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Method of construction of topologies on any finite set
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Abstract. Let a topology 7 be defined on a finite set. We give the definition of
quasiatoms in the lattice (7, C) and study their properties. For any splitting of a finite

set X into k subsets we give a method of constructing any topology on the set X for
which this splitting is the set of all quasiatoms and the weight of this topological space
is equal to k.
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1 Introduction

In this article we study the properties of topologies which are defined on a finite
set. This article is a continuation of the articles [1] and [2]. For any topology which
is defined on a finite set we give the definition of quasiatoms in the lattice of all open
sets in this topology ! and we study their properties (see Theorem 1).

Moreover, for any splitting of a finite set X into k£ subsets we give a method of
constructing any topology on X for which this splitting is the set of all quasiatoms
and the weight of this topological space is equal to k (see Theorem 3).

2 Quasiatoms and their properties

1. Construction of quasiatoms.

Let 7 be a topology on a finite set X. We construct by induction:

- The sequences X1(7),...,X;(7) and X{(7),...,X/(7) of subsets of the set X;

- The sequence of natural numbers sq, ..., S;

- The sequence X1(7),...,X(7), where X;(7) is a subset of the set X for any
1< <t

- The set X (1) of subsets of the set X as follows:

1.1. We take:

Xi(1) = X;

The set X;(7) is equal to the set of all atoms in the lattice (7, C);

Xi(n= U U

UeXi(r)

© V.I. Arnautov, 2012
Tt is known that (7, C) is a lattice for any topology 7. Necessary concepts from lattice theory
can be found in [3] and [4].
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1.2. Suppose that for natural number ¢ have already been defined:

- The sequences Xi(7),...,X;(7) and X{(7),..., X/(7) of the subsets X;(7) and
X' (7) of the set X;

- The sequence of natural numbers sy, ..., s¢;

- The sequence X1(7),...,X;(7), where X;(7) is some subset of the set X, for
1< <t

1.3. We take: .
X1 () =X\ U X{() and 7411 = 7[x,,(r) = {UN X2 (7)|U € 7}
j=1

Let’s consider the set )A(itH(T) of all atoms in the lattice (1441, C) and also we
take X/ ()= U U.
UE)?t+1(T)
1.4. As X;11(7) C X;(7) for any ¢, then from the finiteness of the set X it
follows that there exists such natural number k that X;,; = 0. Then we take

~ ko _
%(r) = U K,
Remark 1. Tt is easy to notice that X/(7) C X;(7) for any 1 <17 < k.

Definition 1. If 7 is a topology on a finite set X, then any nonempty subset
U € X;(7) of the set X is called an atom of the level 7 in the lattice (7, C).

Every atom of some level is called a quasiatom if there is no necessity to specify
its level.

Theorem 1. (Necessary designations see above in the construction of quasiatoms.)
Let:
7 be a topology on a finite set X;
UeX(t)andV(U)= (| W;
Wer,UCW
Si(U,m)=V{U)NX/(1) for 1 <i<k.
Then the following statements are true:

Statement 1. The set {U | U € X(7)} is a splitting of the set X.
Statement 2. The set {X{(7),...,X.(7)} is a splitting of the set X.
Statement 3. The set {X;(7) |1 <i <k} is a splitting of the set X (7).

Statement 4. IfU € X(7) and i(U) is a natural number such that U € )Z'Z-(U) (1)
|

(the existence and uniqueness of the number i(U) follow from the fact that {)A(:,(T)
1< i<k} is a splitting of the set X(7) (see Statement 3)) then:

U=SU,1) fort=1iU);

Sy(U, ) £ 0 for 1 <t <i(U);

S (U, m) =0 fori(U) <t <k.
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Statement 5. If U,U’' € X(7) and U'(\Sy(U,7) £ 0 for some 1 < t < k, then
SqU',7) C Se(U,T) for any 1 < q <i(U").
~ i(U)
Statement 6. If U € X(7), then V(U) = U Si(U, 7).
t=1

Statement 7. If U € X(7), then U = V(U) sz((U) =V({U)N Xiw)-

Statement 8. The set {V(U) | U EX(T)} is the minimal base of the topological
space (X, 7) and the cardinal of the set X (7) is equal to the weight of the topological
space (X, T).

