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Basic cohomology attached to a basic function

of foliated manifolds

Cristian Ida, Sabin Mercheşan

Abstract. In this paper we study a basic cohomology attached to a basic function of
foliated manifolds and in particular, of transversely holomorphic foliations. We also
explain how this cohomology depends on the basic function and we study a relative
cohomology and a Mayer-Vietoris sequence related to this cohomology. Also, a basic
Lichnerowicz cohomology attached to a basic function of a foliated manifold is studied.
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1 Introduction and preliminaries

1.1 Introduction

The of basic cohomology both in Riemannian and in Kählerian foliations was
intensively studied by A. El Kacimi-Alaoui (see for instance [2,3] and other papers).
On the other hand, P. Monnier in [10] introduced a new cohomology of smooth ma-
nifolds, so called cohomology attached to a function. This cohomology was consid-
ered for the first time in [9] in the context of Poisson geometry, and more generally,
Nambu-Poisson geometry. The main goal of this note is to give a similar cohomology
for basic forms of foliated manifolds. In this sense, firstly we briefly recall some pre-
liminary notions about the basic cohomology of foliated manifolds and in particular,
of transversely holomorphic foliations (see [3]). Next, we define a basic cohomology
attached to a basic function for basic forms, we define an associated basic Bott-
Chern cohomology, we explain how this cohomology depends on the basic function
and we study a relative cohomology and a Mayer-Vietoris sequence related to this
cohomology. In particular, we show that if the function does not vanish, then our
cohomology coincides with the basic de Rham (Dolbeault) cohomology of a foliated
manifold. In the end of paper we make a connection between the basic cohomology
attached to a basic function and basic Lichnerowicz cohomology defining a basic
Lichnerowicz type cohomology attached to a basic function of foliated manifolds.
Also, some classical properties adapted to this cohomology are investigated. The
methods used here are similar to those used by [10] and are closely related to those
used by [1].
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1.2 Preliminaries

Let us consider M an (n +m)-dimensional manifold which will be assumed to
be connected and orientable. Differential forms (and in particular functions) will
take their values in the field of complex numbers C. If ϕ is a form, then ϕ denotes
its complex conjugate and we say that ϕ is real if ϕ = ϕ.

Definition 1. A codimension n foliation F on M is defined by a foliated cocycle
{Ui, ϕi, fi,j} such that:

(i) {Ui}, i ∈ I is an open covering of M;

(ii) For every i ∈ I, ϕi : Ui → M are submersions, where M is an n-dimensional
manifold, called transversal manifold;

(iii) The maps fi,j : ϕi(Ui ∩ Uj) → ϕj(Ui ∩ Uj) satisfy

ϕj = fi,j ◦ ϕi (1)

for every (i, j) ∈ I × I such that Ui ∩ Uj 6= φ.

Every fibre of ϕi is called a plaque of the foliation. Condition (1) says that,
on the intersection Ui ∩ Uj the plaques defined respectively by ϕi and ϕj are the
”same”. The manifold M is decomposed into a family of disjoint immersed con-
nected submanifolds of dimension m; each of these submanifolds is called a leaf
of F .

By TF we denote the tangent bundle to F , and Γ(F) is the space of its global
sections, i.e. vector fields tangent to F . We say that a differential form ϕ is basic
if it satisfies iXϕ = LXϕ = 0 for every X ∈ Γ(F). A basic function is a function
constant on the leaves; such functions form an algebra denoted by Fb(M). The
quotient QF = TM/TF is the normal bundle of F . A vector field Y ∈ X (M) is
said to be foliated if, for every X ∈ Γ(F) we have [X,Y ] ∈ Γ(F); X (M,F) denotes
the algebra of foliated vector fields on M. The quotient X (M/F) = X (M,F)/Γ(F)
is called the algebra of basic vector fields on M.

Throughout this paper a system of local coordinates adapted to the foliation F
means coordinates (z1, . . . , zn, y1, . . . , ym) on an open set U on which the foliation
is trivial and defined by the equations dzi = 0, i = 1, . . . , n. If F is transversely
holomorphic (see Defnition 1.2.2. below) then the coordinates z1, . . . , zn will be
complex.

Definition 2. A transverse structure to F is a geometric structure on M invariant
by all the local diffeomorphisms fi,j .

A transverse structure can be considered as a geometric structure on the leaf
space M/F (which is not a manifold in general).

