u~",b, f) = o\ (u),

where gogog(u) is from (18)—(19), we obtain

Theorem 1. The generalized Hilbert series for the graded algebra of comitants Si 5
of the system (3) (k = 2) is a rational function of u,b, f and has the form

b
H(Sus.ub.0) = 20, (20)

where

Dis(u,b, f) = (1= b)(L = 0*)(1 = bu®)(1 = bf)*(L = 0* f)*(1 = B ) (1 + f)

C(1= P21 — FP(1 = PO PR = U= fu2(1 = fu), O
8

Nis(u,b, ) =Y Rox(b, f)u™*, (22)
k=0

and

Rolb, f)=1+f— f3+ f4*44f5 +11f0 +16f7 + 175 + 139 + 13f10+
+13f11+17f12+16f13+11f14+4f15+f16_f17+f19+f20+b(_2f_
[P 12f 155 1 15f0 4 11 fT +10f% +17f% + 2710 + 25 f 114
+16f12—f13—9f14—5f15+2f16+3f17+3f18—2f20—2f21)+b2(—f+
+3f2+ 63+ 5f1 —3f0 —10f7 —13f% — 1559 — 1810 — 3211 — 4112
_51](‘13 _43f14 _29f15 _ 18f16 _ 11](‘17_3]018 _2f19 _2f20 _f21 _|_f22)+
+03(3f2 4 f2—5f1 —11f5 — 1176 — 157 — 208 — 359 — 5810 — 85 f11 —
—81f12—61f13—21f14—f15—7f17—7f18—8f19—2f20+3f21+4f22)+
+04(2f2 — f3 —4ft —6f° —9f0 — 18T —21f8 — 219 — 23710 — 2211
_6f12+6f13+22f14+23f15+21f16+21f17+18f18+9f19+6f20+4f21+
H S22 B) 0O (—AfP =3 25+ 8O+ 7T TR+ f1O4 211 4 61124
+81f13 4+ 85f14 45815 4+ 3516 + 20 /17 + 1518 + 11 f19 + 1120 + 52—

[P =3B+ 0O (=2 + [ 207+ 2f0 + 3T H 1S5 + 180 + 2010 + 431+
F5LF12 441 f1 4 321 H 181 4 15F10 4 13f17 41018 + 319 — 521 — 622
—3f23+f24)+b7(2f4+2f5—3f7—3f8—2f9+5f10+9f11+f12—16f13—
—25f1 =271 — 1716 — 1017 — 1118 — 15719 — 15720 — 122! — 5 f224
B 2fH) V(=0 — fO 4 f5 = f —Af10 — 1M 1612 — 1T — 131
_13f15 _ 13f16 _ 17f17 _ 16f18 _ 11f19 _4f20 _ f21 +f22 _ f24 _ .]('25)7
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Ro(b, f) = —2f — f2+ 53+ 12f* + 155 + 150 + 117 + 108 + 1719+
+27f10+25f11+16f12_f13_9f14_5f15+2f16+3f17+3f18_2f20_
—2fH 4 b(f +9f2 +12f3 + 31 —4f5 — 30 + 117 + 288 + 34f% + 1010
_22f11 _36f12_29f13_3f14+12f15_f16_ 12f17_11f18_7f19 +4f21+
+4f2) F 02 (2f +6f% —4f3 —15f4 —13f°5 — 76 —6f7 —20f8 — 53f9 — 9210
—107f11—84f12—44f13+f14+9f15—3f16+f17+4f18+f19+3f20+4f21+
+2f22 —2fB) + V3(f — f2— 113 —10f4 4+ f5 — 3f0 — 267 — 64f% — 89—
—85f10 —35f1 4+ 31112 4 59f13 4 4614 — 315 — 1816 4 9f17 4 2518+
+24f19 +19f20 4 521 — 6122 — 8f23) + b} (=3f2 —9f3 +9f° + [0 —8fT—
—13f8 —4f° + 1510 £ 6511 +99F12 4- 9913 4 7514 4+ 4215 4 3516 4- 34174
+6f18—6f19—6f20—8f21—8f22—2f23 +4f24)+b5(_2f2+12f4+11f5_
—3f6 —6fT +9f8 +45f9 +97f10 4 139F1 4+ 11812 4 5213 — 14 _ 90154
FTf10 41617 — 1119 — 1920 — 2321 — 12122 + 223 + 624) 4+ b0(4 13+
FTfY— 5T+ AfT 198 + 379 44510 £ 3111 — 2012 — 51f13—
_49f14_27f15_9f16_20f17_40f18_39f19_29f20_14f21+4f22+
F12f23 4624 —2f) 1 b7(f3 — fA—Tf5 —6f0 +2f 7T+ 48 —2f9 —23f10—
—59f 1 —88f12 — 7413 — 451 —25f15 — 2816 — 4G f1T — AT I8 — 19 f194
620+ 21 f2 42122 4 8f% — 52 — 5f2%) 4 p3(—2f* — 2f5 4 2f0 + 47—
_2f8_10f9_20f10—24f11_12f12+6f13+8fl4_8f16_6f17+12f18+
+24£10 4+ 2020 4 102 + 222 — 42 — 22 4 2§25 4 2f26) 4 pI(f5 + O
_f8+f9+4f10+11f11+16f12+17f13+13f14+13f15+13f16+17f17+
+16f18+11f19+4f20+f21_f22+f24+f25)7