Proof. Statement 1. Let x € X and m = max{i | € X;(7)}. Then z ¢
m m—1

Xpt1() =X\ U X/(r) and z € X,,,(1) = X \ U X/(7), and hence, z € X/, (7).
i=1 i=1

As X! = |J U, then z € U for some U € X,,(7) C X (7).
UeXm
From the randomness of the element z € X it follows that X = |J U.
UeX(r)
Let now U,Uz € X(7) and Uy # Uz. Then there are natural numbers

1 <i,j < k such that U; € X;(7) and Uy € X;(7).

Ifi# jandi < j (see 1.3 and Remark 1), then U C X’(7) C X; C X\ J Xj(7)
1<j
and Uy C X/(7), and hence,

v (0 € XD (XN XI() =0,

1<j

i.e. in this case Uy Uz = 0.

For the case when j < i the equation Uy (U = ) is proved analogously.

Let now @ = j. Then U; and U, are atoms in a lattice (73, C). As Uy (\Us € 7;
and Uy (U C Uy, then Uy (U2 = 0 in this case, too.

Statement 1 is proved.

Statement 2. We prove this statement by induction on the number k.

If £ = 1, then X5(7) = 0, and hence, the set X is the union of all atoms
of the lattice (1,C), i.e. X = U U = X{(r). Then {X](7)} is a splitting of

UeXi(r)

the set X.

Let now for k£ = ¢ and for any finite topological space Statement 2 be proved and
let k =1t+1.

As the set of all atoms of the level i — 1 in the lattice (7|x,(r), C) of topological
space

(X2(7), Tl xa(r)) = (X \ X1(7), TIx\x7 ()
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coincides with the set of all atoms of a level i in the lattice (7, <) of topological
space (X, 7) for any 2 <1 < ¢+ 1, then by the inductive assumption,

{Xo(7), -, Xia (M)} = X1 (Tl xy () - Xi (Tlxxy () )

is a splitting of the set X \ X{(7). Then {X|(7),X5(7),..., X[ (1)} will be a
splitting of the set X.
Statement 2 is proved.

Statement 3. As, according to 1.4, X (7) = |J X;(7), then it should be checked

IC-

up that )Z,n)}‘] = () for i # j.
We assume the contrary, i.e. that X;(7) () X;(7) # 0 for some numbers i # j.
We can assume that ¢ < j. Then U C X/(7) and

UCXi(r)=X\ UXl ) C X\ X/(7).

We have received the contradiction, hence X;(7) (X (1) = 0.
Statement 3 is proved.

Statement 4. Let U € X (7). Then (see the definition of the number i(U))
U e )Z'Z-(U)(T), and hence, U C X';q;)(1). As U is an atom of the level i(U)
then there exists such Vo € 7 that U = Vo) X;)(7), and as (see Remark 2)
X'y (1) € Xyy(7), then U C X’ (M NV S X 0 (T)NVo = U, and hence,
U= VoﬂXZ((U)(T).

If t = i(U), then U € X,(7), and hence, U C X/(1). As UC [ W =
Wer,UCW
V(U) then U C V(U) N X}(7) = Si(U, 7).

If now x € S¢(U,7) = V(U) X}(7) then z € X[(7) = |J W, and hence,
WeX(r)
z € Wy for some Wy € Xy(7) and z € V(U). As 0 £ WoOV(U) € 7| x,(r) and Wo
is an atom in the lattice (7|x,(r), €), then Wy C Xj(7) and Wy € V(U). Then

:ceWOQV(U)ﬂXt’(T):( N W)ﬂXtI(T)QV()ﬂXtI(T):U.

Wer,UCW

From the randomness of the element z it follows that Sy(U,7) = V(U) N X/(T) C U
and hence, S;(U,7) =V (U) N X/(7) =

We prove Statement 4 for the case when t = i(U).