1.2.1. If M is a Riemannian manifold and all the fi,j are isometries then F is said
to be Riemannian. This means that the normal bundle QF is equipped with
a Riemannian metric which is ”invariant along the leaves”.
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1.2.2. If M is a complex manifold and all the fi,j are biholomorphic maps then we
say that F is transversely holomorphic. In that case, any transversal to F
inherits a complex structure.

1.2.3. If M is a Hermitian manifold and all the fi,j preserve the Hermitian structure
then we say that F is transversely Hermitian. (The fi,j are in particular
biholomorphic maps and isometries.) The complexifed normal bundle Q =
QF ⊗R C is equipped with a Hermitian metric ”invariant along the leaves”.

1.2.4. If M is a Kählerian manifold and all the fi,j preserve the Kähler structure
we say that F is transversely Kählerian. In particular such a foliation is
Hermitian. This is equivalent to the existence of a Hermitian metric g on
the normal bundle QF which can be writen in a transverse local system of
coordinates (z1, . . . , zn) in the form g = gkj(z, z)dz

k ⊗ dzj such that its skew-

symmetric part ω = i
2
gkjdz

k∧dzj is closed (ω is a basic 2-form called the basic
Kähler form of F).

For every r ∈ {0, 1, ..., n}, let Ωr(M/F) be the space of all basic forms of degree
r. The exterior differential db : Ωr(M/F) → Ωr+1(M/F) is the restriction of the
classical exterior differential to basic forms and it is a basic differential operator
of order 1 (in the sense of basic differential operators of order k on Hermitian F-
bundles, see its definition, [3] p. 328). The differential complex

0 −→ Ω0(M/F)
db−→ Ω1(M/F)

db−→ . . .
db−→ Ωn(M/F) −→ 0 (2)

is called the basic de Rham complex of F ; its cohomology H•(M/F) is the basic de
Rham cohomology of F .

Now, let us suppose that F is transversely holomorphic. We consider Q the
complexified normal bundle of QF . Let J be the automorphism of Q associated to
the complex structure; J satisfies J2 = −Id and then has two eigenvalues i and −i
with associated eigensubbundles, respectively, denoted by Q1,0 and Q0,1 = Q1,0. We
have a splitting Q = Q1,0 ⊕Q0,1 which gives rise to the decomposition

ΛrQ∗ =
⊕

p+q=r

Λp,q,

where Λp,q = ΛpQ∗1,0 ⊗ΛqQ∗0,1. Basic sections of Λp,q are called basic forms of type
(p, q). They form a vector space denoted by Ωp,q(M/F). We have

Ωr(M/F) =
⊕

p+q=r

Ωp,q(M/F). (3)

As in the classical case of a complex manifold, [11], the basic exterior differential
decomposes into a sum of two operators

∂b : Ωp,q(M/F) → Ωp+1,q(M/F) ; ∂b : Ωp,q(M/F) → Ωp,q+1(M/F).
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We have ∂2
b = ∂

2

b = 0 and ∂b∂b + ∂b∂b = 0. The differential complex

0 −→ Ωp,0(M/F)
∂b−→ Ωp,1(M/F)

∂b−→ . . .
∂b−→ Ωp,n(M/F) −→ 0 (4)

is called the basic Dolbeault complex of F ; its cohomology Hp,•(M/F) is the basic
Dolbeault cohomology of foliation F .

2 Basic cohomology attached to a basic function

The cohomology attached to a function of smooth manifolds was defined and
intensively studied in [10]. Similarly, in this section, we consider a basic cohomology
attached to a basic function on the foliated manifold (M,F). This cohomology is
also defined in terms of basic forms. More precisely, if (M,F) is a foliated manifold
and f is a basic function on M, we define a basic coboundary operator

db,f : Ωr(M/F) → Ωr+1(M/F) , db,fϕ = fdbϕ− rdbf ∧ ϕ. (5)

It is easy to check that d2
b,f = 0, and we denote by H•

f (M/F) the cohomology
associated with the complex (Ω•(M/F), db,f ), called the basic de Rham cohomology
attached to the basic function f of F .