Ry(b,f) = —f+3f2+6f3+5f*—3f0 —10f7 —13f8 — 159 — 1810 — 3211 -
_41f12 _51f13 _43f14 _29f15 _ 18f16 _ 11f17 _3f18 _ 2f19 _2f20 _f21+
+f2 4 b(2f +6f2 —Af3 —15f4 —13f°> —T7f0 — 67 — 208 — 539 — 9210~
_107f11_84fl2_44f13+f14+9f15_3f16+f17+4f18+f19+3f20+4f21+
42122 —2fB) L V2(f —3f2 —17f3 — 11f* —2f5 — 13f6 —44f7 — 69f% — 72/~
—37f10 1 18FM 4 8112 + 11413 + 1261 + 961 + 8516 + 8317 + 5018+
F19f19 4 9f20 4570 =32 4 f2) 4 b3 (=5f% —8f% + Tf* +5f° —19f°—
—41fT — 2818 4 24f% + 10410 + 1901 + 25112 + 23313 + 17514 + 9515+
HTALIC 4 5217 1318 4 194420 — 4f2 — 1022 — 52 4+ 4f21) + b1 (=27 +
+2f3 F13f4 —4f5 — 180 + 9f7 + 728 + 131f° + 16510 + 17511 + 13312+
+64 13 41414 —17f1 — 2316 6517 — 9818 — 6719 — 3720 — 2321 —
—12f22 4 2f 4 52 —2f%) + B (8fF + 111 — 8f° — 60 +23f7 + 625+
+84f9 + 9410 4 5211 — 4812 — 15213 — 19614 — 197f1° — 16116 — 154 17—
_115f18—66f19_45f20—29f21_4f22+11f23+5f24_3f25)+b6(f3—7f4_
—11f% +15f6 + 417 + 338 —13f° — 7410 — 1401 — 17612 — 151 f13—
—114f™ — 10715 — 12116 — 13017 — 82 — 2119 41320 4 302! + 32122+
H1Tf2 = 3f2 — 6% + f20) + b7 (—Aft —3f° + 50 —2f7T — 238 — 467
—64f10 —80fM —66f'2 — 30/ — 10 +10f'% + 3017 - 66 ' + 8017+
H641%0 + 4621 + 2322 4 2/ — 52 £ 320 +4f20) + bP(5f° +5f0 —8f7—
—21f8 —21f9 —6f10 4 19f1 + 4712 1 4613 4- 28 f14 + 2515 4 4516 4 7417 1
+88f18+59f19+23f20+2f21—4f22—2f23+6f24+7f25+f26—f27)+
+09(=2f0 — T4+ 58 +12f9 + 1510 15 + 1112 1013 + 171 4 27f15+
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+25f16+16f17_f18_9f19_5f20+2f21+3f22+3f23_2f25_2f26),