Let now 1 <t <i(U) < k. As (see 1.3) Xy (7) € X¢(7), then
UC Xoy(r)NV(U) € V(U)N Xi(1) € 7¢ (the definition of 7; see in 1.3). From
the finiteness of the set 7; it follows that there exists an atom W in the lattice (7, C)
such that W C V(U)( X¢(7). Then W € X,, and hence, ) £ W C X/(1)\V(U) =
St(U, 7').
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We have proved Statement 4 for the case when ¢t < i(U).
Let now i(U) < t < k. Then (see the construction of the sets X;(7) in 1.3)

= X\ |JXi(r) € X\ X (7),
=1

and hence,

St(U,T)ZV(U)ﬂXt’(T)gvoﬂXt’gvoﬂ( 2 ﬂXt>_
(VoﬂXz(U )ﬂXt UﬂXé( ) C X (T )ﬂXt/(T):@

(the definition of the set Vj see above), i.e. Si(U,7) = 0.
Statement 4 is proved.

Statement 5. Let U, U’ € X (7) and U’ () Sy(U,7) # 0 for some 1 < t < k.

If . € U'NS(U,7) then x € U' = Syyy(U', 1) C X;(U,)(T) and z € Sy(U, ) C
Xi(7). As (see Statement 2) X;(7)( X}(7) = 0 for i # j then t = i(U").

From the definition of the number i(U’) (see Statement 4) it follows that U’ is
an atom in the lattice (7;¢), C). As V(U) [ X;wr)(7) € Ty and

U (V) () X (1)) = U ((Siqn (U 7) £

then U’ (S, (U, 7) = U’, and hence, U’ C S; (U, 7) € V(U). Then V(U') =

N W C V(U), and hence,
Wer,U'CW

S, (U’ MV U) € XY(r)[\VU) = Sy(U,7)

for any ¢ <i(U").
Statement 5 is proved.

Statement 6. Let U € X (7).
From the definition of the sets Sy(U, T) (see the formulation of this theorem) it
follows that

1) 1)
sw.n = J (v N xiw,n) cvo).
t=1 t=1
Let now z € V(U). As (see Statement 2) {X{(7),..., X, (7)} isa splitting of the

set X then z € X (7) for some 1 < ¢ <k, and hence z G V(U) N Xg(7) = Sy(U, 7).

Then (see Statement 4) ¢ < i(U), and hence, z € U Se(U, 7).
t=1
From the randomness of the element z € V(U) it follows that V(U) C
i(U) i(U)
U S:(U,7), and hence, V(U) = |J S¢(U, 7).

t=1 t=1
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Statement 6 is proved.

Statement 7. If we apply successively Remark 2, Statement 6, Remark 2, and
Statement 4 then we obtain

i(U)
U V) ) Xy () € VIO ) Xy () = (I $:0.7)) () Xy () €

i=1

i(U)—1
(U %) Usian@0) X (r) =

i(v)-1
<( L_J XZ((T))mXi(U)(T)) U(Si(U)(UyT)ﬂXi(U)(T)> =

Siwn (U, ) () Xian(7) = Sin (U, 7) =1,

and hence, U = V(U) sz((U) (1) =V(U)NXiw)(T).
Statement 7 is proved.

Statement 8. In the beginning we shall show that the set {V(U) | U € X(7)}
is a base of the topological space (X, 7). B

Let W € 7 and € W. Then (see Statement 1) x € U, for some U, € X (7). As
(see Statement 4) U, € Xjy,)(7) then U, is an atom in the lattice (7;y,), C) and
r e WNU; € 7yp,). Then WU, = U, and hence, U, C W. From the definition

of the set V(U) for U € X it follows that V(U,) C W. Then W = |J {2} C

zeW
U V(U,) €W, and hence, W = |J V(Uy,).
zeW xeW

From the randomness of the set W € 7 it follows that the set {V (U) | U € X (1)}
is a base of the topological space (X, 7).

Now let’s show that the set {V(U) | U € X(r)} is the minimal base of the
topological space (X, 7).

Let B be the minimal base of the topological space (X, 7).

If Up € )N((T) and x € Uy then there exists Wy € B such that z € Wy C V(Up).
As Up € Xy (7) and x € Uy () Wy then

0 # Uy m Wy = U ﬂ(Wo ﬂ Xi(Uo)(T)> € Ti(Uo)»

and as Up is an atom in the lattice (7;y,), €) then Uy C Wo.

