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Abstract. In this paper we study a basic cohomology attached to a basic function of
foliated manifolds and in particular, of transversely holomorphic foliations. We also
explain how this cohomology depends on the basic function and we study a relative
cohomology and a Mayer-Vietoris sequence related to this cohomology. Also, a basic
Lichnerowicz cohomology attached to a basic function of a foliated manifold is studied.
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1 Introduction and preliminaries

1.1 Introduction

The of basic cohomology both in Riemannian and in Ké&hlerian foliations was
intensively studied by A.El Kacimi-Alaoui (see for instance [2,3] and other papers).
On the other hand, P. Monnier in [10] introduced a new cohomology of smooth ma-
nifolds, so called cohomology attached to a function. This cohomology was consid-
ered for the first time in [9] in the context of Poisson geometry, and more generally,
Nambu-Poisson geometry. The main goal of this note is to give a similar cohomology
for basic forms of foliated manifolds. In this sense, firstly we briefly recall some pre-
liminary notions about the basic cohomology of foliated manifolds and in particular,
of transversely holomorphic foliations (see [3]). Next, we define a basic cohomology
attached to a basic function for basic forms, we define an associated basic Bott-
Chern cohomology, we explain how this cohomology depends on the basic function
and we study a relative cohomology and a Mayer-Vietoris sequence related to this
cohomology. In particular, we show that if the function does not vanish, then our
cohomology coincides with the basic de Rham (Dolbeault) cohomology of a foliated
manifold. In the end of paper we make a connection between the basic cohomology
attached to a basic function and basic Lichnerowicz cohomology defining a basic
Lichnerowicz type cohomology attached to a basic function of foliated manifolds.
Also, some classical properties adapted to this cohomology are investigated. The
methods used here are similar to those used by [10] and are closely related to those
used by [1].
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1.2 Preliminaries

Let us consider M an (n + m)-dimensional manifold which will be assumed to
be connected and orientable. Differential forms (and in particular functions) will
take their values in the field of complex numbers C. If ¢ is a form, then % denotes
its complex conjugate and we say that ¢ is real if © = .

Definition 1. A codimension n foliation F on M is defined by a foliated cocycle
{Ui, ¢i, fij} such that:

(i) {U;}, i € I is an open covering of M;

(ii) For every i € I, ¢; : U; — M are submersions, where M is an n-dimensional
manifold, called transversal manifold;

(i) The maps f;; : @i (Ui NU;) — ¢;(U; N U;) satisfy
pj = fijowi (1)
for every (i,7) € I x I such that U; NU; # ¢.

Every fibre of ; is called a plaque of the foliation. Condition (1) says that,
on the intersection U; N U; the plaques defined respectively by ¢; and ¢; are the
"same”. The manifold M is decomposed into a family of disjoint immersed con-
nected submanifolds of dimension m; each of these submanifolds is called a leaf
of F.

By TF we denote the tangent bundle to F, and I'(F) is the space of its global
sections, i.e. vector fields tangent to F. We say that a differential form ¢ is basic
if it satisfies ixp = Lxp = 0 for every X € I'(F). A basic function is a function
constant on the leaves; such functions form an algebra denoted by F,(M). The
quotient QF = TM/TF is the normal bundle of F. A vector field Y € X(M) is
said to be foliated if, for every X € I'(F) we have [X,Y] € I'(F); X(M,F) denotes
the algebra of foliated vector fields on M. The quotient X'(M/F) = X (M, F)/T(F)
is called the algebra of basic vector fields on M.

Throughout this paper a system of local coordinates adapted to the foliation F

means coordinates (z!,...,2" y',... ™) on an open set U on which the foliation
is trivial and defined by the equations dz* = 0,4 = 1,...,n. If F is transversely
holomorphic (see Defnition 1.2.2. below) then the coordinates z!,..., 2" will be
complex.

Definition 2. A transverse structure to F is a geometric structure on M invariant
by all the local diffeomorphisms f; ; .