More generally, for any integer k, we define a basic operator

dk
b,f : Ωr(M/F) → Ωr+1(M/F) , dk

b,fϕ = fdbϕ− (r − k)dbf ∧ ϕ. (6)

We still have (dk
b,f )2 = 0 and we denote by H•

f,k(M/F) the cohomology of this
complex. We shall restrict our attention to the cohomology H•

f (M/F) but most
results readily generalize to the cohomology H•

f,k(M/F).
Using (5), by direct calculus we obtain

Proposition 1. If f, g ∈ Fb(M) then

(i) db,f+g = db,f + db,g, db,0 = 0, db,−f = −db,f ;

(ii) db,fg = fdb,g + gdb,f − fgdb, db,1 = db, db = 1
2
(fdb, 1

f
+ 1

f
db,f );

(iii) db,f (ϕ ∧ ψ) = db,fϕ ∧ ψ + (−1)deg ϕϕ ∧ db,fψ.

Now, if F is transversely holomorphic taking into account the decomposition (3)
and db = ∂b + ∂b we obtain db,f = ∂b,f + ∂b,f , where

∂b,f : Ωp,q(M/F) → Ωp+1,q(M/F) , ∂b,fϕ = f∂bϕ− (p+ q)∂bf ∧ ϕ, (7)

∂b,f : Ωp,q(M/F) → Ωp,q+1(M/F) , ∂b,fϕ = f∂bϕ− (p+ q)∂bf ∧ ϕ. (8)

We have ∂2
b,f = ∂

2

b,f = 0 and ∂b,f∂b,f + ∂b,f∂b,f = 0. So, we obtain a differential
complex

0 −→ Ωp,0(M/F)
∂b,f
−→ Ωp,1(M/F)

∂b,f
−→ . . .

∂b,f
−→ Ωp,n(M/F) −→ 0 (9)

called the basic Dolbeault complex attached to the basic function f of F ; its coho-
mology Hp,•

f (M/F) is called the basic Dolbeault cohomology attached to the basic
function f of foliation F .
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2.1 Basic Bott-Chern cohomology attached to a basic function

In this subsection F is considered to be transversely holomorphic.

Definition 3. The differential complex

. . . −→ Ωp−1,q−1 ∂b,f ∂b,f
−→ Ωp,q ∂b,f⊕∂b,f

−→ Ωp+1,q ⊕ Ωp,q+1 −→ . . . (10)

is called the basic Bott-Chern complex attached to the basic function f of F and the
corresponding Bott-Chern cohomology groups of bidegree (p, q) are given by

Hp,q
f,BC(M/F) =

ker{∂b,f : Ωp,q → Ωp+1,q} ∩ ker{∂b,f : Ωp,q → Ωp,q+1}

im{∂b,f∂b,f : Ωp−1,q−1 → Ωp,q}
. (11)

It is easy to see that
⊕

p,q H
p,q
f,BC(M/F) inherits a bigraded algebra structure

induced by the exterior product of these forms. The above definition implies the
canonical maps

Hp,q
f,BC(M/F) → Hp+q

f (M/F) ; Hp,q
f,BC(M/F) → Hp,q

f (M/F). (12)

Now, let us consider the dual of the Bott-Chern cohomology groups attached to
the basic function f , given by

Hp,q
f,A(M/F) =

ker{∂b,f∂b,f : Ωp,q → Ωp+1,q+1}

im{∂b,f : Ωp−1,q → Ωp,q} + im{∂b,f : Ωp,q−1 → Ωp,q}

called the basic Aeppli cohomology groups attached to the basic function f of F .
Similarly to Lemma 2.5. from [12], we have

Proposition 2. The exterior product induces a bilinear map

∧ : Hp,q
f,BC(M/F) ×Hr,s

f,A(M/F) → Hp+r,q+s
f,A (M/F). (13)

Proof. Let ϕ,ψ ∈ Ωp,q(M/F). If ϕ is db,f -closed and ψ is ∂b,f∂b,f -closed then ϕ∧ψ
is ∂b,f∂b,f -closed. Also, if ϕ is db,f -closed and ψ is db,f -exact then ϕ∧ψ is db,f -exact
and if ϕ is ∂b,f∂b,f -exact and ψ is ∂b,f∂b,f -closed then ϕ ∧ ψ is db,f -exact. For the
last assertion, we have

ϕ ∧ ψ = ∂b,f∂b,fθ ∧ ψ

=
1

2
db,f [(∂b,f − ∂b,f )θ ∧ ψ + (−1)p+qθ ∧ (∂b,f − ∂b,f )ψ].

