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Generators of the algebras of invariants for differential
system with homogeneous nonlinearities of odd degree

N.N.Gherstega, M.N.Popa, V.V.Pricop

Abstract. Common Hilbert series and generalized Hilbert series for the algebras of
invariants and comitants of polynomial differential systems with homogeneous non-
linearities of the fifth degree are constructed, with their help the Krull dimensions of
these algebras are obtained. The relations between Hilbert series of various algebras of
invariants and comitants of polynomial differential systems with homogeneous nonlin-
earities of odd degree are given. With their help we give a method of the construction
of generators of the algebras of invariants for corresponding systems.
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Consider the system of differential equations

dxj

dt
=

∑

γ∈Γ

a
j
j1j2...jγ

xj1xj2 · · · xjγ (j, j1, j2, ..., jγ = 1, 2), (1)

where Γ is a finite set of different non-negative integers, and the tensor aj
j1j2...jγ

(γ ∈ Γ) is symmetrical in lower indices, in which the complete convolution takes
place. If 0 ∈ Γ, then the system (1) contains constant terms aj. We observe that
the system (1) is completely determined by the set Γ. Further for the notation of
the system (1) we will use s(Γ).

Consider the group of center-affine transformations GL(2,R) = {q}:

yr = qr
jx

j , ∆q = det(qr
j ) 6= 0 (r, j = 1, 2). (2)

If in (2) ∆q = 1 for all q, then the group is called unimodular and it is denoted by
SL(2,R). Denote by a the totality of all coefficients of the system (1), and by b the
totality of all coefficients of the system obtained from system (1) by a transformation
q ∈ GL(2,R). All coefficients and variables of (1) and (2) are real.

Definition 1. The polynomial K(a, x) of the coefficients of the system (1) and the

coordinates of the vector x = (x1, x2) is called a center-affine comitant of the system

(1) if there exists a function λ(q) such that the equality

K(b, y) = λ(q)K(a, x)
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holds for all q ∈ GL(2,R) and all coefficients of the system (1) and coordinates of

the vector x.

If the comitant K does not depend on the coordinates of x, then it is called
an invariant of the system (1) for the group GL(2,R). As follows from the general
theory of algebraic invariants of differential systems with polynomial right-hand sides
[1-3], λ(q) = ∆−χ

q , where the integer χ is the weight of comitant.
The problem of studying a polynomial basis for differential systems was first

posed in the works of K. S. Sibirsky [1–3] and was further developed in the monograph
of N. I.Vulpe [4] and by their disciples. In particular, in work [5] it was shown how
to use the minimal bases of comitants (MBC) of the systems s(0) and s(Γ), 0 6∈ Γ,
in order to construct a similar basis of the system s(0,Γ). However, the question of
the construction of MBC for the system s(m,n) (m,n 6= 0, m 6= n) if the MBC for
the system s(m) and s(n) are known still remains open.

In this article, using graded algebras and their generators, with the help of Hilbert
series a method of solving this problem for m = 1 and n = 2k + 1 (k ≥ 1) will be
shown.

1 Graded algebras of invariants and comitants, and their Hilbert
series for the system s(1, 2k + 1) (k ≥ 1)

Consider system of differential equations with odd nonlinearities

dxj

dt
= aj

αx
α + aj

α1α2...α2k+1
xα1xα2 · · · xα2k+1 , (j, α, α1, α2, ..., α2k+1 = 1, 2), (3)

where k = 1, 2, ... is a fixed natural number, and the coefficient tensor aj
α1α2...α2k+1

is symmetrical in lower indices, in which the complete convolution takes place.
Following [6, 7], we recall the definition of Hilbert series for algebras of invariants

and comitants of the system (3).

Denote by S
(d)
1,2k+1 the linear space of center-affine (unimodular) comitants of the

system (3) of the type
(d) = (δ, d1, d2), (4)

where δ is the degree of homogeneity of a comitant with respect to phase variables
x1, x2, and d1 (d2) is the degree of homogeneity of this comitant with respect to the

coordinates of the tensor aj
α (aj

α1α2...α2k+1). The subscripts in S
(d)
1,2k+1 show that this

space is associated with the differential system (3), the right side of which is the
sum of homogeneities of degree one and 2k+ 1 with respect to x1, x2. From [6, 7] it

is known that the space S
(d)
1,2k+1 is finite for any fixed (d).

Consider the linear space

S1,2k+1 =
∑

(d)

S
(d)
1,2k+1, (5)

which is a graded algebra of invariant polynomials with respect to the unimodular

group SL(2,R), in which the following inclusion S
(d)
1,2k+1S

(e)
1,2k+1 ⊆ S

(d+e)
1,2k+1 is satisfied.
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Following [6, 7], by a generalized Hilbert series of the algebra (5) we understand
the sum

H(S1,2k+1, u, z1, z2) =
∑

(d)

dimRS
(d)
1,2k+1u

δzd1
1 z

d2
2 , (6)

and then we obtain the common Hilbert series from (6) as follows

HS1,2k+1
(u) = H(S1,2k+1, u, u, u). (7)

If we denote by SI1,2k+1 the algebra of invariants of the unimodular group
SL(2,R) for the system (3), then for the generalized Hilbert series of this algebra
we have

H(SI1,2k+1, z1, z2) = H(S1,2k+1, 0, z1, z2), (8)

and for a common Hilbert series we obtain

HSI1,2k+1
(z) = H(SI1,2k+1, z, z). (9)

If in the system (3) there are no linear terms (aj
α, j, α = 1, 2), then we ob-

tain the system s(2k + 1), we will denote the algebra of comitants and invariants
by S2k+1 and SI2k+1 respectively. Note that the above-listed algebras are finitely
defined [6, 7].

Remark 1. It is known (see, for example, [8]), that the maximum number of
algebraically independent homogeneous elements of a graded algebra of polynomials
is called its Krull dimension, and it is equal to the order of the pole and the common
Hilbert series of this algebra in the unit.

2 Relations between the generalized Hilbert series of algebras
SI1, S2k+1 and SI1,2k+1

From [6, 7] the generalized Hilbert series for algebras SI1, S3 and SI1,3 are known.
They have the forms

H(SI1, b) =
1

(1 − b)(1 − b2)
, (10)

H(S3, u, d) =
N3(u, d)

D3(u, d)
, (11)

where
D3(u, d) = (1 − d2)3(1 − d3)2(1 − u2d)2(1 − u4d),

N3(u, d) = 1 − d2 + d4 + u2(−d+ d2 + 3d3 − 2d5)+

+u4(2d2 − 3d4 − d5 + d6) + u6(−d3 + d5 − d7)

(12)

and

H(SI1,3, b, d) =
NI1,3(b, d)

DI1,3(b, d)
. (13)
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Here
DI1,3(b, d) = (1 − b)(1 − b2)(1 − bd)2(1 − b2d)(1 − d2)3(1 − d3)2,

NI1,3(b, d) = 1 − d2 + d4 + b(−d+ d2 + 3d3 − 2d5)+

+b2(2d2 − 3d4 − d5 + d6) + b3(−d3 + d5 − d7).