A transverse structure can be considered as a geometric structure on the leaf
space M /F (which is not a manifold in general).

1.2.1. If M is a Riemannian manifold and all the f; ; are isometries then F is said
to be Riemannian. This means that the normal bundle QF is equipped with
a Riemannian metric which is ”invariant along the leaves”.
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1.2.2. If M is a complex manifold and all the f; ; are biholomorphic maps then we
say that F is transversely holomorphic. In that case, any transversal to F
inherits a complex structure.

1.2.3. If M is a Hermitian manifold and all the f; ; preserve the Hermitian structure
then we say that F is transversely Hermitian. (The f;; are in particular
biholomorphic maps and isometries.) The complexifed normal bundle Q =
QF ®r C is equipped with a Hermitian metric ”invariant along the leaves”.

1.2.4. If M is a Kahlerian manifold and all the f;; preserve the Kahler structure
we say that F is transversely Ké&hlerian. In particular such a foliation is
Hermitian. This is equivalent to the existence of a Hermitian metric g on
the normal bundle QF which can be writen in a transverse local system of
coordinates (z',...,2") in the form g = gkg(z,E)dzk ® dz’ such that its skew-

symmetric part w = % gkydzk AdZ is closed (w is a basic 2-form called the basic
Kahler form of F).

For every r € {0,1,...,n}, let Q"(M/F) be the space of all basic forms of degree
7. The exterior differential dj, : Q"(M/F) — Q"1 (M/F) is the restriction of the
classical exterior differential to basic forms and it is a basic differential operator
of order 1 (in the sense of basic differential operators of order k£ on Hermitian F-
bundles, see its definition, [3] p. 328). The differential complex

0 — QOM/F) 2o QU M/F) 2 B Qr(MF) — 0 (2)

is called the basic de Rham complex of F; its cohomology H®(M/F) is the basic de
Rham cohomology of F.

Now, let us suppose that F is transversely holomorphic. We consider () the
complexified normal bundle of QF. Let J be the automorphism of ) associated to
the complex structure; J satisfies J?> = —Id and then has two eigenvalues i and —i
with associated eigensubbundles, respectively, denoted by Q% and Q%! = Q1.0. We
have a splitting Q = Q° @ Q! which gives rise to the decomposition

ATQ*: @ Ap,q’
ptq=r

where AP? = APQ*10 @ A9Q*%!. Basic sections of AP are called basic forms of type
(p,q). They form a vector space denoted by QP4(M/F). We have

O (M/F) = @ PUM/F). (3)

p+q=r

As in the classical case of a complex manifold, [11], the basic exterior differential
decomposes into a sum of two operators

Oy : PUMJF) — QPTHIM/F) 5 9y : QPI(M)F) — QPITEH M/ F).
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We have 8& = 55 =0 and 0,0y + 00, = 0. The differential complex

0 — QPOM/F) 2 i (MyF) 2 P gprMUF) 0 (4)

is called the basic Dolbeault complex of F; its cohomology HP'*(M/F) is the basic
Dolbeault cohomology of foliation F.

2 Basic cohomology attached to a basic function

The cohomology attached to a function of smooth manifolds was defined and
intensively studied in [10]. Similarly, in this section, we consider a basic cohomology
attached to a basic function on the foliated manifold (M, F). This cohomology is
also defined in terms of basic forms. More precisely, if (M, F) is a foliated manifold
and f is a basic function on M, we define a basic coboundary operator

dyp: Q(M/F) —= QP M/F) , dp o = fdpp — rdpf A . (5)

It is easy to check that dg’f = 0, and we denote by H}(M/F) the cohomology
associated with the complex (*(M/F),dy s), called the basic de Rham cohomology
attached to the basic function f of F.

More generally, for any integer k, we define a basic operator

dy QU (MJF) = QT (MF) | dy po = fdyp — (r — k)dpf A . (6)

We still have (d{; f)2 = 0 and we denote by H},(M/F) the cohomology of this
complex. We shall restrict our attention to the cohomology H3}(M/F) but most
results readily generalize to the cohomology H}  (M/F).