In particular, one gets Hp,q
f,BC(M/F) ×Hn−p,n−q

f,A (M/F) → Hn,n
f,A(M/F).

Remark 1. If (M,F , ω) is transversely Kählerian with the basic Kähler form ω, then
taking into account ∂bω = ∂bω = 0 by direct calculations it follows that if the basic
function f ∈ Fb(M) satisfies the equation

3∂bf ∧ ∂bf − f∂b∂bf = 0, (14)

then ω is ∂b,f∂b,f -closed, so it defines a cohomology class [ω]f,A ∈ H1,1
f,A(M/F) called

the basic Aeppli class attached to the basic function f of ω.
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2.2 Dependence on the basic function

A natural question to ask about the cohomology Hr
f (M/F) is how it depends

on the basic function f . Similar to the Proposition 3.2. from [10], we explain this
fact for our basic cohomology. We have

Proposition 3. If h ∈ Fb(M) does not vanish, then cohomologies H•

f (M/F) and
H•

fh(M/F) are isomorphic.

Proof. For each r ∈ N, consider the linear isomorphism

Φr : Ωr(M/F) → Ωr(M/F) , Φr(ϕ) =
ϕ

hr
. (15)

If ϕ ∈ Ωr(M/F), one checks easily that

Φr+1(db,fhϕ) = db,f (Φr(ϕ)). (16)

Thus Φ induces an isomorphism between cohomologies H•

f (M/F) and H•

fh(M/F).

Corollary 1. If the basic function f does not vanish, then H•

f (M/F) is isomorphic
to the basic de Rham cohomology H•(M/F).

Proof. We take h = 1
f

in the above proposition.

If F is transversely holomorphic, similarly, one gets

Proposition 4. If h ∈ Fb(M) does not vanish, then cohomologies H•,•
f (M/F) and

H•,•
fh (M/F) are isomorphic.

Corollary 2. If the basic function f does not vanish, then H•,•
f (M/F) is isomorphic

to the basic Dolbeault cohomology H•,•(M/F).

2.3 A relative cohomology

The relative de Rham cohomology was first defined in [1] p. 78. Also, a relative
vertical cohomology of real foliated manifolds can be found in [13]. In this subsection
we construct a similar version for our basic cohomology.

Let (M,F) and (M
′

,F
′

) be two foliated manifolds.

Definition 4. A morphism from (M,F) to (M
′

,F
′

) is a differentiable mapping
µ : M → M

′

which sends every leaf F of F into a leaf F
′

of F
′

such that the
restriction map µ : F → F

′

is smooth, and it is holomorphic in transverse coordinates
if F is transversely holomorphic.

We also notice that µ∗ preserves the basic forms.
By restricting the standard relation dµ∗ = µ∗d

′

to basic forms, (here d
′

denotes
the exterior derivative on M

′

), we obtain

dbµ
∗ = µ∗d

′

b. (17)
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Now, if f ∈ Fb(M
′

) is a basic function on (M
′

,F
′

), using (17), a straightforward
calculus leads to a similar desired relation, namely

db,µ∗fµ
∗ = µ∗d

′

b,f . (18)

Indeed, for ϕ ∈ Ωr(M
′

/F
′

), we have

db,µ∗f (µ∗ϕ) = µ∗fdb(µ
∗ϕ) − rdb(µ

∗f) ∧ µ∗ϕ

= µ∗fµ∗(d
′

bϕ) − rµ∗(d
′

bf) ∧ µ∗ϕ

= µ∗(fd
′

bϕ) − µ∗(rd
′

bf ∧ ϕ)

= µ∗(d
′

b,fϕ).

The relation (18) says that we have the homomorphism

µ∗ : H•

f (M
′

/F
′

) → H•

µ∗f (M/F) , µ∗[ϕ] = [µ∗ϕ].

We define the differential complex

. . .
d̃b,f
−→ Ωr(µ)

d̃b,f
−→ Ωr+1(µ)

d̃b,f
−→ . . .

where

Ωr(µ) = Ωr(M
′

/F
′

) ⊕ Ωr−1(M/F), and d̃b,f (ϕ,ψ) = (d
′

b,fϕ, µ
∗ϕ− db,µ∗fψ).

Taking into account d
′2
b,f = d2

b,µ∗f = 0 and (18) we easily verify that d̃2
b,f = 0.

Denote the cohomology groups of this complex by H•

f (µ).