(14)

With the help of equalities (10)–(14) was proved

Lemma 1. Between the generalized Hilbert series of the algebras SI1, S3 and SI1,3

the following relation exists

H(SI1,3, b, d) = H(SI1, b)H(S3, u, d)|u2=b. (15)

In [6, 7] we have found the generalized Hilbert series for the algebra S5 of uni-
modular comitants of the system s(5)

H(S5, u, f) =
N5(u, f)

D5(u, f)
, (16)

where

D5(u, f) = (1 + f)(1 − f2)2(1 − f3)3(1 − f4)2(1 − f5)2(1 − u2f)2×

×(1 − u4f)2(1 − u6f),

N5(u, f) =
8

∑

k=0

R2k(f)u2k,

and

R0(f) = 1 + f − f3 + f4 + 4f5 + 11f6 + 16f7 + 17f8 + 13f9 + 13f10 + 13f11+

+17f12 + 16f13 + 11f14 + 4f15 + f16 − f17 + f19 + f20,

R2(f) = −2f − f2 + 5f3 + 12f4 + 15f5 + 15f6 + 11f7 + 10f8 + 17f9 + 27f10+

+25f11 + 16f12 − f13 − 9f14 − 5f15 + 2f16 + 3f17 + 3f18 − 2f20 − 2f21,

R4(f) = −f + 3f2 + 6f3 + 5f4 − 3f6 − 10f7 − 13f8 − 15f9 − 18f10 − 32f11−

−41f12 − 51f13 − 43f14 − 29f15 − 18f16 − 11f17 − 3f18 − 2f19 − 2f20 − f21 + f22,

R6(f) = 3f2 + f3 − 5f4 − 11f5 − 11f6 − 15f7 − 20f8 − 35f9 − 58f10 − 85f11−

−81f12 − 61f13 − 21f14 − f15 − 7f17 − 7f18 − 8f19 − 2f20 + 3f21 + 4f22,

R8(f) = 2f2 − f3 − 4f4 − 6f5 − 9f6 − 18f7 − 21f8 − 21f9 − 23f10 − 22f11−

−6f12 + 6f13 + 22f14 + 23f15 + 21f16 + 21f17 + 18f18 + 9f19 + 6f20+

+4f21 + f22 − 2f23,

R18−2k(f) = −f25R2k(f
−1) (k = 0, 4).

(17)
According to [6, 7] the initial form of the generating function for the center-affine

comitants of the system s(1, 5) has the form

ϕ
(0)
1,5 = (1 − u−2)ψ

(0)
1 (u)ψ

(0)
5 (u), (18)
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where

ψ
(0)
1 (u) =

1

(1 − u2b)(1 − b)2(1 − u−2b)
,

ψ
(0)
5 (u) =

1

(1 − u6f)(1 − u4f)2(1 − u2f)2(1 − f)2(1 − u−2f)2
·

·
1

(1 − u−4f)2(1 − u−6f)
.

(19)

Following [6, 7], after solving the functional Cayley’s equation

H(S1,5, u, b, f) − u−2H(S1,5, u
−1, b, f) = ϕ

(0)
1,5(u),

where ϕ
(0)
1,5(u) is from (18)–(19), we obtain

Theorem 1. The generalized Hilbert series for the graded algebra of comitants S1,5

of the system (3) (k = 2) is a rational function of u, b, f and has the form

H(S1,5, u, b, f) =
N1,5(u, b, f)

D1,5(u, b, f)
, (20)

where

D1,5(u, b, f) = (1 − b)(1 − b2)(1 − bu2)(1 − bf)2(1 − b2f)2(1 − b3f)(1 + f)×

×(1 − f2)2(1 − f3)3(1 − f4)2(1 − f5)2(1 − fu2)2(1 − fu4)2(1 − fu6),
(21)

N1,5(u, b, f) =

8
∑

k=0

R2k(b, f)u2k, (22)