Then V(Uy) = N W C Wy CV(Up), and hence, V(Uy) = Wy € B.
Wer,UgCW

From the randomness Uy € X (7) it follows that {V(U) | U € X (1)} C B, and as
B is the minimal base of the topological space (X, 7) then {V(U) |U € X(71)} = B,
and hence, {V(U) | U € X(7)} is the minimal base of the topological space (X, 7).

To complete the proof of this statement it remains to check up that V(U) #
V(U') for any U,U’" € X (1) such that U # U’.
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We suppose the contrary, i.e. that V(U) = V(U’) for some U,U’ € X(7) and
U+U'.

We can assume that i(U) < i(U’).

If i(U) = i(U’) then (see Statement 7) U = V(U) N X;)(7) =
V(U')N Xiwn (1) = U'. We have received the contradiction, and hence, V(U) #
V(U’) for the case when i(U) = i(U").

If i(U) < i(U’) (see 1.3) then X (1) D Xyr)(7). Then (see Statement 7 and
Remark 2)

X’L/(U)( D U = V m XZ(U (U/) m Xi(U’)(T) =U

and U’ C XZ{(U,)(T), and hence, XZ((U) (1) ﬂXZ((U,)(T) # ().

We have received the contradiction with the statement 2, and hence, V(U) #
V(U’") and for the case when i(U) # i(U").

Statement 8 is proved, and hence, the theorem is completely proved. O

Theorem 2. Let:

-7 and 7' be topologies on a finite set X ;

- X(7) and X (7') be the sets of all quasiatoms in the lattices (1, <) and (7, C),
accordingly;

- Xi(7) and X;(7') be the sets of all atoms of a level i in the lattices (7,C) and
(7', C), accordingly, for i € N;

-k = max{i | X/(7) # 0} and k' = max{i | X|(r') # 0};

-X/(r)= U UandX[(7)= U Ufor1<i<k;
UeX;(r) U'eX;(')
- Si(U,T) = ( N W) N X/(1) for any U € X(7) and any 1 < i < k and
Wer,UCW
SZ'(U/,T/):< N W’)ﬂX{(T’) Jor any U’ € X (') and any 1 <i < k';
W'er" ,U'CW’

-i(U) and i'(U’) be such natural numbers that U € )A(:Z((U) (1) and U’ € )Z'Z((U,)(T’)

for U e X (1) and U’ € X (7).
Then T =1 if and only if the following equalities are true:
1. k=FK and X;(t) = X;(7') for any 1 <i < k;
2. X'i(1) = X'i(7') for any 1 < i < k;
3. X(1)=X(7'); _ N
4. (U) =" (U) for any U € X (1) = X(1');
5. S;(U,7) = S;(U, ™) for any U € X (1) and any 1 < i <i(U).

Proof. Necessity. Let 7 = 7'. _ _
From the construction of atoms of a level i (see 1.4) it follows that X;(7) = X;(7')
for any 7 € N.
Then k = k' and X';(7) = X';(7') for any 1 <i < k.

- k k' ~
Moreover, X(7) = LZJX,( T) = 'L:jl Xi(t") = X(7') and i(U) = (U) for any

UeX.
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As n ws= N W for any U € X then
wer,UCW Wer' \UCW
swn=( N wNxO=( N w)NxiE) = w7,
Wer,UCW Wer . UCW

for any U € X and any 1 < i < i(U).
Necessity is proved.

Sufficiency. Let topologies 7 and 7/ be defined on a finite set X and let equalities
1 -5 be true.

If V(U) = N W and V/(U) = (1 W, then (see Statement 8 of
Wer, UCW Wer' UCW

Theorem 1) {V(U) | U € X(7)} and {V'(U) | U € X (')} are bases in topological
spaces (X,7) and (X, 7’), accordingly.