Using (5), by direct calculus we obtain

Proposition 1. If f,g € F,(M) then
(i) do,frg =dos+dbg, doo =0, dp—y = —dp,y;
(i1) do,rg = fdog+ by = Fgdy, dyy = dp, dy = 5(fd, 1 + Fdb p);

(iti) dy, (9 NP) = dypo A+ (=1)8 P A dy ).
Now, if F is transversely holomorphic taking into account the decomposition (3)
and dp = O + 0 we obtain dy f = Oy 5 + Op ¢, where

Op,p : QPUMJF) = QPFYUM/F) | Oy pp = fOp — (p+a)0f Ao, (T7)

Dy g 2 PIMJF) — QPIHMYF) |, Gy 50 = fOp — 0+ @) Ao (8)

We have 813’]0 = 5;f =0 and 8b,f5b,f + gb,fab,f = 0. So, we obtain a differential
complex

0 — POM/F) 25 art(myF) 28 P gpr My F) — 0 9)

called the basic Dolbeault complex attached to the basic function f of F; its coho-
mology HJ‘?"(M/}") is called the basic Dolbeault cohomology attached to the basic
function f of foliation F.
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2.1 Basic Bott-Chern cohomology attached to a basic function

In this subsection F is considered to be transversely holomorphic.

Definition 3. The differential complex

Oy, 10, Oy, 1 ®O,
N , QP—Lg—1 701701 op.q “o. S0 S Qptla g patl (10)

is called the basic Bott-Chern complex attached to the basic function f of F and the

corresponding Bott-Chern cohomology groups of bidegree (p, q) are given by

ker{@w QP — Qp—l—l,q} N ker{ahf QP4 — Qp,q+1} (11)
im{abjgb,f s Qp—La—l Qp,q} .

It is easy to see that P, , H]IZ”%C(M /F) inherits a bigraded algebra structure

induced by the exterior product of these forms. The above definition implies the
canonical maps

Hy o (M/F) = HF (M F); HYho(M/F) — HY(M/F). (12)

Now, let us consider the dual of the Bott-Chern cohomology groups attached to
the basic function f, given by

HYpo(M/F) =

ker {0y ;O : QP4 — QPTLatT1}
im{0p ¢ : Qr-La — Qpa} + im{gb,f : Qpa—1 — Qpa)

HE(M /) =
called the basic Aeppli cohomology groups attached to the basic function f of F.
Similarly to Lemma 2.5. from [12], we have
Proposition 2. The exterior product induces a bilinear map
A HPLG(MJF) x Hy S (MJF) — HE (M) F). (13)

Proof. Let ¢, € QP9(M/F). If ¢ is dp, s-closed and v is 9, r0p p-closed then ¢ A1)
is Op, f5b7 s-closed. Also, if ¢ is dj, r-closed and 1) is dj, p-exact then ¢ A1) is dy, p-exact
and if ¢ is O, fgb, p-exact and ) is Oy, fgb, s-closed then ¢ A% is dp r-exact. For the
last assertion, we have

Ay = OOy 0 NY
1 _ _
= §db,f[(8b,f — Oy, f)0 A tp + (—1)PTIO A (Op,p — Db, f)¥).-

In particular, one gets H?’?BC(M/]:) X H}i;p’n_q(./\/l/f) — H?X(M/}")

Remark 1. If (M, F,w) is transversely Kéhlerian with the basic Kahler form w, then
taking into account Jyw = dpw = 0 by direct calculations it follows that if the basic
function f € Fp(M) satisfies the equation

30pf NObf — fOLOuf =0, (14)

then w is Oy, 0y, f-closed, so it defines a cohomology class [w] s 4 € H}i(./\/l /F) called
the basic Aeppli class attached to the basic function f of w.
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2.2 Dependence on the basic function

A natural question to ask about the cohomology H;(./\/l /F) is how it depends
on the basic function f. Similar to the Proposition 3.2. from [10], we explain this
fact for our basic cohomology. We have