If we regraduate the complex Ωr(M/F) as Ω̃r(M/F) = Ωr−1(M/F), then we
obtain an exact sequence of differential complexes

0 −→ Ω̃r(M/F)
α

−→ Ωr(µ)
β

−→ Ωr(M
′

/F
′

) −→ 0 (19)

with the obvious mappings α and β given by α(ψ) = (0, ψ) and β(ϕ,ψ) = ϕ,
respectively. From (19) we have an exact sequence in cohomologies

. . . −→ Hr−1
µ∗f (M/F)

α∗

−→ Hr
f (µ)

β∗

−→ Hr
f (M

′

/F
′

)
δ∗
−→ Hr

µ∗f (M/F) −→ . . . .

It is easily seen that δ∗ = µ∗. Here µ∗ denotes the corresponding map between
cohomology groups. Let ϕ ∈ Ωr(M

′

/F
′

) be a d
′

b,f -closed form, and (ϕ,ψ) ∈ Ωr(µ).

Then d̃b,f (ϕ,ψ) = (0, µ∗ϕ−db,µ∗fψ) and by the definition of the operator δ∗ we have

δ∗[ϕ] = [µ∗ϕ− db,µ∗fψ] = [µ∗ϕ] = µ∗[ϕ].

Hence we finally get a long exact sequence

. . . −→ Hr−1
µ∗f (M/F)

α∗

−→ Hr
f (µ)

β∗

−→ Hr
f (M

′

/F
′

)
µ∗

−→ Hr
µ∗f (M/F) −→ . . . . (20)

We have
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Proposition 5. If the foliated manifolds (M,F) and (M
′

,F
′

) are of the n-th and
n

′

-th codimension, respectively, then

(i) β∗ : Hn+1
f (µ) → Hn+1

f (M
′

/F
′

) is an epimorphism,

(ii) α∗ : Hn
′

µ∗f (M/F) → Hn
′

+1
f (µ) is an epimorphism,

(iii) β∗ : Hr
f (µ) → Hr

f (M
′

/F
′

) is an isomorphism for r > n+ 1,

(iv) α∗ : Hr
µ∗f (M/F) → Hr+1

f (µ) is an isomorphism for r > n
′

,

(v) Hr
f (µ) = 0 for r > max{n+ 1, n

′

}.

If F is transversely holomorphic, taking into account that db,f = ∂b,f +∂b,f , from
(18), one gets

∂b,µ∗fµ
∗ = µ∗∂

′

b,f . (21)

Similarly, we define the differential complex

. . .
∂̃b,f
−→ Ωp,q(µ)

∂̃b,f
−→ Ωp,q+1(µ)

∂̃b,f
−→ . . .

where

Ωp,q(µ) = Ωp,q(M
′

/F
′

) ⊕ Ωp,q−1(M/F), and ∂̃b,f (ϕ,ψ) = (∂
′

b,fϕ, µ
∗ϕ− ∂b,µ∗fψ).

Taking into account ∂
′2

b,f = ∂
2

b,µ∗f = 0 and (21) we easily verify that ∂̃
2

b,f = 0. Denote
the cohomology groups of this complex by Hp,•

f (µ). We also notice that by using
the same tehnique as above, we get a long exact sequence in cohomologies

. . . −→ Hp,q−1
µ∗f (M/F)

α∗

−→ Hp,q
f (µ)

β∗

−→ Hp,q
f (M

′

/F
′

)
µ∗

−→ Hp,q
µ∗f (M/F) −→ . . . ,

(22)
and we have

Proposition 6. If the transversely holomorphic (M,F) and (M
′

,F
′

) are of the
n-th and n

′

-th complex codimension, respectively, then

(i) β∗ : Hp,n+1
f (µ) → Hp,n+1

f (M
′

/F
′

) is an epimorphism,

(ii) α∗ : Hp,n
′

µ∗f (M/F) → Hp,n
′

+1
f (µ) is an epimorphism,

(iii) β∗ : Hp,q
f (µ) → Hp,q

f (M
′

/F
′

) is an isomorphism for q > n+ 1,

(iv) α∗ : Hp,q
µ∗f (M/F) → Hp,q+1

f (µ) is an isomorphism for q > n
′

,

(v) Hp,q
f (µ) = 0 for q > max{n + 1, n

′

}.
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2.4 A Mayer-Vietoris sequence and a homotopy morphism