and

R0(b, f) = 1 + f − f3 + f4 + 4f5 + 11f6 + 16f7 + 17f8 + 13f9 + 13f10+
+13f11 + 17f12 + 16f13 + 11f14 + 4f15 + f16 − f17 + f19 + f20 + b(−2f−
−f2 + 5f3 + 12f4 + 15f5 + 15f6 + 11f7 + 10f8 + 17f9 + 27f10 + 25f11+
+16f12 − f13 − 9f14 − 5f15 + 2f16 + 3f17 + 3f18 − 2f20 − 2f21) + b2(−f+
+3f2 + 6f3 + 5f4 − 3f6 − 10f7 − 13f8 − 15f9 − 18f10 − 32f11 − 41f12−
−51f13 − 43f14 − 29f15 − 18f16 − 11f17 − 3f18 − 2f19 − 2f20 − f21 + f22)+
+b3(3f2 + f3 − 5f4 − 11f5 − 11f6 − 15f7 − 20f8 − 35f9 − 58f10 − 85f11−
−81f12 − 61f13 − 21f14 − f15 − 7f17 − 7f18 − 8f19 − 2f20 + 3f21 + 4f22)+
+b4(2f2 − f3 − 4f4 − 6f5 − 9f6 − 18f7 − 21f8 − 21f9 − 23f10 − 22f11−
−6f12 + 6f13 + 22f14 + 23f15 + 21f16 + 21f17 + 18f18 + 9f19 + 6f20 + 4f21+
+f22 − 2f23) + b5(−4f3 − 3f4 + 2f5 + 8f6 + 7f7 + 7f8 + f10 + 21f11 + 61f12+
+81f13 + 85f14 + 58f15 + 35f16 + 20f17 + 15f18 + 11f19 + 11f20 + 5f21−
−f22 − 3f23) + b6(−f3 + f4 + 2f5 + 2f6 + 3f7 + 11f8 + 18f9 + 29f10 + 43f11+
+51f12 + 41f13 + 32f14 + 18f15 + 15f16 + 13f17 + 10f18 + 3f19 − 5f21 − 6f22−
−3f23 + f24) + b7(2f4 + 2f5 − 3f7 − 3f8 − 2f9 + 5f10 + 9f11 + f12 − 16f13−
−25f14 − 27f15 − 17f16 − 10f17 − 11f18 − 15f19 − 15f20 − 12f21 − 5f22+
+f23 + 2f24) + b8(−f5 − f6 + f8 − f9 − 4f10 − 11f11 − 16f12 − 17f13 − 13f14−
−13f15 − 13f16 − 17f17 − 16f18 − 11f19 − 4f20 − f21 + f22 − f24 − f25),
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R2(b, f) = −2f − f2 + 5f3 + 12f4 + 15f5 + 15f6 + 11f7 + 10f8 + 17f9+
+27f10 + 25f11 + 16f12 − f13 − 9f14 − 5f15 + 2f16 + 3f17 + 3f18 − 2f20−
−2f21 + b(f + 9f2 + 12f3 + 3f4 − 4f5 − 3f6 + 11f7 + 28f8 + 34f9 + 10f10−
−22f11 − 36f12 − 29f13 − 3f14 + 12f15 − f16 − 12f17 − 11f18 − 7f19 + 4f21+
+4f22) + b2(2f + 6f2 − 4f3 − 15f4 − 13f5 − 7f6 − 6f7 − 20f8 − 53f9 − 92f10−
−107f11 − 84f12 − 44f13 + f14 + 9f15 − 3f16 + f17 + 4f18 + f19 + 3f20 + 4f21+
+2f22 − 2f23) + b3(f − f2 − 11f3 − 10f4 + f5 − 3f6 − 26f7 − 64f8 − 89f9−
−85f10 − 35f11 + 31f12 + 59f13 + 46f14 − 3f15 − 18f16 + 9f17 + 25f18+
+24f19 + 19f20 + 5f21 − 6f22 − 8f23) + b4(−3f2 − 9f3 + 9f5 + f6 − 8f7−
−13f8 − 4f9 + 15f10 + 65f11 + 99f12 + 99f13 + 75f14 + 42f15 + 35f16 + 34f17+
+6f18 − 6f19 − 6f20 − 8f21 − 8f22 − 2f23 + 4f24) + b5(−2f2 + 12f4 + 11f5−
−3f6 − 6f7 + 9f8 + 45f9 + 97f10 + 139f11 + 118f12 + 52f13 − f14 − 20f15+
+7f16 + 16f17 − 11f19 − 19f20 − 23f21 − 12f22 + 2f23 + 6f24) + b6(4f3+
+7f4 − f5 − 7f6 + 4f7 + 19f8 + 37f9 + 45f10 + 31f11 − 20f12 − 51f13−
−49f14 − 27f15 − 9f16 − 20f17 − 40f18 − 39f19 − 29f20 − 14f21 + 4f22+
+12f23 + 6f24 − 2f25) + b7(f3 − f4 − 7f5 − 6f6 + 2f7 + 4f8 − 2f9 − 23f10−
−59f11 − 88f12 − 74f13 − 45f14 − 25f15 − 28f16 − 46f17 − 47f18 − 19f19+
+6f20 + 21f21 + 21f22 + 8f23 − 5f24 − 5f25) + b8(−2f4 − 2f5 + 2f6 + 4f7−
−2f8 − 10f9 − 20f10 − 24f11 − 12f12 + 6f13 + 8f14 − 8f16 − 6f17 + 12f18+
+24f19 + 20f20 + 10f21 + 2f22 − 4f23 − 2f24 + 2f25 + 2f26) + b9(f5 + f6−
−f8 + f9 + 4f10 + 11f11 + 16f12 + 17f13 + 13f14 + 13f15 + 13f16 + 17f17+
+16f18 + 11f19 + 4f20 + f21 − f22 + f24 + f25),

R4(b, f) = −f + 3f2 + 6f3 + 5f4 − 3f6 − 10f7 − 13f8 − 15f9 − 18f10 − 32f11−
−41f12 − 51f13 − 43f14 − 29f15 − 18f16 − 11f17 − 3f18 − 2f19 − 2f20 − f21+
+f22 + b(2f + 6f2 − 4f3 − 15f4 − 13f5 − 7f6 − 6f7 − 20f8 − 53f9 − 92f10−
−107f11 − 84f12 − 44f13 + f14 + 9f15 − 3f16 + f17 + 4f18 + f19 + 3f20 + 4f21+
+2f22 − 2f23) + b2(f − 3f2 − 17f3 − 11f4 − 2f5 − 13f6 − 44f7 − 69f8 − 72f9−
−37f10 + 18f11 + 81f12 + 114f13 + 126f14 + 96f15 + 85f16 + 83f17 + 50f18+
+19f19 + 9f20 + 5f21 − 3f23 + f24) + b3(−5f2 − 8f3 + 7f4 + 5f5 − 19f6−
−41f7 − 28f8 + 24f9 + 104f10 + 190f11 + 251f12 + 233f13 + 175f14 + 95f15+
+74f16 + 52f17 + 13f18 + f19 + 4f20 − 4f21 − 10f22 − 5f23 + 4f24) + b4(−2f2+
+2f3 + 13f4 − 4f5 − 18f6 + 9f7 + 72f8 + 131f9 + 165f10 + 175f11 + 133f12+
+64f13 + 14f14 − 17f15 − 23f16 − 65f17 − 98f18 − 67f19 − 37f20 − 23f21−
−12f22 + 2f23 + 5f24 − 2f25) + b5(8f3 + 11f4 − 8f5 − 6f6 + 23f7 + 62f8+
+84f9 + 94f10 + 52f11 − 48f12 − 152f13 − 196f14 − 197f15 − 161f16 − 154f17−
−115f18 − 66f19 − 45f20 − 29f21 − 4f22 + 11f23 + 5f24 − 3f25) + b6(f3 − 7f4−
−11f5 + 15f6 + 41f7 + 33f8 − 13f9 − 74f10 − 140f11 − 176f12 − 151f13−
−114f14 − 107f15 − 121f16 − 130f17 − 82f18 − 21f19 + 13f20 + 30f21 + 32f22+
+17f23 − 3f24 − 6f25 + f26) + b7(−4f4 − 3f5 + 5f6 − 2f7 − 23f8 − 46f9−
−64f10 − 80f11 − 66f12 − 30f13 − 10f14 + 10f16 + 30f17 + 66f18 + 80f19+
+64f20 + 46f21 + 23f22 + 2f23 − 5f24 + 3f25 + 4f26) + b8(5f5 + 5f6 − 8f7−
−21f8 − 21f9 − 6f10 + 19f11 + 47f12 + 46f13 + 28f14 + 25f15 + 45f16 + 74f17+
+88f18 + 59f19 + 23f20 + 2f21 − 4f22 − 2f23 + 6f24 + 7f25 + f26 − f27)+
+b9(−2f6 − f7 + 5f8 + 12f9 + 15f10 + 15f11 + 11f12 + 10f13 + 17f14 + 27f15+
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+25f16 + 16f17 − f18 − 9f19 − 5f20 + 2f21 + 3f22 + 3f23 − 2f25 − 2f26),