Proposition 3. If h € F,(M) does not vanish, then cohomologies H}(M/F) and
H$, (M/F) are isomorphic.
Proof. For each r € N, consider the linear isomorphism

O Y (M/F) = Q' (M/F) | (o) = (15)

If p € Q" (M/F), one checks easily that

" (dy, prip) = db 1 (27 (). (16)
Thus ¢ induces an isomorphism between cohomologies H3(M/F) and H}), (M/F).
U

Corollary 1. If the basic function [ does not vanish, then H]'c(./\/l/}") 1s 1somorphic
to the basic de Rham cohomology H®*(M/F).

Proof. We take h = % in the above proposition. O

If F is transversely holomorphic, similarly, one gets

Proposition 4. If h € F,(M) does not vanish, then cohomologies H}'(M/}") and
H;h'(/\/l/]:) are isomorphic.

Corollary 2. If the basic function f does not vanish, then H}'(M/}") is i.somorphic
to the basic Dolbeault cohomology H**(M/F).

2.3 A relative cohomology

The relative de Rham cohomology was first defined in [1] p. 78. Also, a relative
vertical cohomology of real foliated manifolds can be found in [13]. In this subsection
we construct a similar version for our basic cohomology.

Let (M, F) and (M', F') be two foliated manifolds.

Definition 4. A morphism from (M, F) to (M, F') is a differentiable mapping
p: M — M which sends every leaf F' of F into a leaf F' of F such that the
restrictionmap u : F' — F " is smooth, and it is holomorphic in transverse coordinates
if F is transversely holomorphic.

We also notice that u* preserves the basic forms.
By restricting the standard relation du* = p*d to basic forms, (here d denotes
the exterior derivative on M/), we obtain

dyp™ = pi*dy,. (17)
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Now, if f € Fy(M') is a basic function on (M, F'), using (17), a straightforward
calculus leads to a similar desired relation, namely

dy e pp* = d . (18)
Indeed, for ¢ € Q"(M'/F'), we have
dyep(p*) = p'fdo(p ) —rdp(p*f) At
= pfu(dyp) —rpt(dyf) A ite
= W (fdyp) = (rdyf Nep)
= M*(db, f%D)-
The relation (18) says that we have the homomorphism
ph HY (M JF) — Hy f(M/F), 1*[0) = 7).
We define the differential complex
gy B r ) B
where
Q' () = (M /F) @ N MYF), and du(0,9) = (d, 10, 10 — oo p10).

Taking into account d;ff = dim ;= 0and (18) we easily verify that c?la ;=0
Denote the cohomology groups of this complex by H; ().

If we regraduate the complex Q' (M/F) as Q" (M/F) = Q" ~"1{(M/F), then we
obtain an exact sequence of differential complexes

0 — Q" (M/F) - 07 (u) L " (M JF) — 0 (19)

with the obvious mappings « and (3 given by a(v) = (0,v) and B(p,¥) = ¢,
respectively. From (19) we have an exact sequence in cohomologies

r— a* r B* r / / * T
s HITHMYF) 25 Hy () 2 By (M JF) 25 Y f(MJF) — ..

It is easily seen that 6* = p*. Here p* denotes the corresponding map between

cohomology groups. Let ¢ € Q" (M’ /F') be a d;’f—closed form, and (p,¢) € Q" (w).
Then dec(cp, 1Y) = (0, w* ¢ —dp i+ r1b) and by the definition of the operator §* we have

6 ] = [ e — dp e pb] = [0 0] = p* ]

Hence we finally get a long exact sequence

r— o* r B r ! / 3 T
o — HIDH(MJF) 25 Hj(p) — Hf(M'F) += Hj. j(M/F) — ... (20)

‘We have
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Proposition 5. If the foliated manifolds (M, F) and (M',F') are of the n-th and
n'-th codimension, respectively, then

(i) 5*: H}LH(,u) — H?H(./\/ll/}"l) is an epimorphism,
(i1) o : Hﬁlf(./\/l/}") — H?/H(,u) is an epimorphism,
(iii) 3%+ Hy(p) — H]’Z(M,/}",) is an isomorphism for r >n+ 1,
(v) o+ Hpu ((M/F) — H;H(u) is an isomorphism for r > n’,
(v) Hy(p) =0 for r > max{n + 1,n'}.