Re(b, f) =3f2+ f3 —5f4 —11f° —11f6 — 157 —20f% — 35f° — 58 10—
—85f11 _ 81f12 _ 61f13 _ 21f14 _ f15 _ 7f17 _ 7f18 _ 8f19 _ 2f20 +3f21+
FAf2 4 b(f — f2— 113 —10f* + f° — 3f6 — 267 — 64f% — 89f7 — 8510~
—35f1 431712 4 59113 4 4614 — 3f15 — 1816 4 9F17 4 25718 4 24194
+19f20 52 — 622 —8f23) + b2(—5f2 — 8f3 + Tf* +5f° —19f6 —41f7—
—28f8 4+ 2419 410410 + 190 + 25112 423313 + 17514 + 9515 4 7416+
45217 41318 4 f19 41 4£20 — 420 _10f22 — 52 4 4F24) + b3(=3f2 + 33+
+8f* —15f° —33f6 — 67 4+ 738 + 167f 4+ 22610 + 23511 + 16212+
129113 — 3614 — 2715 44516 £ 2917 — 2018 — 4319 — 5120 — 5121 -
—22f22 £ 9f23 1 16f%) + bM(Tf3 +4f* —16f° — 3f6 + 457 + 868 4 927+
+67f10 42611 — 8212 — 17413 — 19914 — 18315 — 16016 — 172f17—
—128f18 — 5019 — 2220 — 721 £ 14f22 1 2323 1 624 — 8f%) + b (3f3—
—8f4 —12f5 +23f5 + 567 + 538 — 8010 — 19411 — 29012 — 276 13—
—176 ™ — 11015 — 100£16 — 13717 — 91 f18 — 4119 4 220 4 462! 4 6522+
+35f% — 624 — 13f25) +00(—6f4 + 715 +25f0 +9f7 — 3718 —79f° — 10410~
—112f1 — 8612 —13f13 + 1614 — 1616 + 1317 + 868 + 11219 + 10420+
FT9f2 4 37f22 — 9f23 — 2524 — 7f25 L 6f20) 4 b7T(—f* + 65 +3f6 —17f7—
—32f8 —30f% — 1310 4 2111 + 8212 1 13013 + 12114 + 107f1° + 11416+
+151f17 4 176 f18 4+ 14019 4+ 7420 41321 — 3322 — 4123 — 1524 + 1125+
H7F26 — F27) 1 b8(2f% — 66 — 127 — 48 4 14f° + 2910 4+ 391 4 40f124
+20f13 4 9f14 4 2715 4 49 £16 1 51 17 4 2018 — 3119 — 4520 — 3721
_19]022 _4f23 +7f24 ‘|‘f25 _ 7f26 —4f27) +b9(—f6 —|—3f7-|—6f8 +5f9—
_3f11 _ 10f12 _ 13f13 _ 15f14 _ 18f15 _ 32fl6 _ 41f17 _ 51f18 _ 43f19_
_29f20 _ 18f21 _ 11]022 _ 3f23 _ 2f24 _ 2f25 _ f26 + f27),

Rg(b, f) =2f2 — f3 —4ft —6f5—9f5 — 187 — 218 — 219 — 2310 — 221
—6f12 4613 42214 £ 2315 4+ 2116 121 f17 1 1818 + 9f19 4 620 - 4f2 4

+ 22 22 L b(=3f2—9f3 +9f° + O —8f7T —13f% —4f% +15f10 4 65F11+
499112 49913 1 7514 1 4215 £ 3516 £ 3417 1 618 —6f19 — 620 — 8f21
—8f%2 —2fB 4 4f2) 0P (—2f2 + 23 + 13F1 —4f5 — 18f6 + 9F7 + 728+
13119 416510 + 1751 4+ 13312 4 6413 + 1414 — 17f15 — 2316 — 6517
—98f18 — 6719 — 3720 — 2321 — 12f22 4 2f% 4 524 — 2f25) L L3 (Tf3 4 4f—
—16f5 — 30 + 457 + 868 + 929 +- 6710 +- 2611 — 8212 — 17413 — 199 f14
—183f15 — 16016 — 17217 — 12818 — 5019 — 2220 — 721 4 1422 4 23234+
+624 —8f2) 4 b(f3 —8f1 —9f5 +33f0 + 617 +20f8 — 67f7 — 14510
—201f11 — 27212 — 24313 — 20014 — 178 1% — 18116 — 14117 — 1618+
F8LFY 1 7720 4 7221 4 5522 12523 — 10f% — 9f2 4+ 4f26) + bO(—8 44+
P4+ 24f0 477 — 428 —89f9 — 12310 — 18211 — 20912 — 13013 — 5514+
+55 16 413017 + 20918 + 18219 4 12320 4 8921 4 4222 — 723 _ 9424
—fP 4 8f2) 4 15135 466 — 357 — 658 — 467 — 2f10 4+ 41f1F + 91 f12 4
1371 4100 4+ 11015 4+ 176 16 4- 276 17 4- 290 f18 4 19419 4 80 20—
—53f22 — 562 — 23f24 1 12f2° + 826 —327) + b7 (3f° —5f6 — 117 + 418+
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+2919 4+ 4510 46611 4+ 11512 + 15413 + 1611 + 1975 + 19616 4 15217+
+A8f18 —52f19 — 0420 —B4fH — 6222 — 23/ 462 + 8% — 1126 —8f2T)+
+b8(—6f6 _ 2f7 + 12f8 + 23f9 + 19f10 + 11]011 _ 16f13 _ 7f14 + 20f15 + f16_
—52f1T — 11818 — 13919 — 9720 — 4521 —9f*2 + 6% -3 — 11> —12f*0+
+2f2) £ 02 (3f7 + f8 =57 — 1110 — 111 — 1512 —20f13 — 3514 — 5815
—85f16 _ 81f17 _ 61f18 _ 21f19 _ f20 _ 7f22 _ 7f23 _ 8f24 _ 2f25 + 3f26 + 4f27),