R6(b, f) = 3f2 + f3 − 5f4 − 11f5 − 11f6 − 15f7 − 20f8 − 35f9 − 58f10−
−85f11 − 81f12 − 61f13 − 21f14 − f15 − 7f17 − 7f18 − 8f19 − 2f20 + 3f21+
+4f22 + b(f − f2 − 11f3 − 10f4 + f5 − 3f6 − 26f7 − 64f8 − 89f9 − 85f10−
−35f11 + 31f12 + 59f13 + 46f14 − 3f15 − 18f16 + 9f17 + 25f18 + 24f19+
+19f20 + 5f21 − 6f22 − 8f23) + b2(−5f2 − 8f3 + 7f4 + 5f5 − 19f6 − 41f7−
−28f8 + 24f9 + 104f10 + 190f11 + 251f12 + 233f13 + 175f14 + 95f15 + 74f16+
+52f17 + 13f18 + f19 + 4f20 − 4f21 − 10f22 − 5f23 + 4f24) + b3(−3f2 + 3f3+
+8f4 − 15f5 − 33f6 − 6f7 + 73f8 + 167f9 + 226f10 + 235f11 + 162f12+
+29f13 − 36f14 − 27f15 + 45f16 + 29f17 − 20f18 − 43f19 − 51f20 − 51f21−
−22f22 + 9f23 + 16f24) + b4(7f3 + 4f4 − 16f5 − 3f6 + 45f7 + 86f8 + 92f9+
+67f10 + 26f11 − 82f12 − 174f13 − 199f14 − 183f15 − 160f16 − 172f17−
−128f18 − 50f19 − 22f20 − 7f21 + 14f22 + 23f23 + 6f24 − 8f25) + b5(3f3−
−8f4 − 12f5 + 23f6 + 56f7 + 53f8 − 80f10 − 194f11 − 290f12 − 276f13−
−176f14 − 110f15 − 100f16 − 137f17 − 91f18 − 41f19 + 2f20 + 46f21 + 65f22+
+35f23 − 6f24 − 13f25) + b6(−6f4 + 7f5 + 25f6 + 9f7 − 37f8 − 79f9 − 104f10−
−112f11 − 86f12 − 13f13 + 16f14 − 16f16 + 13f17 + 86f18 + 112f19 + 104f20+
+79f21 + 37f22 − 9f23 − 25f24 − 7f25 + 6f26) + b7(−f4 + 6f5 + 3f6 − 17f7−
−32f8 − 30f9 − 13f10 + 21f11 + 82f12 + 130f13 + 121f14 + 107f15 + 114f16+
+151f17 + 176f18 + 140f19 + 74f20 + 13f21 − 33f22 − 41f23 − 15f24 + 11f25+
+7f26 − f27) + b8(2f5 − 6f6 − 12f7 − 4f8 + 14f9 + 29f10 + 39f11 + 40f12+
+20f13 + 9f14 + 27f15 + 49f16 + 51f17 + 20f18 − 31f19 − 45f20 − 37f21−
−19f22 − 4f23 + 7f24 + f25 − 7f26 − 4f27) + b9(−f6 + 3f7 + 6f8 + 5f9−
−3f11 − 10f12 − 13f13 − 15f14 − 18f15 − 32f16 − 41f17 − 51f18 − 43f19−
−29f20 − 18f21 − 11f22 − 3f23 − 2f24 − 2f25 − f26 + f27),

R8(b, f) = 2f2 − f3 − 4f4 − 6f5 − 9f6 − 18f7 − 21f8 − 21f9 − 23f10 − 22f11−
−6f12 + 6f13 + 22f14 + 23f15 + 21f16 + 21f17 + 18f18 + 9f19 + 6f20 + 4f21+
+f22 − 2f23 + b(−3f2 − 9f3 + 9f5 + f6 − 8f7 − 13f8 − 4f9 + 15f10 + 65f11+
+99f12 + 99f13 + 75f14 + 42f15 + 35f16 + 34f17 + 6f18 − 6f19 − 6f20 − 8f21−
−8f22 − 2f23 + 4f24) + b2(−2f2 + 2f3 + 13f4 − 4f5 − 18f6 + 9f7 + 72f8+
+131f9 + 165f10 + 175f11 + 133f12 + 64f13 + 14f14 − 17f15 − 23f16 − 65f17−
−98f18 − 67f19 − 37f20 − 23f21 − 12f22 + 2f23 + 5f24 − 2f25) + b3(7f3 + 4f4−
−16f5 − 3f6 + 45f7 + 86f8 + 92f9 + 67f10 + 26f11 − 82f12 − 174f13 − 199f14−
−183f15 − 160f16 − 172f17 − 128f18 − 50f19 − 22f20 − 7f21 + 14f22 + 23f23+
+6f24 − 8f25) + b4(f3 − 8f4 − 9f5 + 33f6 + 61f7 + 20f8 − 67f9 − 145f10−
−201f11 − 272f12 − 243f13 − 200f14 − 178f15 − 181f16 − 141f17 − 16f18+
+81f19 + 77f20 + 72f21 + 55f22 + 25f23 − 10f24 − 9f25 + 4f26) + b5(−8f4+
+f5 + 24f6 + 7f7 − 42f8 − 89f9 − 123f10 − 182f11 − 209f12 − 130f13 − 55f14+
+55f16 + 130f17 + 209f18 + 182f19 + 123f20 + 89f21 + 42f22 − 7f23 − 24f24−
−f25 + 8f26) + b6(13f5 + 6f6 − 35f7 − 65f8 − 46f9 − 2f10 + 41f11 + 91f12+
+137f13 + 100f14 + 110f15 + 176f16 + 276f17 + 290f18 + 194f19 + 80f20−
−53f22 − 56f23 − 23f24 + 12f25 + 8f26 − 3f27) + b7(3f5 − 5f6 − 11f7 + 4f8+
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+29f9 + 45f10 + 66f11 + 115f12 + 154f13 + 161f14 + 197f15 + 196f16 + 152f17+
+48f18 − 52f19 − 94f20 − 84f21 − 62f22 − 23f23 + 6f24 + 8f25 − 11f26 − 8f27)+
+b8(−6f6 − 2f7 + 12f8 + 23f9 + 19f10 + 11f11 − 16f13 − 7f14 + 20f15 + f16−
−52f17 − 118f18 − 139f19 − 97f20 − 45f21 − 9f22 + 6f23 + 3f24 − 11f25 − 12f26+
+2f28) + b9(3f7 + f8 − 5f9 − 11f10 − 11f11 − 15f12 − 20f13 − 35f14 − 58f15−
−85f16 − 81f17 − 61f18 − 21f19 − f20 − 7f22 − 7f23 − 8f24 − 2f25 + 3f26 + 4f27),