Since the differentials db,f and ∂b,f commutes with the restrictions to open
subsets, one can construct, in the same way as for the de Rham cohomology
(see [1, 8, 14]), some Mayer-Vietoris exact sequences, namely:

Theorem 1. If U = {U, V } is an open cover of M, we have the long exact sequence

. . .→ Hr−1
f ((U ∩ V )/F) → Hr

f (M/F)
A
→ Hr

f (U/F) ⊕Hr
f (V/F)

B
→

B
→ Hr

f ((U ∩ V )/F) → . . . ,
where for [ϕ] ∈ Hr

f (M/F) and ([σU ], [τV ]) ∈ Hr
f (U/F) ⊕Hr

f (V/F), we define

A([ϕ]) = ([σU ], [τV ]) and B([σU ], [τV ]) = [σ|U∩V − τ |U∩V ].

Theorem 2. If U = {U, V } is an open cover of M, we have the long exact sequence

. . .→ Hp,q−1
f ((U ∩ V )/F) → Hp,q

f (M/F)
A
→ Hp,q

f (U/F) ⊕Hp,q
f (V/F)

B
→

B
→ Hp,q

f ((U ∩ V )/F) → . . . ,

where for [ϕ] ∈ Hp,q
f (M/F) and ([σU ], [τV ]) ∈ Hp,q

f (U/F)⊕Hp,q
f (V/F), we define

A([ϕ]) = ([σU ], [τV ]) and B([σU ], [τV ]) = [σ|U∩V − τ |U∩V ].

Following [10], we give

Definition 5. Let (M,F) and (M
′

,F
′

) be two foliated manifolds and f ∈ Fb(M)
and f

′

∈ Fb(M
′

). A morphism from the pair (M,F , f) to the pair (M
′

,F
′

, f
′

) is a
pair (µ, α) formed by a morphism µ : (M,F) → (M

′

,F
′

) and a real valued function
α : M → R, such that α does not vanish on M and f

′

◦ µ = αf .

If (µ, α) is a morphism from the pair (M,F , f) to the pair (M
′

,F
′

, f
′

) then
the map Ωr(M

′

/F
′

) 7→ Ωr(M/F) defined by ϕ 7→ µ∗ϕ
αr induces an homomorphism

in cohomology Hr
f
′ (M

′

/F
′

) 7→ Hr
f (M/F). We also notice that if µ is a diffeomor-

phism then Hr
f
′ (M

′

/F
′

) and Hr
f (M/F) are isomorphic. Similarly, we obtain the

isomorphism of Dolbeault cohomology groups Hp,q

f
′ (M

′

/F
′

) and Hp,q
f (M/F).

Definition 6. A homotopy from the pair (M,F , f) to the pair (M
′

,F
′

, f
′

) is given
by two smooth maps

h : M× [0, 1] → M
′

, a : M× [0, 1] → R,

such that for each t ∈ [0, 1], we have a morphism

Ht ≡ (h(·, t), a(·, t)) : (M,F , f) → (M
′

,F
′

, f
′

)

(i.e., a does not vanish, f
′

◦ h(x, t) = a(x, t)f(x) and for all t ∈ [0, 1] the map Ht

sends each leaf F of F into another leaf F
′

of F
′

).

If H = (h, a) is a homotopy from (M,F , f) to (M
′

,F
′

, f
′

), we obtain a map at
cohomology level

H∗

t : H•

f
′ (M/F

′

) → H•

f (M/F).



12 CRISTIAN IDA, SABIN MERCHEŞAN

2.5 A basic Lichnerowicz type cohomology attached to a function

In this subsection we make a connection between the studied basic cohomology
attached to a basic function and the basic Lichnerowicz cohomology defining a basic
Lichnerowicz type cohomology attached to a function. Also, some classical properties
adapted to this new cohomology are investigated.

Let (M,F) be a foliated manifold of codimension n and θ ∈ Ω1(M/F) be
a db-closed basic 1-form. Denote by db,θ : Ωr(M/F) → Ωr+1(M/F) the map
db,θ = db − θ∧.

Since dbθ = 0, we easily obtain that d2
b,θ = 0. The differential complex

0 −→ Ω0(M/F)
db,θ
−→ Ω1(M/F)

db,θ
−→ . . .

db,θ
−→ Ωn(M/F) −→ 0 (23)

is called the basic Lichnerowicz complex of (M,F); its cohomology groupsH•

θ (M/F)
are called the basic Lichnerowicz cohomology groups of (M,F).