Rig_or(b, f) = =0 f3ORop (b7, f71), (K =70,4). (23)

In view of equality (7), from Theorem 1 follows

Corollary 1. The common Hilbert series for the graded algebra of comitants S5
of the system (3) (k = 2) has the form

Nys(u)

H(Sl,57u) = D1 5(’LL)’

where
Dis(u) = (1 —uw)®(1 +u)"(1+u?)?(1 —u)(1 —u®)3(1 —u"),
Nis(u) =1+ 2u +u® + 120 + 470 + 119u° + 23447 + 41508 + 697"+
+1145u% + 1773u' + 2577u'? + 3481u' 4 44110 + 5268u'® + 600010+
+6487u'" 4 6667u'® + 6487u'® 4 6000u + 5268u>" + 4411u%% 4 3481u* +
+2577u*t + 1773u®® + 114500 + 697u?" 4 4150 + 2340 + 119030+
+47u3 + 1203 + 03 + 203 + .

It is known that the point u = 1 is a pole of function Hg, ;(u) of multiplicity

k (k > 1) if and only if this point is a zero of multiplicity k for the function

51,5(u).
It is easy to see that
1 B (1— u)15 )
Hs,,(u)  Nis(w)(+u)~7(1+u2)2(1 +u+u2)-?
1

X
l+ut+uw+ud+ut) 31 +u+u?+ud+ut +ud+ub)!
Thence we find that

lim (1 — u)® - Hg, . (u) # 0,

u—1

which means that at the point u = 1 the function Hg, ;(u) has a pole of multi-
plicity 15.
With the help of Remark 1 and Corollary 1 we obtain

Theorem 2. The Krull dimension of a graded algebra Sy 5 is 15.

Considering the equality (8) from Theorem 1 follows
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Corollary 2. The generalized Hilbert series for the graded algebra of invariants
S1i5 of the system (3) (k = 2) is a rational function of b, f and has the form

B NI 5(b, f)
H(SLj,b, f) = W, (24)
where
DILs(b, f) = (1 =b)(1 = b)) (1 = bf)*(1 = b*f)?(1 = B*F)(1 + f)(1 = f*)*x
x(1= 21— fH2(1 = )2 (25)

N11,5(b7 f) = RO(b7 f)7
and Ro(b, f) is from (23).
With the help of equalities (8)—(9) and Corollary 2 we obtain

Corollary 3. The common Hilbert series for the graded algebra of invariants SIy 5
of the system (3) (k = 2) has the form

. N[175(Z)

HSII,S(Z) - D[l 5(2)7

where
Dhis=(1- 2)41 = 241 - M3 - 25)?,
NI 5(2) = 1+ 2+ 92 +222° 4 502° 4+ 7927 + 1202% + 16027+
+2212'0 4 269211 + 325212 4 339213 4 32521 4 26921° 4 2212104
+1602'7 + 12028 + 79219 4+ 50220 4 222 4 9222 4 225 4 220,

With the help of Remark 1 and Corollary 3 we have the following result.
Theorem 3. The Krull dimension of the graded algebra SI; 5 is 13.

With the help of equalities (10), (16)—(17) and (24)—(25) we obtain

Lemma 2. Between the generalized Hilbert series of the algebras SIi,Ss and S1; 5
the following relation exists

H(SII,57baf) :H(Sllab)H(Sf)vudeu?:b' (26)

In view of (15) and (26) we can assume that between the generalized Hilbert series
of algebras SIi, Sop+1 and ST o541 there exists the relation

H(SI gk41,b,2) = H(STy,b)H(Sop41,u, 2)|u2—p (27)

for all £k > 1.
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3  Obtaining generators of the algebra SI; 3,1 with the help of
generators of the algebras SI; and Sar+1 (kK > 1)

In [3, p.97] it is shown that the center-affine invariants (comitants) of the system
(1) with respect to the transformation ¢ € GL(2,R) coincide with the center-affine
invariants (comitants) of the system of tensors a;-l Joein (veTl). ‘

Consequently, for the system (3), the invariants of the tensor a?, form the algebra,
S1, and the comitants and invariants of the tensor afxl‘m___a% .1 form the algebra
Sor+1. Note that the associate invariants of the tensors a& and aélaz,,,a% L, are
included in the algebra ST op41-

Construction 1. Since the above algebras are finitely defined, (see [6, 7]), then they
can be written as

SI; =< I, I >,
Sokt1 =< Ji,Jo, o, In, Pry Pas o Pyl fus fos s fu >, (28)
SII,Qk—l—l =< Il7[27 J17 J27 ceey J)\a J)\+17 seey J)\+T‘§Dl7§027 vy Pw >7

where
I = a2, I = agaf, (20)

Ji,J2, 0y In, P, Ps, ..., B, are generators and fi, fo, ..., f, are defining relations of
the algebra Sopi1. We observe that P; (i = 1,u) has even degree with respect to
zt, 2% [5, 6]. The algebra STy ax11 has generators Iy, Ia, Ji, Jo, oy Jn, Iri1y ooy Irsr
and defining relations @1, P2, ..., po. From equality (27) and proprieties of the gen-
eralized Hilbert series and generating functions [5, 6] it follows that T = p and if the
comitants Py, P, ..., P, are written in simple tensor form [4], then replacing in them
the product x=x~ by aéae_ we obtain respectively generators Jyy1, Jxy2, .., Iagp,
where © means the operation of convolution of given indices.