R18−2k(b, f) = −b9f30R2k(b
−1, f−1), (k = 0, 4). (23)

In view of equality (7), from Theorem 1 follows

Corollary 1. The common Hilbert series for the graded algebra of comitants S1,5

of the system (3) (k = 2) has the form

H(S1,5, u) =
N1,5(u)

D1,5(u)
,

where

D1,5(u) = (1 − u)6(1 + u)7(1 + u2)2(1 − u3)5(1 − u5)3(1 − u7),

N1,5(u) = 1 + 2u+ u2 + 12u4 + 47u5 + 119u6 + 234u7 + 415u8 + 697u9+

+1145u10 + 1773u11 + 2577u12 + 3481u13 + 4411u14 + 5268u15 + 6000u16+

+6487u17 + 6667u18 + 6487u19 + 6000u20 + 5268u21 + 4411u22 + 3481u23+

+2577u24 + 1773u25 + 1145u26 + 697u27 + 415u28 + 234u29 + 119u30+

+47u31 + 12u32 + u34 + 2u35 + u36.

It is known that the point u = 1 is a pole of function HS1,5(u) of multiplicity

k (k ≥ 1) if and only if this point is a zero of multiplicity k for the function
1

HS1,5(u)
.

It is easy to see that

1

HS1,5(u)
=

(1 − u)15

N1,5(u)(1 + u)−7(1 + u2)−2(1 + u+ u2)−5
×

×
1

(1 + u+ u2 + u3 + u4)−3(1 + u+ u2 + u3 + u4 + u5 + u6)−1

Thence we find that

lim
u→1

(1 − u)15 ·HS1,5(u) 6= 0,

which means that at the point u = 1 the function HS1,5(u) has a pole of multi-
plicity 15.

With the help of Remark 1 and Corollary 1 we obtain

Theorem 2. The Krull dimension of a graded algebra S1,5 is 15.

Considering the equality (8) from Theorem 1 follows
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Corollary 2. The generalized Hilbert series for the graded algebra of invariants

SI1,5 of the system (3) (k = 2) is a rational function of b, f and has the form

H(SI1,5, b, f) =
NI1,5(b, f)

DI1,5(b, f)
, (24)

where

DI1,5(b, f) = (1 − b)(1 − b2)(1 − bf)2(1 − b2f)2(1 − b3f)(1 + f)(1 − f2)2×

×(1 − f3)3(1 − f4)2(1 − f5)2,

NI1,5(b, f) = R0(b, f),

(25)

and R0(b, f) is from (23).

With the help of equalities (8)–(9) and Corollary 2 we obtain

Corollary 3. The common Hilbert series for the graded algebra of invariants SI1,5

of the system (3) (k = 2) has the form

HSI1,5(z) =
NI1,5(z)

DI1,5(z)
,

where

DI1,5 = (1 − z2)4(1 − z3)4(1 − z4)3(1 − z5)2,

NI1,5(z) = 1 + z + 9z4 + 22z5 + 50z6 + 79z7 + 120z8 + 160z9+

+221z10 + 269z11 + 325z12 + 339z13 + 325z14 + 269z15 + 221z16+

+160z17 + 120z18 + 79z19 + 50z20 + 22z21 + 9z22 + z25 + z26.

With the help of Remark 1 and Corollary 3 we have the following result.

Theorem 3. The Krull dimension of the graded algebra SI1,5 is 13.

With the help of equalities (10), (16)–(17) and (24)–(25) we obtain

Lemma 2. Between the generalized Hilbert series of the algebras SI1, S5 and SI1,5

the following relation exists

H(SI1,5, b, f) = H(SI1, b)H(S5, u, d)|u2=b. (26)

In view of (15) and (26) we can assume that between the generalized Hilbert series
of algebras SI1, S2k+1 and SI1,2k+1 there exists the relation

H(SI1,2k+1, b, z) = H(SI1, b)H(S2k+1, u, z)|u2=b (27)

for all k ≥ 1.
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3 Obtaining generators of the algebra SI1,2k+1 with the help of
generators of the algebras SI1 and S2k+1 (k ≥ 1)

In [3, p. 97] it is shown that the center-affine invariants (comitants) of the system
(1) with respect to the transformation q ∈ GL(2,R) coincide with the center-affine
invariants (comitants) of the system of tensors aj

j1j2...jγ
(γ ∈ Γ).

Consequently, for the system (3), the invariants of the tensor aj
α form the algebra

SI1, and the comitants and invariants of the tensor aj
α1α2...α2k+1 form the algebra

S2k+1. Note that the associate invariants of the tensors aj
α and a

j
α1α2...α2k+1 are

included in the algebra SI1,2k+1.

Construction 1. Since the above algebras are finitely defined, (see [6, 7]), then they

can be written as

SI1 =< I1, I2 >,

S2k+1 =< J1, J2, ..., Jλ, P1, P2, ..., Pµ|f1, f2, ..., fν >,

SI1,2k+1 =< I1, I2, J1, J2, ..., Jλ, Jλ+1, ..., Jλ+τ |ϕ1, ϕ2, ..., ϕω >,

(28)

where

I1 = aα
α, I2 = aα

βa
β
α, (29)

J1, J2, ..., Jλ, P1, P2, ..., Pµ are generators and f1, f2, ..., fν are defining relations of

the algebra S2k+1. We observe that Pi (i = 1, µ) has even degree with respect to

x1, x2 [5, 6]. The algebra SI1,2k+1 has generators I1, I2, J1, J2, ..., Jλ, Jλ+1, ..., Jλ+τ

and defining relations ϕ1, ϕ2, ..., ϕω. From equality (27) and proprieties of the gen-

eralized Hilbert series and generating functions [5, 6] it follows that τ = µ and if the

comitants P1, P2, ..., Pµ are written in simple tensor form [4], then replacing in them

the product x−x− by a−⊖ε
⊖− we obtain respectively generators Jλ+1, Jλ+2, ..., Jλ+µ,

where ⊖ means the operation of convolution of given indices.