If F is transversely holomorphic, taking into account that dy = 0y ¢ —1—51), t, from
(18), one gets

Do p 1" = 1"y - (21)

Similarly, we define the differential complex

... —)b’f prq(“) _)be Qp7q+1(ﬂ) —>b’f ...
where

QP (p) = QUM [F) @ QP97 H(M/F), and By 5 (i, 0) = (By, 0, 170 = Doy ).

— . ~2
Taking into account ab?f = 827 u+f = 0 and (21) we easily verify that 9;, ; = 0. Denote
the cohomology groups of this complex by Hfj"(u). We also notice that by using
the same tehnique as above, we get a long exact sequence in cohomologies

— a* B* ’ ’ *
— HYATY MY F) 2 HYY(p) = HYIM/F) £ HEA (MJF) — . i

and we have

Proposition 6. If the transversely holomorphic (M,F) and (M',F') are of the
n-th and n'-th complex codimension, respectively, then

(i) B*: H;’c”"ﬂ(,u) — H]’?’"H(M//]:/) is an epimorphism,

!

(i1) o : Hﬁf} (M/F) — H})’" () is an epimorphism,
(iii) B*: Hp(p) — Hfj’q(./\/l//}"/) is an isomorphism for ¢ > n+ 1,
(iv) o* : Hﬁ;qf(./\/l/f) — Hfj’qﬂ(,u) is an isomorphism for q¢ > n’,

(v) Hy%(u) =0 for ¢ > max{n + 1,n'}.
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2.4 A Mayer-Vietoris sequence and a homotopy morphism

Since the differentials d;, ; and 51,7 ¢ commutes with the restrictions to open
subsets, one can construct, in the same way as for the de Rham cohomology
(see [1,8,14]), some Mayer-Vietoris exact sequences, namely:

Theorem 1. IfU = {U,V'} is an open cover of M, we have the long exact sequence
o= Hi7Y(UNV)/F) — HYMJF) 5 HYU/F) @ Hy(V/F) 2
EH(UNV)/F) - ...,
where for [o] € Hy(M/F) and ([ov],[rv]) € H}(U/F) & H{(V/F), we define

A(le]) = (lov], [7v]) and B([ov], [v]) = lelunv — Tlunv].
Theorem 2. IfU = {U,V'} is an open cover of M, we have the long exact sequence
= HPTN(UNV)/F) — BY(M/F) S BYU)F) @ HY(V/F) L
E b unv)/F) - ...
where for [p] € Hy'(M/F) and (lov], [v]) € HY'(U/F)SHF(V/F), we define
A(l¢]) = ([ov], [rv]) and B(lou], [rv]) = [olunv — Tlunv].
Following [10], we give

Definition 5. Let (M, F) and (M, F) be two foliated manifolds and f € F(M)
and f € fb(./\/ll). A morphism from the pair (M, F, f) to the pair (./\/ll,]:/,f/) is a
pair (u, ) formed by a morphism p : (M, F) — (M', F ') and a real valued function
o : M — R, such that o does not vanish on M and f o pu = af.

If (41, ) is a morphism from the pair (M, F, f) to the pair (M, F , f) then
the map Q" (M /F') - Q" (M/F) defined by ¢ — 2 induces an homomorphism
in cohomology H]’;, (M JF) - H}(M/F). We also notice that if p is a diffeomor-
phism then H]’;, (M'/F') and H}(M/F) are isomorphic. Similarly, we obtain the
isomorphism of Dolbeault cohomology groups H ;;q(/\/l,/ F)and H sz’q(/\/l /F).