The validity of Construction 1 is confirmed by the following arguments: Let
in (28) 7 > p. For clarity, assume that in (28) 7 = px + 1 and the invariant
Jrtp41 is given in a simple tensor form [4]. This means that the simple tensor
form of this invariant consists of a product of tensor’s coordinates a_ and a__ . _ _
From this invariant, after replacing all a_ by x®x~e,—, avoiding the mistakes in
the index notation, we obtain the comitant Py, from Soj4q. If this comitant
is different from P; (j = 1,u), it should be expressed polynomially via gener-
ators J; (i = 1,)), P; (j = I,p) of algebra Saxi1. Then, making the inverse
transition from obtained polynomial expression Py, according to the Construc-
tion 1, we conclude that the expression Jyi,41 is polynomially expressed through
I, Ix, Jv, .y I, Iagts oo Iagp. Therefore it follows that Jyi,41 can not be found
among the generators of algebra SI ox41. This contradiction shows that 7 = p.

The process described above will be illustrated on algebras SI;,S3 and SI 3.
From [4] follows

Proposition 1. The following comitants and invariants are generators of the
algebra Ss



GENERATORS OF THE ALGEBRAS OF INVARIANTS ... 53

— B _pa.r — B epagr =a® af al ePleTseu
Jl—aapraﬁqsa e, Jo = a,, "™ Jg—apmaaqsaﬁ,ws e

J4 = g% ﬁ gPd TS juv

rS_uv kl
prulygs aﬁv

ab Pq
J5 _a’pru qskaavlaﬁ’wg g €€

Js = aprkaqﬁsmaluhaimaﬁwaéwqus sghtgm , P = aamxﬁzﬁ,
Py =d oy T P x%,,, Py = a;‘aﬁai&x”w&qu Py = aama?ugx'yx‘gxuzne,
P = aﬁwgaguem” Spha?, Py = apraféqagusx‘gx”epqers (30)
P, = a(;p,,aflﬁqa:’ﬂ,sznézn ePle Py = afjrkagqsaﬁéla%@aﬁ“x@epqersskl,

_ L« B v 4 6 _ ol 1 v, .0
Py = Oy Bp Ty 5Oy ot el Pg = aﬁwagwayexx ot 2% pX
_ B ol é v 7] rs
Py = ap, a5, 045, 00,00 0" oM " eMe
12 = % 5
P Uy fngkazqnagshazvlaz”xea ~EpsePIe e eMNe ghekl

)

(811 = €22 = 0, E12 = —€21 = 1; 611 = 622 = 0, 612 = —621 = 1).
From [9] we obtain

Proposition 2. The set of the generators of the algebra SIy 3 consists of the in-
variants I, Iy from (29), J1 — Jg from (30), and the expressions

Jr=a agaﬁepq Jg = a, g Zaﬁepq Jo=a aqﬁra ng

a d a J s
Jio = aj, ala Ao plsyse e, Ji1 = a af O 50sprl e
Jig =

ePlehs

5 ol é pq T8 uv
qruasvﬁam(;s e

«a § rs _uv_mn _gh
Jia=a afa%quahma‘s‘guqus e eMNe y5e 3y,

ﬁ o' 6 PG TS JUV
p Cgrulsvadpys€ "€ , Ji3 =

_ o B ¥ 6 Pq TS UV mn gh kl
Jis = ay » Criu3%mgsOakn )l ePle e e €V EasEyn, (31)
_ By w pq.rs_uv_mn_gh _bc
Jlﬁ—aparauaqsgabmhamcs g°e e eI e eanesuEs,
_ B [ pq_rs_uv_mn _gh _bc_kl
J17 = @) 0y O O, O €0 1€ ™ €T e e o ey e 3y

_ o, pB o' é pq_rs_uv_gh _kl_bc_de
J1s = 01,00 Qb es Qg€ e e eT e e e e ey,

(611 = €20 =0, e19=—e9; =1; el =2 =0, ! = -2 =1).

We will show how with the help of comitants P, — Pj3 from (30), we can obtain
the generators (31) of the algebra SI; 3 or expressions containing them in the sense
indicated below. For this we use the substitutions given in Construction 1.