This is a basic version of the classical Lichnerowicz cohomology, motivated by
Lichnerowicz’s work [7], also known in literature as Morse-Novikov cohomology. We
also notice that Vaisman in [15] studied it under the name of ”adapted cohomology”
on locally conformal Kähler (LCK) manifolds. Some notions concerning to such a
basic Lichnerowicz cohomology of real foliations may be found in [4].

In this moment we can not say if the operator db,f satisfies a Poincaré type
Lemma, but if the basic function f does not vanish everywhere we have

Proposition 7. Let ϕ be a basic r-form defined on some neighborhood U of M
adapted to the foliation F such that db,fϕ = 0. Then there exists a basic (r − 1)-
form ψ defined on a neighborhood U

′

⊂ U such that fϕ = db,fψ − dbf ∧ ψ.

Proof. Let ϕ be as in hypothesis. From db,fϕ = 0 because f 6= 0 we easily obtain

db,θϕ = 0 , θ = db(log f
r). (24)

But the operator db,θ satisfies a Poincaré Lemma, see the proof of Proposition 3.1.
from [15], (here we restrict the considerations from [15] to basic forms), and thus
there exists a basic (r − 1)-form defined on U

′

⊂ U such that

ϕ = db,θψ

= dbψ − db(log f
r) ∧ ψ

= dbψ − r
dbf

f
∧ ψ

= dbψ − (r − 1)
dbf

f
∧ ψ −

dbf

f
∧ ψ

=
1

f
(fdbψ − (r − 1)dbf ∧ ψ) −

dbf

f
∧ ψ

=
1

f
(db,fψ − dbf ∧ ψ)

which ends the proof.
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Let us return now to announced basic Lichnerowicz type cohomology attached
to a basic function. For this purpose we consider again θ ∈ Ω1(M/F) be a db-closed
basic 1-form. If f is a basic function then we define the following operator:

db,f,θϕ = db,fϕ− fθ ∧ ϕ , ϕ ∈ Ωr(M/F). (25)

Taking into account that db,f (fθ) = 0 an easy calculation using Proposition 1 (iii)
leads to d2

b,f,θ = 0. Thus, we obtain the differential complex

0 −→ Ω0(M/F)
db,f,θ
−→ Ω1(M/F)

db,f,θ
−→ . . .

db,f,θ
−→ Ωn(M/F) −→ 0 (26)

which is called the basic Lichnerowicz complex attached to the basic function f of
(M,F); its cohomology groups H•

f,θ(M/F) are called the basic Lichnerowicz coho-
mology groups attached to the basic function f of (M,F).

In the following we prove some classical properties of Lichnerowicz cohomology
adapted to our basic Lichnerowicz cohomology attached to a basic function.

Proposition 8. The basic Lichnerowicz cohomology attached to a basic function f
depends only on the basic class of θ. In fact, we have the isomorphism

Hr
f,θ−dbσ

(M/F) ≈ Hr
f,θ(M/F).

Proof. By direct calculus we easily obtain db,f,θ(e
σϕ) = eσdb,f,θ−dbσϕ, where σ is a

basic function and thus the map [ϕ] 7→ [eσϕ] is an isomorphism between cohomolo-
gies Hr

f,θ−dbσ
(M/F) and Hr

f,θ(M/F).

Proposition 9. For any basic forms ϕ , ψ ∈ Ω•(M/F) we have

db,f,θ(ϕ ∧ ψ) = db,fϕ ∧ ψ + (−1)deg ϕϕ ∧ db,f,θψ. (27)

Proof. It follows by direct calculus using the definitions of db,f and db,f,θ and Propo-
sition 1 (iii).

Also, if θ1 and θ2 are two db-closed basic 1-forms then

df,b,θ1+θ2(ϕ ∧ ψ) = db,f,θ1ϕ ∧ ψ + (−1)deg ϕϕ ∧ db,f,θ2ψ,

which says that the wedge product induces the map

∧ : Hr1
f,θ1

(M/F) ×Hr2
f,θ2

(M/F) → Hr1+r2
f,θ1+θ2

(M/F).