Definition 6. A homotopy from the pair (M, F, f) to the pair (M, F , f') is given
by two smooth maps

h:Mx[0,1] M, a:Mx[0,1] — R,
such that for each t € [0,1], we have a morphism
Hy = (h(t),a(t) « (M, F, f) = (M, F f)

(i.e., a does not vanish, f o h(z,t) = a(x,t)f(z) and for all ¢ € [0,1] the map H,
sends each leaf F' of F into another leaf F' of F).

If H = (h,a) is a homotopy from (M, F, f) to (./\/l/,]:/,f/), we obtain a map at
cohomology level

Hf : Hy(M/F) — H}(M/F).
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2.5 A basic Lichnerowicz type cohomology attached to a function

In this subsection we make a connection between the studied basic cohomology
attached to a basic function and the basic Lichnerowicz cohomology defining a basic
Lichnerowicz type cohomology attached to a function. Also, some classical properties
adapted to this new cohomology are investigated.

Let (M,F) be a foliated manifold of codimension n and § € Q'(M/F) be
a dp-closed basic 1-form. Denote by dpg : Q" (M/F) — Q" TY(M/F) the map
dbﬂ =dp — OA.

Since dpf = 0, we easily obtain that dg,e = 0. The differential complex

0 — QOM/F) 2% Qlm/F) 22 B grmyF) — 0 (23)
is called the basic Lichnerowicz complex of (M, F); its cohomology groups Hy (M /F)
are called the basic Lichnerowicz cohomology groups of (M, F).

This is a basic version of the classical Lichnerowicz cohomology, motivated by
Lichnerowicz’s work [7], also known in literature as Morse-Novikov cohomology. We
also notice that Vaisman in [15] studied it under the name of "adapted cohomology”
on locally conformal Kéhler (LCK) manifolds. Some notions concerning to such a
basic Lichnerowicz cohomology of real foliations may be found in [4].

In this moment we can not say if the operator dy  satisfies a Poincaré type
Lemma, but if the basic function f does not vanish everywhere we have

Proposition 7. Let ¢ be a basic r-form defined on some neighborhood U of M
adapted to the foliation F such that dy yo = 0. Then there exists a basic (r — 1)-
form 1 defined on a neighborhood U C U such that fo = dy, s —dp f N).

Proof. Let ¢ be as in hypothesis. From dj y¢ = 0 because f # 0 we easily obtain
dpop =0, 0= dp(log ). (24)

But the operator dy ¢ satisfies a Poincaré Lemma, see the proof of Proposition 3.1.
from [15], (here we restrict the considerations from [15] to basic forms), and thus
there exists a basic (r — 1)-form defined on U’ C U such that

@ = dyet
= dy — dy(log [T A
— di—r
= dblb—(r—l)%/\ﬂf—%/\ib
= Y — ot Ay — B Ay
7 7
- }(db,w—dbfw)

which ends the proof. O
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Let us return now to announced basic Lichnerowicz type cohomology attached
to a basic function. For this purpose we consider again # € Q'(M/F) be a dy-closed
basic 1-form. If f is a basic function then we define the following operator:

dy,rop = dp s — fONQ, 0 € Q(M/F). (25)

Taking into account that dj ¢(f0) = 0 an easy calculation using Proposition 1 (iii)
leads to dg’ 70 =0 Thus, we obtain the differential complex

0 — QUM/F) 2 QU My F) I g MmyF) — 0 (26)

which is called the basic Lichnerowicz complex attached to the basic function f of
(M, F); its cohomology groups H} ,(M/F) are called the basic Lichnerowicz coho-
mology groups attached to the basic function f of (M, F).

In the following we prove some classical properties of Lichnerowicz cohomology
adapted to our basic Lichnerowicz cohomology attached to a basic function.