Then (see Statement 6 of Theorem 1)
1) 1)
V)= suw,n) = J suu,7) = v'(v),
t=1 t=1

and hence, {V(U) |U € X(r)} = {V'(U) | U € X(+)}.
As any topology is defined unique by any its base then 7 = 7/.
The theorem is completely proved. O

2. A method of the construction of topology on any finite set

Theorem 3. Let us have:

1. A finite set X which has the cardinality n;

2. A natural number k, 1 <k <mn;

3. A splitting X = {U1,... U} of the set X;

4. A splitting {)?1,...,)}15} of the set X and let XJ’» = U Uforanyl<j<t;

UeX;

5. For every U € X we shall designate by i(U) such a natural number that
U € )N(Z-(U) (as {X; | 1 < i <t} is a splitting of the set X then the number i(U)
exists and is unique);

6. For any U € X and any 1 < 5 < i(U) there exists such a nonempty subset
S](U) g Xj/ that:

- Sian(U) =U for any U € X;

SIFUU € X and S;(UYNU' # 0 for some i < i(U), then S;(U’") C S;(U) for
any 1 <1 <4(U").

Then the following statements are true:

Statement 3.1. {X]’ | 1 < j <t} is a splitting of the set X.

Statement 3.2. There exists the unique topology T on the set X such that the
following statements are true:
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i(U)
3.2.1. U S;(U) = n w;
j=1 WerUCW
3.2.2. The weight of the topological space (X, T) is equal to k;

3.2.3. X; = X;(7) and X! = X/(7) for any 1 < i <t, and hence,

(the definition of the set X (1), the set X;(7)), and the set X!(7) see in 1.3);

3.2.4. Si(U,T)=S;(U) for any U € X and any 1 < i < i(U) (the definition of
the set S;(U,T) see in Theorem 1).

Proof. Statement 3.1. If z € X then there exists U € X such that z € U
(see the condition 3 of this theorem). Then (see the condition 6 of this theorem)
xelU= Si(U)(U) - Xz((U)'

From the randomness of the element z € X it follows that X = Ltj X!

To complete the proof of this statement we need to check up thlath{ NX; =10
for i # j.

We assume the contrary, i.e. that X{ﬂX]’- # () for some i # j, and let 2z €
X{(NX}. Then (see the condition 4 of this theorem) there are U € X; C X and
RS 3(: C X;(7) such that z € U and z € U'.

As X1,..., X, is asplitting of the set X and i # j then U # U’, and as z € U (U’
then we receive the contradiction whit the condition 3 of this theorem.

Statement 3.1 is proved.
~ i(U)

Statement 3.2. For any U € X we consider the set W(U) = |J S;(U), and let

i=1
B={W(U)|Ue X}.

We designate by 7 the set of all subsets of the set X each of which can be
presented as a union of some sets from B.

We show that 7 is the required topology on the set X.

As(= |J U then () € 7.
Ued

Let now z € X. Then (see the condition 3) z € U for some U € X, and hence,
iU)
i=1

From the randomness of the element z € X it follows that |J W(U) = X, and
Uex
hence, X € 7.

Let now A,C € T and z € A C. _
As X is a splitting of the set X then there exists U, € X such that x € U, =

Sz‘(Uz)(Ux)-
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From the definition of the set 7 it follows that there are U € X and U’ € X such
that x € W(U) C Aand z € W(U') C C.

i(U)
As W({U) = U Si(U), then x € S;,(U) for some 1 <1y < i(U).
i=1

So, we have that U,U, € X and z € S;, (U) (U

As z € Uy = Syu,) C X(U ) and z € Sy (U) € X| then (see Statement 3.1)
i(Uz) =11 < i(U). Then (see the condition 6) S;(U,) C S;(U) for any 1 <1 < i(Uy),
and hence,

Z(Uz Z(Ucv

i(U)
U Sy(U, U SU) < | suv)y=ww) c A
=1

Similarly, it is proved that W(U,) C W(U’) C C.
Then W(U,) C AN C for any element 2z € A[|C, and hence,

ANc= U {1 U ww.) c4ac

z€eANC zeANC
ie. ANB = |J W(U,). From the definition of the set 7 it follows that
zeANC
ANC e

As any union of sets each of which is some union of sets from B is a union of
sets from B then 7 is a topology on the set X.

Now let’s check up that for the topology T Statements 3.2.1 — 3.2.4 are true.

3.2.1. Let U € X and let W € 7 be such that U CWw.

Let’s choose some element = € U. From the definition of the topology 7 it follows
_ «(U")
that there exists U’ € X such that x € W(U') CW. As W(U') = U S;(U") then

z € Sj,(U’) for some jo < i(U").