The validity of Construction 1 is confirmed by the following arguments: Let
in (28) τ > µ. For clarity, assume that in (28) τ = µ + 1 and the invariant
Jλ+µ+1 is given in a simple tensor form [4]. This means that the simple tensor
form of this invariant consists of a product of tensor’s coordinates a−− and a−−−···−−.
From this invariant, after replacing all a−− by xαx−εα−, avoiding the mistakes in
the index notation, we obtain the comitant Pλ+µ+1 from S2k+1. If this comitant
is different from Pj (j = 1, µ), it should be expressed polynomially via gener-
ators Ji (i = 1, λ), Pj (j = 1, µ) of algebra S2k+1. Then, making the inverse
transition from obtained polynomial expression Pλ+µ+1 according to the Construc-
tion 1, we conclude that the expression Jλ+µ+1 is polynomially expressed through
I1, I2, J1, ..., Jλ, Jλ+1, ..., Jλ+µ. Therefore it follows that Jλ+µ+1 can not be found
among the generators of algebra SI1,2k+1. This contradiction shows that τ = µ.

The process described above will be illustrated on algebras SI1, S3 and SI1,3.
From [4] follows

Proposition 1. The following comitants and invariants are generators of the

algebra S3
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J1 = aα
αpra

β
βqsε

pqεrs, J2 = aα
βpra

β
αqsε

pqεrs, J3 = aα
prua

β
αqsa

γ
βγvε

pqεrsεuv,

J4 = aα
prua

β
γqsa

γ
αβvε

pqεrsεuv , J5 = aα
prua

β
qska

γ
αvla

δ
βγδε

pqεrsεuvεkl,

J6 = aα
prka

β
qsma

γ
luha

δ
αnva

µ
βγja

ν
δuνε

pqεrsεklεmnεuvεhj, P1 = aα
αβγx

βxγ ,

P2 = a
p
αβγx

αxβxγxqεpq, P3 = aα
pαβa

β
qγδx

γxδεpq, P4 = aα
αβγa

β
δµθx

γxδxµxθ,

P5 = aα
βγδa

β
αµθx

γxδxµxθ, P6 = aα
αpra

β
γδqa

γ
βνsx

δxνεpqεrs,

P7 = aα
δpra

β
αβqa

γ
γνsx

δxνεpqεrs, P8 = aα
prka

β
αqsa

γ
βδla

δ
γµθx

µxθεpqεrsεkl,

P9 = aα
αβpa

β
γqδa

γ
ηµθx

δxηxµxθεpq, P10 = aα
βγδa

β
αηµa

γ
νθχx

δxηxµxνxθxχ,

P11 = aα
prγa

β
qδηa

γ
sβνa

δ
αµθx

ηxνxµxθεpqεrs,

P12 = aα
prua

β
mgka

γ
µqna

δ
θsha

η
ηvlx

µxθεαγεβδε
pqεrsεuvεmnεghεkl,

(ε11 = ε22 = 0, ε12 = −ε21 = 1; ε11 = ε22 = 0, ε12 = −ε21 = 1).

(30)

From [9] we obtain

Proposition 2. The set of the generators of the algebra SI1,3 consists of the in-

variants I1, I2 from (29), J1 − J6 from (30), and the expressions

J7 = aα
pa

β
qαβε

pq, J8 = aα
p a

β
γa

γ
qαβε

pq, J9 = aα
p a

β
qrαa

γ
sβγε

pqεrs,

J10 = aα
p a

β
r a

γ
qαβa

δ
sγδε

pqεrs, J11 = aα
pa

β
r a

γ
qαδa

δ
sβγε

pqεrs,

J12 = aα
p a

β
qrua

γ
svαa

δ
βγδε

pqεrsεuv, J13 = aα
pa

β
qrua

γ
svβa

δ
αγδε

pqεrsεuv,

J14 = aα
pa

β
r a

γ
mqua

δ
hnva

µ
sgµε

pqεrsεuvεmnεghεαδεβγ ,

J15 = aα
p a

β
ruβa

γ
mgsa

δ
qkna

η
vhlε

pqεrsεuvεmnεghεklεαδεγη ,

J16 = aα
pa

β
r a

γ
ua

δ
qsga

η
bmha

µ
vncε

pqεrsεuvεmnεghεbcεαηεβµεγδ,

J17 = aα
p a

β
r a

γ
quma

δ
sgba

η
vhka

µ
nclε

pqεrsεuvεmnεghεbcεklεαβεγµεβη ,

J18 = aα
pa

β
ruka

γ
sgαa

δ
qvba

µ
ceδa

η
ldhε

pqεrsεuvεghεklεbcεdeεβηεγµ,

(ε11 = ε22 = 0, ε12 = −ε21 = 1; ε11 = ε22 = 0, ε12 = −ε21 = 1).

(31)

We will show how with the help of comitants P1 − P12 from (30), we can obtain
the generators (31) of the algebra SI1,3 or expressions containing them in the sense
indicated below. For this we use the substitutions given in Construction 1.

1) We take as the most typical example the comitant P2 from (30) for which all
possible substitutions x−x− = a−⊖ε

⊖− lead to the equalities:

P2∣
∣

∣

xαxβ=aα
δ

εδβ

xγxq=a
q
rεrγ

= aα
δ a

q
ra

p
αβγε

δβεrγεpq = J8 − I1J7;

P2∣
∣

∣

xαxβ=aα
δ

εδβ

xγxq=a
γ
r εrq

= aα
δ a

γ
ra

p
αβγε

δβεrqεpq = J8;
(32)
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Since J8 from (31) is contained in all above mentioned equalities, then one can keep
J8 as a generator of algebra SI1,3 or take the first expression from (32).

2) Similarly, for P1 all possible substitutions x−x− = a−⊖ε
⊖− leads to the equality:

P1∣
∣

∣

xβxγ=a
β
p εpγ

= aβ
pa

α
αβγε

pγ = J7, (33)

which is contained in the set of generators of algebra SI1,3 from (31).
3) For P3 each substitution of the type x−x− = a−⊖ε

⊖− leads to the equality:

P3∣
∣

∣

xγxδ=a
γ
r εrδ

= aγ
ra

α
pαβa

β
qγδε

pqεrδ = −J9, (34)

where J9 is contained in the set of generators of algebra SI1,3 from (31).
4) For P4 and P5 all possible substitutions x−x− = a−⊖ε

⊖− lead to one of the
equalities:

P4∣
∣

∣

xγxδ=a
γ
pεpδ

xµxθ=a
µ
r εrθ

= a
γ
pa

µ
ra

α
αβγa

β
δµθε

pδεrθ = J10 − I1J9;

P4∣
∣

∣

xγxδ=aδ
pεpγ

xµxθ=a
µ
r εrθ

= aδ
pa

µ
r a

α
αβγa

β
δµθε

pγεrθ = J10;

P5∣
∣

∣

xγxδ=a
γ
pεpδ

xµxθ=a
µ
r εrθ

= a
γ
pa

µ
ra

α
βγδa

β
αµθε

pδεrθ = J11;

P5∣
∣

∣

xγxµ=a
γ
pεpµ

xδxθ=aδ
rεrθ

= a
γ
pa

δ
ra

α
βγδa

β
αµθε

pµεrθ = J11 + 1
2I2J2;

P5∣
∣

∣

xγxµ=a
γ
pεpµ

xδxθ=aθ
rεrδ

= a
γ
pa

θ
ra

α
βγδa

β
αµθε

pµεrδ = J11 + 1
2J2(I2 − I2

1 ).