Proposition 8. The basic Lichnerowicz cohomology attached to a basic function f
depends only on the basic class of 0. In fact, we have the isomorphism

Higa,0(M/F) = Hjo(M/F).
Proof. By direct calculus we easily obtain dy (e’ ) = €“dp, f,9—d,0p, Where o is a
basic function and thus the map [¢] — [e7¢] is an isomorphism between cohomolo-
gies H;,@—dbcr(M/j:) and H;’(,(M/}"). O
Proposition 9. For any basic forms ¢, 1 € Q*(M/F) we have

dy,1.0( AY) = dp s A+ (—1)3EPp A dy 1 9. (27)

Proof. It follows by direct calculus using the definitions of d;,  and dy, s 9 and Propo-
sition 1 (iii). O

Also, if 61 and 0, are two dj-closed basic 1-forms then
df7b791+92 (4,0 N) = db,fﬁl‘p AN+ (_1)dogw‘p A db,fﬂzw?
which says that the wedge product induces the map
A Hyly (M/F) x Hpy (M/F) — Hpg'%) (M/F).
Corollary 3. The wedge product induces the following homomorphism

A:Hfo(M/F) x Hf _o(M/F) — Hf' (M/F).
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If F is transversely holomorphic then similar basic Lichnerowicz cohomology
attached to a basic function of Dolbeault and Bott-Chern type can be defined.
Taking into account the decomposition = 010 + 6%, we have a decomposition of
db7 1.0 into

dy.f.0 = Os, 50+ 0,50, Oo g0 = Obp — FOON, Dy o = Dy p — FOOT A (28)

Now, from dg’ 70 =0 we obtain

_2 J— J—
Oi 1.0 = Ob.1.0 = Ob,1.605,7.6 + Db,1.005,10 = 0. (29)
The diferential complex

I grat () B gy F) B2 )

is called the basic Dolbeault-Lichnerowicz complex attached to the basic function
f of (M,F); its cohomology groups denoted by H;)”g' (M/F) are called the ba-
sic Dolbeault-Lichnerowicz cohomology groups attached to the basic function f of
(M, F).

The differential complex
O 1.00, 9 0
s QL g ) PO apa g ) 0D

D051 LM F) & QP MYF) — .. (31)

is called the basic Bott-Chern-Lichnerowicz complex attached to the basic function
f of (M, F) and its cohomology groups

9 9
Ker{Q®* 21 Qetle} N Ker{Q** =1 Qo)

Hyg po(M/F) = ——
Im{Q'—l,o—1 b,fﬂ)},fﬂ Qo,o}

are called the basic Bott-Chern-Lichnerowicz cohomology groups attached to the basic
function f of (M,F).

Similarly as above, Propositions 10, 11 and Corollary 3 hold for basic Dolbeault-
Lichnerowicz cohomology attached to a basic function.

Finally, we notice that a relative cohomology for the basic Lichnerowicz coho-
mology attached to a basic function may be considered. Let us consider again a
morphism of two foliated manifolds p : (M, F) — (M, F'). Taking into account
(18) we obtain

db,u*f,u*eﬂ* = M*db,f,e (32)

for any basic function f € Fy(M') and for any dy-closed basic 1-form 0 ¢
QY (M’ /F'). Indeed, for ¢ € Q" (M'/F), we have

Ay fro(™p) = dy e p(1p) = " fR"0 A pep
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= wdy o — 1 (fOA )
= M*(d;,f,e‘ﬂ)-

The relation (32) says that we have the homomorphism
W Hp (M F) = Hypg(M/F) 1] = 1)

We define the differential complex

o Q" (1) Dsg Q" (1) sy
where
QT(M) = QT(M//*F/) ©® Qr_l(M/f)v and d~b,f,9((107¢) = (d;j,e%ﬂ*‘P - db,u*f,u*ew)'

Taking into account d;ffﬂ = dg’ e g = 0 and (32) we easily verify that c?i 0=
0. Denote the cohomology groups of this complex by H]’c o(1).

Analogouly, we obtain the corresponding cohomology groups Hjﬁ”(;(u) for trans-
versely holomorphic foliations.

Now, by the same technique as in Subsection 2.3. we can obtain the analog
of Propositions 5 and 6 for the basic Lichnerowicz cohomology attached to a basic
function H$,(M/F) and Hfg(n), respectively.
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