1) We take as the most typical example the comitant P, from (30) for which all

possible substitutions x=x~ = aéae_ lead to the equalities:
_ q.p 8 _ .
Py pOaBaeesB agla’"aaﬁv 55T75pq =Js — IiJr;
)

2V zd=ale™ 32
_ a7 P 68 ~rq _ . ( )

P paPmageth agarayg e epy = Js;

z'Y:vq:a;YETq
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Since Jg from (31) is contained in all above mentioned equalities, then one can keep
Jg as a generator of algebra SI; 3 or take the first expression from (32).
2) Similarly, for P; all possible substitutions z~z~ = aées@_ leads to the equality:

P = agagﬁ P’ = Jy,

Y
2Bz :ag &Py

(33)

which is contained in the set of generators of algebra SI; 3 from (31).
3) For P3 each substitution of the type 272~ = aZe® ™ leads to the equality:

— a7 B _pa.ré _ _
Py =a apaﬁa vo€ e = Jy, (34)
ac"/ac‘S:aT erd
where Jg is contained in the set of generators of algebra SI; 3 from (31).
4) For P, and Pj all possible substitutions z~2~ = aéae_ lead to one of the
equalities:
— a)d’a B opéro _
Py rabmayers O Uy Os,pE € = J10 — 11 Jo;
aHzb=aller0
_ 0 M B _py .
Pay s s = 0 Yo @0 e = Ju;
x/‘x‘g:ars""g
v B pd r
s s = W0 W5y € = 1 (35)

zl"zezafrl’s"“e
P ratimadern UpQpQg, 504,0€""E =Ji1 + [2J2’
1519:aé5r9
_ 7,0 ﬁ D, rd __ 1 2
P5 sVl —g) ePB - aparaﬁ,yéaaugg ME — Jll + §J2(I2 — Il)'
P
x‘sx‘g:aQEWS

We observe that every expression above contains either Jig or Ji; from (31). There-
fore, one can keep Jio and Ji1 as generators of algebra S1; 3 or take one of the above
mentioned expressions with Jjo and another one Ji; from (35).

5) For Pg, P;, Py all possible substitutions x~z~ = aése_ lead to one of the
equalities:
_ 0 B v pg.rs kv _ _ 1 .
Py = A 0gpr s, 0, E 1™ = Jig + I1J3 + 51 J7
:v‘s:v":azsk"
—Jad7 — 2J13;
Py = a%a® a’, al,sePlerseh = Jis + 11 J3 — 20507
s 5 k% oprZaBq VS 2 )
T zc”:aks v (36)
_ o v,a 0B Y pq.rs k6 1
Py = apag,, 0, 5,0ysele = Ji3 I2J7,
z‘szV:aZsk‘s
Py = aﬁag‘rkagqsag&aiugquemskle“g = —Ji5 + 1 J5—
zHab=aklcub

—3 o + 3 Jady + L7 (J3 + 2J4),
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where the generators Jy2, Ji3, Ji5 of algebra SI; 3 from (31) are contained in the
expressions (36). Therefore, one can keep Jia2, Ji3, Ji5 as generators of algebra
SIy 3, or take instead of these one of the above mentioned expressions containing
J12, J13, Ji5.

6) For Py all possible substitutions =2~ = aése_ lead to one of the equalities:
_ 0 B ko _ 172
P wOa—adern aragagﬁpavqéa;vngpqgmg =—Ju - EIl J3+

ol g0 =gt kO
k
1 1 1 '
+5 1 J1J7r + 51 JoJr — v g — 5(Iads — JiJg) — J7Jy;
— 4N Mo B v _pqrd k0 _ _ 172
By o0 an—allerd Ar Ay Qo 5,0 0500 g€ € € Jia + 2]1 J3+
aH g0 =gt ko

(37)

+5h 1 Jr — (g — Jis) — 5(IeJs + JiJs) — JrJy,

where the generator Ji4 of algebra SI; 3 from (31) is contained in the expressions
(37). Therefore, one can either keep Ji4 as a generator of algebra S1; 3, or take one
of the above mentioned expressions from (37).