(35)

We observe that every expression above contains either J10 or J11 from (31). There-
fore, one can keep J10 and J11 as generators of algebra SI1,3 or take one of the above
mentioned expressions with J10 and another one J11 from (35).

5) For P6, P7, P8 all possible substitutions x−x− = a−
⊖
ε⊖− lead to one of the

equalities:

P6∣
∣

∣
xδxν=aδ

k
εkν

= aδ
ka

α
αpra

β
γδqa

γ
βνsε

pqεrsεkν = −J12 + I1J3 + 1
2J1J7−

−J2J7 − 2J13;

P7∣
∣

∣

xδxν=aδ
k

εkν

= aδ
ka

α
δpra

β
αβqa

γ
γνsε

pqεrsεkν = J13 + I1J3 −
1
2J2J7;

P7∣
∣

∣

xδxν=aν
k

εkδ

= aν
ka

α
δpra

β
αβqa

γ
γνsε

pqεrsεkδ = J13 −
1
2I2J7;

P8∣
∣

∣

xµxθ=a
µ
uεuθ

= a
µ
ua

α
prka

β
αqsa

γ
βδla

δ
γµθε

pqεrsεklεuθ = −J15 + I1J5−

−1
2J1J9 + 1

2J2J9 + 1
3J7(J3 + 2J4),

(36)



GENERATORS OF THE ALGEBRAS OF INVARIANTS . . . 55

where the generators J12, J13, J15 of algebra SI1,3 from (31) are contained in the
expressions (36). Therefore, one can keep J12, J13, J15 as generators of algebra
SI1,3, or take instead of these one of the above mentioned expressions containing
J12, J13, J15.

6) For P9 all possible substitutions x−x− = a−⊖ε
⊖− lead to one of the equalities:

P9∣
∣

∣

xδxη=aδ
rεrη

xµxθ=a
µ
k

εkθ

= aδ
ra

µ
ka

α
αβpa

β
γqδa

γ
ηµθε

pqεrηεkθ = −J14 −
1
2I

2
1J3+

+1
2I1J1J7 + 1

2I1J2J7 − I1J13 −
1
2(I2J3 − J1J8) − J7J9;

P9∣
∣

∣

xδxη=a
η
rεrδ

xµxθ=a
µ
k

εkθ

= a
η
ra

µ
ka

α
αβpa

β
γqδa

γ
ηµθε

pqεrδεkθ = −J14 + 1
2I

2
1J3+

+1
2I1J1J7 − I1(J12 − J13) −

1
2 (I2J3 + J1J8) − J7J9,

(37)

where the generator J14 of algebra SI1,3 from (31) is contained in the expressions
(37). Therefore, one can either keep J14 as a generator of algebra SI1,3, or take one
of the above mentioned expressions from (37).

7) For P10 all possible substitutions x−x− = a−⊖ε
⊖− lead to one of the equalities:

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=a
µ
r εrν

xθxχ=aθ
uεuχ

= aδ
pa

µ
r a

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrνεuχ = −1
2J16 + 1

4(4I3
1J3 − I3

1J4−

−3I2
1J1J7 − 5I2

1J2J7 + I2
1J12 + 4I2

1J13 + I1I2J4 + 2I1J1J8+
+4I1J7J9 + 8I1J14 + I2J1J7 + 3I2J2J7 − I2J12 − 4J7J10+
+8J7J11 − 4J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

12(10I3
1J3 − I3

1J4−

−3I2
1J1J7 − 9I2

1J2J7 − 3I2
1J12 + 12I2

1J13 − 2I1I2J3 − I1I2J4+
+12I1J7J9 + 12I1J14 + 3I2J1J7 + 9I2J2J7 − 3I2J12 − 12J7J10+
+24J7J11 − 12J8J9);

P10 ∣

∣

∣

xδxη=a
η
pεpδ

xµxν=a
µ
r εrν

xθxχ=aθ
uεuχ

= a
η
pa

µ
r a

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pδεrνεuχ = −1
2J16 + 1

4(4I3
1J3 − I3

1J4−

−3I2
1J1J7 − 3I2

1J2J7 + I2
1J12 + 4I2

1J13 + I1I2J4 + 2I1J1J8−
−2I1J2J8 + 4I1J7J9 + 8I1J14 + I2J1J7 + 3I2J2J7 − I2J12−
−4J7J10 + 8J7J11 − 4J8J9);

P10 ∣

∣

∣

xδxη=a
η
pεpδ

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= a
η
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pδεrµεuχ = −1
2J16 + 1

12(−3I2
1J12 − 3I2J12+

+12I2
1J13 + 12I1J14 + 10I3

1J3 − 2I1I2J3 − I3
1J4 − I1I2J4−

−3I2
1J1J7 + 3I2J1J7 − 12J7J10 + 24J7J11 − 9I2

1J2J7 + 9I2J2J7−
−6I1J2J8 + 12I1J7J9 − 12J8J9);
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P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

12(12I2
1J12 + 12I2

1J13+

+36I1J14 + 14I3
1J3 + 2I1I2J3 − 2I3

1J4 − 2I1I2J4 − 15I2
1J1J7+

+3I2J1J7 − 12J7J10 + 24J7J11 − 15I2
1J2J7 + 9I2J2J7 + 12I1J1J8+

+12I1J7J9 − 12J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

4(4I2
1J13 + 8I1J14+

+4I3
1J3 − 3I2

1J1J7 + I2J1J7 − 4J7J10 + 8J7J11 − 5I2
1J2J7+

+3I2J2J7 + 2I1J1J8 + 4I1J7J9 − 4J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