Corollary 3. The wedge product induces the following homomorphism

∧ : Hr
f,θ(M/F) ×Hr

f,−θ(M/F) → H2r
f (M/F).
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If F is transversely holomorphic then similar basic Lichnerowicz cohomology
attached to a basic function of Dolbeault and Bott-Chern type can be defined.
Taking into account the decomposition θ = θ1,0 + θ0,1, we have a decomposition of
db,f,θ into

db,f,θ = ∂b,f,θ + ∂b,f,θ , ∂b,f,θ = ∂b,f − fθ1,0∧ , ∂b,f,θ = ∂b,f − fθ0,1 ∧ . (28)

Now, from d2
b,f,θ = 0 we obtain

∂2
b,f,θ = ∂

2

b,f,θ = ∂b,f,θ∂b,f,θ + ∂b,f,θ∂b,f,θ = 0. (29)

The diferential complex

. . .
∂b,f,θ
−→ Ωp,q−1(M/F)

∂b,f,θ
−→ Ωp,q(M/F)

∂b,f,θ
−→ . . . (30)

is called the basic Dolbeault-Lichnerowicz complex attached to the basic function
f of (M,F); its cohomology groups denoted by Hp,•

f,θ (M/F) are called the ba-
sic Dolbeault-Lichnerowicz cohomology groups attached to the basic function f of
(M,F).

The differential complex

. . . −→ Ωp−1,q−1(M/F)
∂b,f,θ∂b,f,θ

−→ Ωp,q(M/F)
∂b,f,θ⊕∂b,f,θ

−→

∂b,f,θ⊕∂b,f,θ
−→ Ωp+1,q(M/F) ⊕ Ωp,q+1(M/F) −→ . . . (31)

is called the basic Bott-Chern-Lichnerowicz complex attached to the basic function
f of (M,F) and its cohomology groups

H•,•
f,θ,BC(M/F) =

Ker{Ω•,•
∂b,f,θ
−→ Ω•+1,•} ∩ Ker{Ω•,•

∂b,f,θ
−→ Ω•,•+1}

Im{Ω•−1,•−1
∂b,f,θ∂b,f,θ

−→ Ω•,•}

are called the basic Bott-Chern-Lichnerowicz cohomology groups attached to the basic
function f of (M,F).

Similarly as above, Propositions 10, 11 and Corollary 3 hold for basic Dolbeault-
Lichnerowicz cohomology attached to a basic function.

Finally, we notice that a relative cohomology for the basic Lichnerowicz coho-
mology attached to a basic function may be considered. Let us consider again a
morphism of two foliated manifolds µ : (M,F) → (M

′

,F
′

). Taking into account
(18) we obtain

db,µ∗f,µ∗θµ
∗ = µ∗d

′

b,f,θ (32)

for any basic function f ∈ Fb(M
′

) and for any d
′

b-closed basic 1-form θ ∈
Ω1(M

′

/F
′

). Indeed, for ϕ ∈ Ωr(M
′

/F
′

), we have

db,µ∗f,µ∗θ(µ
∗ϕ) = db,µ∗f (µ∗ϕ) − µ∗fµ∗θ ∧ µ∗ϕ
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= µ∗d
′

b,fϕ− µ∗(fθ ∧ ϕ)

= µ∗(d
′

b,f,θϕ).

The relation (32) says that we have the homomorphism

µ∗ : H•

f,θ(M
′

/F
′

) → H•

µ∗f,µ∗θ(M/F) , µ∗[ϕ] = [µ∗ϕ].

We define the differential complex

. . .
d̃b,f,θ
−→ Ωr(µ)

d̃b,f,θ
−→ Ωr+1(µ)

d̃b,f,θ
−→ . . .

where

Ωr(µ) = Ωr(M
′

/F
′

) ⊕ Ωr−1(M/F), and d̃b,f,θ(ϕ,ψ) = (d
′

b,f,θϕ, µ
∗ϕ− db,µ∗f,µ∗θψ).

Taking into account d
′2
b,f,θ = d2

b,µ∗f,µ∗θ = 0 and (32) we easily verify that d̃2
b,f,θ =

0. Denote the cohomology groups of this complex by H•

f,θ(µ).

Analogouly, we obtain the corresponding cohomology groups Hp,•
f,θ (µ) for trans-

versely holomorphic foliations.
Now, by the same technique as in Subsection 2.3. we can obtain the analog

of Propositions 5 and 6 for the basic Lichnerowicz cohomology attached to a basic
function H•

f,θ(M/F) and Hp,•
f,θ (µ), respectively.
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