7) For Py all possible substitutions =2~ = aéae_ lead to one of the equalities:
P s oo agaﬁaﬁagwagwazexspnsweux = —%Jla + i(4I%J3 — If’J4—
v T :(lpf

T xV:a’;{'sT'V

:c;z‘cX:aﬁs“X
=313 Jr — 51 Do dr + IR e + A1 s + I1 I Jy + 21 Jy Jg+
+46 J7Jg + 811 J14 + IsJ1 J7 + 3155 J7 — 1o 19 — 4J7J10+
+8J7J11 — 4J3.Jy);

Pioy ooy ey = 008005, sl I = i + (101 s — 11

eV =ale™H

:cgch:aﬁs“X

=321 J7 — 913 JoJ7 — 313 J1o + 1213 15 — 211 I J3 — L1 1o Jy+
+1211 J7Jg + 1211 J14 4+ 315 J1 J7 4+ 9o Jo J7 — 315010 — 12J7J19+
+24J7J11 — 12J8J9);
Py poanaers agafaza%‘,ﬂ;agwazexsp‘;s”’eux = —2Ji6+ (4} J3 — I3 Js—
z“z”:aﬁs’w

20 pX=afux

—3[12J1J7 — 3[12J2J7 + [12J12 + 4[12J13 + I1IsJy + 211 J1 Jg—
=201 JoJg + 411 J7Jg + 811 J14 + 1o J1J7 + 312 Jod7 — IaJ12—
—4J7J10 + 8J7J11 — 4J8J9);

_ Nv,.0 « 8 Yo o pdorpux 1 1 (_ar2 _
Py . = ApQy Gy Ay 5 Oomp Gy, €70 HEMN = 5J16 + 12( 31219 — 31219+
P

¥V =ale"H

zer:aﬁqu
V1202015 + 1211 J1a + 101305 — 211 I Jy — 130y — I o Js—
—3]12J1J7 + 3L J1Jr — 12J7J10 + 24J7J11 — 9]12J2J7 + 91 Jo J7—

—611JyJs + 1211 J7Jg — 12J8J9);
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Py
z‘sz"?:agsp"
zhaV=aleTH

:cgch:aZs“X

P
x‘sx"?:agsp"’
zhaV=aleTH

:cgch:aﬁs“X

Py
z‘sz"?:agsp"
zhaV=aleTH

:cgch:aZs“X

Py
x‘sx"?:agsp"’
zhaV=aleTH

:cgch:aﬁs“X

Py
z‘sz"?:agsp"
zhaV=aleTH

:cgch:aZs“X

Py
x‘sx"?:agsp"’
zhaV=aleTH

:cgch:aﬁs“X

Py
x‘sx"?:agsp"’
oV =ale™H

:cgch:aﬁs“X

Py
z‘sz"?:agsp"
eV =ale™H

20 xX=afeux

N.N.GHERSTEGA, M.N.POPA, V.V.PRICOP

_ o v,0 B ol TUAWX 1 1 2 2
= aparauaﬁwaawauexap”&? HetX = —3J16 + 15 (1217 J12 + 1217 Ji3+

+3611J14 + 1413 J3 + 211 1o J3 — 213 Jy — 211 IoJy — 1513 01 J7+
+3IcJ1J7 — 12J7J10 + 24J7J11 — 15]12J2J7 + 9l JoJ7 + 1211 J1 Jg+
+12]1J7J9 - 12J8J9);

_ 0 0 By _ 1 1472
= apaﬁauagwaawauexspnsweux = —5J16 + 7(4I{J13 + 811 14+

+4I§J3 — 3]12J1J7 + IsJ1J7 — 4Jd7J10 + 8J7J11 — 5]12J2J7—|—
+315JoJ7 + 211 J1Jg + 411 J7Jg — 4J8J9);

_ o v,0 B ol rLAUX 1 1 2 2
= aparauaﬁwaawauexap”&? HeX = —5 J16 + 15 (=617 Ji2 + 1217 J13+

1211 J14 + 101303 — 211 Iy J3 — 413 Jy + 211 1o Jy — 312 1 J7+
+3IsJ1J7 — 12J7J10 + 24J7J11 — 9[12J2J7 + 9l JoJ7; + 1211 J7Jg—
—12JgJy);

_ 0 0 By _ 1 1472
= apaﬁauagwaawauexspnsweux = —5J16 + 7(4I{J13 + 811 14+

+4I§J3 — 3]12J1J7 + IsJ1J7 — 4J7J10 + 8J7J11 — 3]12J2J7—|—
+315JoJ7 + 211 J1Jg — 211 JoJg + 411 J7Jg — 4J8J9);

_ o v,0 B ol rLAUX 1 1 2 2
= aparauaﬁwaawauexap”&? HeX = —5 J16 + 15 (=617 J12 + 1217 J13+

1211 J14 + 1013 J3 — 211 Iy J3 — 413 Jy + 211 1o Jy — 312 1 J7+
+3IcJ1J7 — 12J7J10 + 24J7J11 — 9[12J2J7 + 9l JoJ7 — 611 JoJg+
+12]1J7J9 - 12J8J9);

_ 0 v,0 B ol TUAWX 1 1 2 2
= aparauaméaawauexspns He'X = —3J16 + 15 (=617 Ji2 + 1217 J13+