Then z € U S},(U’), and hence, (see the condition 6) S;(U) C S;(U’) for any
1<1<i(U).

Asz e U= Sy)U) < XZ{(U) and x € S;,(U’) C X/ then from Statement 3.1 it
follows that i(U) = jo < i(U’).

i(U) i(U")
Then W(U) = U S|(U) C lL—Jl S)(U") = W(U') C W.

From the randomness of the set W € 7 it follows that W(U)C [ W.
Wer,UCW
y(U)
Moreover, as U = S;)(U) C U Si(U)y=wW(U)erthen [ WCW(),

Wer, UCW
and hence, N w=w(@).
Wer, UCW
Statement 3.2.1 is proved.
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3.2.2. We notice that from the definition of the topology 7 it follows that the
set B is a base of the topological space (X, 7).

Let’s show that B is the minimal base of the topological space (X, 7).

Let B’ be the minimal base of the topological space (X, 7) and let W € B. Then

W=WU)= |J Si(U) for some U € X.
t=1

We choose some element z € U. Then z € U = Siwy(U) € W(U), and as
W (U) € 7 then there exists W’ € B’ such that z € W' C W (U). _
As W' € 7 then (see the definition of the topology 7) there exists U’ € X such
W(U")
that z € W(U') = |J S;(U’") € W, and hence, = € S}, (U’) for some 1 < jo < i(U’).

=

1
Then z € U()S;,(U’), and according to the condition 6 S;(U) C S;(U’) for any
1 <4(0).
Moreover, as in the proof of Statement 3.2.1 it can be proved that i(U) = jo <
i(U"). Then

i(U)

i(U)
U S;U) < | st
7j=1

WU Ccw' CcWwW(U),

N
C
A
s
[

i.e. W(U)=W’e B'. From the randomness of U € X it follows that B C B/

Then from the minimality of the base B’ it follows that B = B’.

To complete the proof of Statement 3.2.2 it remains to prove that W (U) # W (U’)
for any U,U’ € X and U # U’

We can assume that ¢(U) < i(U’).

If i(U) < i(U’) (see the definition of the set W(U), the property 6, and
Statement 3.2.1) then

i)
)V X = (U $i0)) X € (i:UIXQﬂX&U'F@#
Siwn @)= (( U (@) N Xhwry) U(Sion N Xiy) =

G0
( U Si(U/)> () Xl = WU () Xiwn,
=1

and hence, W(U) # W (U") for the case i(U) < i(U").
If i(U) = i(U’) then (see Statement 3.2.1)

i(U)

DKy = (U $40) Xy = Siay =U #
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i(U)

= Siw) =<U5 ) N Xiw) = W0 X

and hence, W(U) # W(U’) for the case i(U) = i(U’), too.
Statement 3.2.2 is proved.

3.2.3. We prove the equalities X; = X;(7) and X; = X’;(7) by induction on .
Let ¢ = 1.

In the beginning let’s prove that X C X, (7).

We assume the contrary, i.e. that )Afl ¢ X1(7), and let U € X; \ X;(7). Then

i(U) = 1, and hence, U = S1(U) = US()ET As U ¢ X,(r), then W C U,

for some W € 7. From the deﬁnltlon of the topology 7 it follows that there exists
(U
U’ € X such that |J S;(U’) €W C U, and hence, S1(U")\U = S1(U’) # 0. Then
i=1
by the condition 6 U = S1(U) € S1(U') €W C U, and hence, U =W.
We have received the contradiction (see the choice of U), and hence, X1 C Xi(7).
Let now U € Xi(7). Then U is an atom in the lattice (7, C), and hence, U € 7.
From the definition of the topology 7 it follows that there exists U’ € X such that
i(U")
W({U') = U Si(U") C U. By the condition 6 of this theorem X| D S1(U’) # 0.

i=1
As X, = U then Uy S1(U’) # O for some Uy € X;. Then i(Uy) = 1 and
WE)ZH
W(U")
by the condition 6, we receive that Uy = S1(Up) C S1(U') € U S;(U’) C U. As
1=1
Uy = U Si(Uy) € 7 and U is an atom in the lattice (7, C) then U = Uy € )Z'l.
i=1

From the randomness of the set U € X;(7) it follows that X;(7) C Xi, and
hence, X1(7) = X.