12(−6I2
1J12 + 12I2

1J13+

+12I1J14 + 10I3
1J3 − 2I1I2J3 − 4I3

1J4 + 2I1I2J4 − 3I2
1J1J7+

+3I2J1J7 − 12J7J10 + 24J7J11 − 9I2
1J2J7 + 9I2J2J7 + 12I1J7J9−

−12J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

4(4I2
1J13 + 8I1J14+

+4I3
1J3 − 3I2

1J1J7 + I2J1J7 − 4J7J10 + 8J7J11 − 3I2
1J2J7+

+3I2J2J7 + 2I1J1J8 − 2I1J2J8 + 4I1J7J9 − 4J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

12(−6I2
1J12 + 12I2

1J13+

+12I1J14 + 10I3
1J3 − 2I1I2J3 − 4I3

1J4 + 2I1I2J4 − 3I2
1J1J7+

+3I2J1J7 − 12J7J10 + 24J7J11 − 9I2
1J2J7 + 9I2J2J7 − 6I1J2J8+

+12I1J7J9 − 12J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

12(−6I2
1J12 + 12I2

1J13+

+8I3
1J3 − 4I1I2J3 − 2I3

1J4 + 4I1I2J4 + 3I2
1J1J7 + 3I2J1J7−

−12J7J10 + 24J7J11 − 3I2
1J2J7 + 9I2J2J7 − 6I1J1J8 − 6I1J2J8+

+12I1J7J9 − 12J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

4(I2
1J12 − I2J12+

+4I2
1J13 + 8I1J14 + 4I3

1J3 − I3
1J4 + I1I2J4 − 3I2

1J1J7+
+I2J1J7 − 4J7J10 + 8J7J11 − 4I2

1J2J7 + 2I2J2J7 + 2I1J1J8+
+4I1J7J9 − 4J8J9);

P10 ∣

∣

∣

xδxη=aδ
pεpη

xµxν=aν
r εrµ

xθxχ=aθ
uεuχ

= aδ
pa

ν
ra

θ
ua

α
βγδa

β
αηµa

γ
νθχε

pηεrµεuχ = −1
2J16 + 1

12(−3I2
1J12 − 3I2J12+

+12I2
1J13 + 12I1J14 + 10I3

1J3 − 2I1I2J3 − I3
1J4 − I1I2J4−

−3I2
1J1J7 + 3I2J1J7 − 12J7J10 + 24J7J11 − 6I2

1J2J7 + 6I2J2J7−
−6I1J2J8 + 12I1J7J9 − 12J8J9).

(38)
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So one can either keep J16 as a generator of algebra SI1,3, or take one of the above
mentioned expressions from (38) containing J16.

8) For P11 all possible substitutions x−x− = a−⊖ε
⊖− lead to one of the equalities:

P11∣
∣

∣

xηxν=a
η
b

εbν

xµxθ=a
µ
k

εkθ

= a
η
ba

µ
ka

α
prγa

β
qδηa

γ
sβνa

δ
αµθε

bνεkθεpqεrs = −4J17 + 1
3 (10I2

1J5 + 2I1J1J9−

−4I1J3J7 + 2I1J4J7 − 6I1J15 − 14I2J5 − 4J1J10 + 4J1J11+
+4J2J

2
7 + 4J4J8 + 2J7J12 + 4J2

9 );

P11∣
∣

∣

xηxµ=a
η
b

εbµ

xνxθ=aν
k

εkθ

= a
η
ba

ν
ka

α
prγa

β
qδηa

γ
sβνa

δ
αµθε

bµεkθεpqεrs = −4J17 + 1
3 (10I2

1J5 + 2I1J1J9+

+4I1J3J7 − 6I1J4J7 − 6I1J15 + 3I2J1J2 − 2I2J5 − 4J1J10+
+4J1J11 + 4J2J

2
7 + 4J4J8 + 2J7J12 + 4J2

9 );

P11∣
∣

∣

xηxµ=a
µ
b

εbη

xνxθ=aν
k

εkθ

= a
µ
b a

ν
ka

α
prγa

β
qδηa

γ
sβνa

δ
αµθε

bηεkθεpqεrs = −4J17 + 1
3 (−3I2

1J1J2−

−2I2
1J5 + 2I1J1J9 + 4I1J3J7 − 6I1J4J7 − 6I1J15 + 3I2J1J2−

−2I2J5 − 4J1J10 + 4J1J11 + 4J2J
2
7 + 4J4J8 + 2J7J12 + 4J2

9 );

P11∣
∣

∣

xηxµ=a
η
b

εbµ

xνxθ=aθ
k

εkν

= a
η
ba

θ
ka

α
prγa

β
qδηa

γ
sβνa

δ
αµθε

bµεkνεpqεrs = 4J17 −
1
3(3I2

1J1J2+

+2I2
1J5 − 2I1J1J9 + 4I1J3J7 − 2I1J4J7 + 6I1J15 − 3I2J1J2+

+2I2J5 + 4J1J10 − 4J1J11 − 4J2J
2
7 − 4J4J8 − 2J7J12 − 4J2

9 );

P11∣
∣

∣

xηxµ=a
µ
b

εbη

xνxθ=aθ
k

εkν

= a
µ
b a

θ
ka

α
prγa

β
qδηa

γ
sβνa

δ
αµθε

bηεkνεpqεrs = −4J17 + 1
3(10I2

1J5+

+2I1J1J9 − 4I1J3J7 + 2I1J4J7 − 6I1J15 + 3I2J1J2 − 2I2J5−
−4J1J10 + 4J1J11 + 4J2J

2
7 + 4J4J8 + 2J7J12 + 4J2

9 ).
(39)

Similarly to previous cases one can either keep J17 as a generator of algebra SI1,3,
or take one of the above mentioned expressions from (39) containing J17.

9) For P12 all possible substitutions x−x− = a−
⊖
ε⊖− leads to the equality:

P12∣
∣

∣
xµxθ=aθ

b
εbµ

= aα
prua

β
mgka

γ
µqna

δ
θsha

η
ηvla

θ
bε

bµεαγεβδε
pqεrsεuvεmnεghεkl =

= 2J18 + 1
3(−2I1J1J3 + 2I1J1J4 + 2I1J2J3 − 2I1J2J4+

+3J2
1J7 − 6J1J2J7 + 3J2

2J7).

(40)

In this case one can either keep J18 as a generator of algebra SI1,3, or take above
mentioned expression from (40) which contains this invariant.

The main conclusion: The set of generators of the algebra of invariants SI1,3

contains the generators of invariants of the algebras SI1 and SI3 and also any one

invariant of expressions (32)–(40), containing respectively J7, J8, ..., J18.

Remark 2. The obtaining of the generators J7 − J18 from (31) of the algebra SI1,3

with the help of comitants P1 − P12 of algebra S3 via the Construction 1 is much
easier in comparison with the method presented in [9].
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