+8I3J3 — 4l Iy J3 — 213 Jy + 411 1o Jy + 313 1 J7 + 3121 J7—
—12J7J10 + 24J7J11 — 3]12J2J7 + 9l JoJ7 — 611 J1Js — 611 JoJs+
+1201 J7 Jy — 12J8J9);

_ 0. v,0 «a B Y ru ux — _ 1 1/72
= aparauaﬁ,ﬂ;aawauoxsp"s KX = —§J16 + Z(Il Jig — IsJ1o+

+4Il2']13 + 811 J14 + 4I%J3 — I%J4 + 111y Jy — 3[12J1J7—|-
+ Iy J1J7r —4J7J1g + 8J7J11 — 4]12J2J7 + 21 JoJ7 + 211 J1 Js+
+4I, J7Jy — 4JgJy);

_ o v,0 B Y LAWY 1 1 2
= aparauaﬁwaawawxap”a HeX = —35 J16 + 15 (=317 J12 — 312 J12+

1212015 + 1210014 + 101305 — 211 To J5 — I3J4 — I o Jy—
—3]12J1J7 + 3L J1Jr — 12J7J10 + 24J7J11 — 6]12J2J7 + 61y JoJ7—
—611JoJg + 1211 J7 Jg — 12J8J9).

(38)
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So one can either keep Jig as a generator of algebra SI 3, or take one of the above
mentioned expressions from (38) containing Jis.

8) For Py; all possible substitutions x =z~ = aése_ lead to one of the equalities:
Puy o = aZaZag‘maqﬁénazﬁyagug5sz’“9quer = —4J17 + (1013 J5 + 211 J1 Jo—

:c/"‘ac‘g:a‘;:skg
AL 37 + 211 JyJ7 — 61115 — 141yJ5 — 4y J1g + 41T+
+4J2J2 + 4J4Js + 2J7.J12 + 4J3);

= ajajal af;&nazﬁya‘s bpehdcpacrs — _4.J17 + %(101;%]5 + 201 J1Jo+

Pll Ty a,u@g

aNat=a] ebH

zVal=qV kb

+411J3J7 — 611 JyJ7 — 611 J15 + 31oJ1Jo — 215 J5 — 4J1 J10+
+4J1J11 + 4J2J72 4+ 4JyJg + 2J7J12 + 4J92);

Py iy = aﬁa%a;‘maqﬁénazﬁuaiugab”&?k@&?pqsm = —4Jy7 + %(—3[12J1J2—
a¥al=al kb
—2[12J5 + 201 J1Jg + 411 J3J7 — 6114 J7 — 611 J15 + 315 J1 Jo—
—2IJ5 — 4J1J10 + AJ1J11 + AdeJ? + 4dyJs + 27010 + 43);
Py ootz = agaga;‘magénazﬁuagueeb”sk”qusm =4Ji7 — %(3112J1J2+

z”x‘g*aZEkV
+2[12J5 — 2L J1Jg + 411 J3J7 — 211 JyJ7 + 611 J15 — 31 J1 Jo+

+20pJ5 4+ 4J1J1g — AJ1 I — 4JaJZ — 4y Js — 207 J1g — 4J3);
= aafa®, d’ a%ﬁﬁ ehnekvepters — —A4J 7 + L1013 J5+

P 11 proy“qén auld

z" x“:a;’;‘sb”

x”xezazskl’

+2I1 1 Jg — 411 J3J7 + 211 JyJ7 — 611 J15 + 315 J1Jy — 215 J5—
—4J1J1g +4J1J11 + 4J2J72 +4JyJg 4+ 2J7J19 + 4J§)
(39)
Similarly to previous cases one can either keep Ji7 as a generator of algebra S1; 3,
or take one of the above mentioned expressions from (39) containing J7.
9) For Pj9 all possible substitutions z~2~ = aése_ leads to the equality:

B

mn ~gh ~kl _
amgk elrer =

P12 =a
zh =9 cbu

b 40
=215 + 5 (=201 1 J3 + 201 1 Jy + 211 Jo I3 — 211 Jo Ju+ (40)

+3J12J7 —6J1JoJ7 + 3J22J7).

« Y § n 0 bu Pq ~T'S ~UV
ru Apqnlgsp Ay W™ EayEpse"c "€ E

In this case one can either keep Jig as a generator of algebra SI; 3, or take above
mentioned expression from (40) which contains this invariant.

The main conclusion: The set of generators of the algebra of invariants SI 3
contains the generators of invariants of the algebras SIy and SI3 and also any one
invariant of expressions (32)—(40), containing respectively Jz, Jg, ..., Jig.

Remark 2. The obtaining of the generators J; — Jig from (31) of the algebra SI; 3
with the help of comitants P, — P9 of algebra S3 via the Construction 1 is much
easier in comparison with the method presented in [9].
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