Then X1= UJ U= U U=Xj().

UeXy UeXi(r)

Hence, the equalities X; = X;(7) and X; = X’;(7) for i = 1 are true.

We suppose that the equalities )Z'Z(T) = X, and X!(1) = X! are true for i < s
and any finite set, any natural number k, any set )Z', the sets )A(:l, . ,)A(:k, and the
subsets S%(U) = Ss;(U) for U € Y and j < k — s for which the conditions of this
theorem are satisfied.

Let’s consider:

-ThesetY:X\<U X;);
=1

- The natural number k — s;
~ ko

-Theset Y = U X
_ i:s~+1 " "

- The sets Y1 = Xs41,..., Y1 = Xy; _

- The subsets S%(U) = Ss4;(U) for U € Y and j <k — s.
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It is easy to notice that the conditions of this theorem are satisfied for them.

Then applying Statements 3.2.1, 3.2.2 and 3.2.3 for the case i = 1 we can construct
i(U)—s .
a topology 7' on the set Y such that the set {W'(U) = U SU)|U€eY}isa

base of the topological space (Y, 7') and Y, = }71(7" ).
As §; C X[ for 1 <i < sand X/ X] =0 fori#j then

() i) i(U) s
W= U sw= U s =(Use)N\(Ux)) =
i=1 i=s+1 i=1 i=1

i(U) s
(Us@)N(x\ (Uxio)) =W Xen(e)

As the sets {W/(U) | U € Y} and {W(U) | U € X} are bases of the topological
spaces (Y,7') and (X, 1), accordingly, and

Y =X\ (O X{) =X\ <O X{(T)) = Xs41(7)
i=1 i=1

then 7/ = 7'\)(8+1 = Tst1 and hence, the set X8+1 371 is the set of all atoms in the
lattice (Toq1,C), i, Xop1 = Xop1 (7).

Then
s+1 U U= U U= XS+1( )
U6X5+1 U6X3+1( )

Statement 3.2.3 is proved for case i = s + 1.

3.24. As X/(r) = X] for any 1 < i < ¢ then (see Statements 3.2.1,
3.1, and the condition 6) S;(U,7) = V(U)N X;(7) = <nV€T,U§V V) NXj(r) =
(UL s:0)) N X5 = S50,

So, we have proved that S;(U,7) = Sj(x) for any 1 < j <t and any U € X.

Statement 3.2.4 is proved.

To complete the proof of Statement 3.2 it is necessary to check up the uniqueness
of the topology for which Statements 3.2.1 - 3.2.4 are true. But it follows from

Theorem 2.
Statement 3.2 is proved, and hence, the theorem is completely proved. O

Example 1. The method which has been specified in Theorem 3 will be applied
now for constructing a topology 7 on a finite set X of cardinality n.

1. We fix a positive integer k& < n (number k be the weight of the topological
space (X, 7)).

2. Consider a partition X of the set X into k subsets (the set X be the set of
all quasiatoms in the topological space (X, 7)).
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3. Fix a natural number ¢t < k and consider a sequence ki,...,k; of positive
¢
integers such that > k; = k.
i=1
4. Consider a sequence )Z'l, . ,)Z't such that the set {)Z'l, ... ,)Z't} is a partition
of the set X and |X;| = k; for 1 <i <t. (For every 1 <4 <t the set X; be the set
of all quasiatoms of level i in the topological space (X, 7).)

5. For any integer 1 <4 < ¢ we consider the set X; of all nonempty subsets of
the set X;.

6. For any integer 2 < ¢ <t we consider a map f; : )Z'Z — X, 1.

7. For any positive integers 1 < ¢ < j < t and any U € )A(:j we consider the
positive integer i(U) = j and the subset S;(U) of the set X; such that S;(U) = {U}
for i = j and S;(U) = fix1(fira(-.. f;(U)...)) for 1 < i < j.

It is easy to see that the natural number k, the partition X of the set X , the
sequence X7, ..., X, and subsets S;(U) of the set X; satisfy the conditions of The-
orem 2, and hence, on the set X there exists the unique topology 7 for which the

1
set { (L[J]) U € X} is a base of the topological space (X, 7).

7j=1
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