
BULETINUL ACADEMIEI DE ŞTIINŢE
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differential equations of fifth order with n-deviating

arguments
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Abstract. In this paper, we study the instability properties of solutions of a class of
nonlinear functional differential equations of the fifth order with n-constant deviating
arguments. By using the Lyapunov-Krasovskii functional approach, we obtain some
interesting sufficient conditions ensuring that the zero solution of the equations is
unstable.
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1 Introduction

In 1990, Li and Duan [6] proved some instability theorems for the nonlinear
differential equation of the fifth order without delay,

x(5) + f5(x
′′′)x(4) + f4(x

′′)x′′′ + f3(x
′′) + f2(x

′) + f1(x) = 0. (1)

Later, in a recent paper, Tunç [15] improved the results obtained for Eq. (1) to
the nonlinear differential equation of the fifth order with a constant delay r,

x(5) + f5(x
′′′)x(4) + f4(x

′′)x′′′ + f3(x, x(t − r), ..., x(4), x(4)(t − r))x′′

+f2(x
′(t − r)) + f1(x(t − r)) = 0.

In this paper, instead of these equations, we consider the nonlinear differential
equations of the fifth order n-constant deviating arguments τi,

x(5) + f5(x
′′′)x(4) + f4(x

′′)x′′′ + f3(x, x(t− τ1), ..., x(t− τn), ..., x(4), ..., x(4)(t− τn))x′′

+

n
∑

i=1

gi(x
′(t − τi)) +

n
∑

i=1

hi(x(t − τi)) = 0. (2)

We write Eq. (2) in the system form as follows

x′ = y, y′ = z, z′ = w,w′ = u,
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u′ = −f5(w)u − f4(z)w − f3(x, ..., x(t − τn), ..., u, ..., u(t − τn))z

−

n
∑

i=1

gi(y) −

n
∑

i=1

hi(x) +

n
∑

i=1

t
∫

t−τi

g′i(y(s))z(s)ds

+
n

∑

i=1

t
∫

t−τi

h′
i(x(s))y(s)ds, (3)

where τi are positive constants, n – fixed deviating arguments, the primes in Eq. (2)
denote differentiation with respect to t, t ∈ ℜ+, ℜ+ = [0,∞); f5, f4, f3, gi and hi

are continuous functions on ℜ,ℜ,ℜ2n+2,ℜand ℜ, respectively, with hi(0) = gi(0) =
0, and satisfy a Lipschitz condition in their respective arguments. Hence, the exis-
tence and uniqueness of the solutions of Eq. (2) are guaranteed (see Èl’sgol’ts [1],
pp. 14, 15). We assume in what follows that the functions fi and gi are also dif-
ferentiable, and x(t), y(t), z(t), w(t) and u(t)are abbreviated as x, y, z, w and u,

respectively.

To the best of our knowledge from the literature, so far, the instability of solu-
tions for nonlinear differential equations of the fifth order with multiple deviating
arguments has not been investigated. However, since 1978 up to now, the instability
of solutions of various nonlinear scalar and vector differential equations of the fifth
order without or with a delay has been investigated and is still being studied by
researchers. In particular, for some results proceeded on this topic related to these
type equations, the reader can refer to the papers of Ezeilo [2]-[4], Li and Duan [6],
Li and Yu [7], Sadek [8], Sun and Hou [9], Tiryaki [10], Tunç [11]-[17], Tunç and
Erdogan [18], Tunç and Karta [19], Tunç and Sevli [20]. In all these papers, the au-
thors used some suitable Lyapunov functions or functionals as basic tool to achieve
their proposed goal in the works. They also based on the Krasovskii’s properties
(see Krasovskii [5]) to study the instability of solutions of the equations considered
therein. In this paper, we employ the Lyapunov-Krasovskii functional approach to
investigate the subject for Eq. (2) by defining two new appropriate Lyapunov func-
tionals. In fact, when we take into consideration the differential equations of the
fifth order discussed in the above mentioned papers and the literature, it can be
seen that all the equations studied there do not include or include only a deviating
argument. However, this paper includes n-deviating arguments and is a continuation
of the instability results related to the scalar nonlinear differential equations of the
fifth order mentioned above (see Ezeilo [2]-[4], Li and Duan [6], Li and Yu [7], Sun
and Hou [9], Tiryaki [10], Tunç [14]-[17]). The researches related to the instability
of solutions are also very important in the theory and applications of differential
equations, and the investigation of this topic for nonlinear differential equations of
the fifth order with multiple deviating arguments takes an important place for the
researchers work in this area. This work makes a contribution to the existing studies
made in the literature.
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Let r > 0 be given, and let C = C([−r, 0], ℜn) with

‖φ‖ = max
−r6s60

|φ(s)| , φ ∈ C.

For H > 0 define CH ⊂ C by

CH = {φ ∈ C : ‖φ‖ < H}.

If x : [−r, A) → ℜn is continuous, 0 < A 6 ∞,then, for each t in [0, A), xt in
C is defined by

xt(s) = x(t + s),−r 6 s 6 0, t > 0.

Let Gbe an open subset of Cand consider the general autonomous delay differ-
ential system with finite delay

ẋ = F (xt), xt = x(t + θ), −r 6 θ 6 0, t > 0,

where F (0) = 0, F : G → ℜn is continuous and maps closed and bounded sets into
bounded sets. It follows from the conditions on Fthat each initial value problem

ẋ = F (xt), x0 = φ ∈ G,

has a unique solution defined on some interval [0, A), 0 < A 6 ∞. This solution will
be denoted by x(φ)(.)so that x0(φ) = φ.

Definition 1. The zero solution, x = 0, of ẋ = F (xt)is stable if for each ε > 0 there
exists δ = δ(ε) > 0 such that ‖φ‖ < δ implies that |x(φ)(t)| < ε for all t > 0. The
zero solution is said to be unstable if it is not stable.

2 Main results

The first result of this paper is the following theorem.
Let τ = max τi, (i = 1, 2, ..., n).

Theorem 1. In addition to all the assumptions imposed on the functions f5, f4, f3, gi

and hi appearing in Eq. (2), we assume that there exist positive constants
a3, b̄i, bi and ci such that the following conditions hold:

hi(0) = gi(0) = 0, hi(x) 6= 0, (x 6= 0), gi(y) 6= 0, (y 6= 0),

−b̄i 6 h′
i(x) 6 −bi, 0 6

∣

∣g′i(y)
∣

∣ 6 ci, f5(w) 6 0

for all x, y, w and

f3(x, ..., x(t − τn), ..., u, ..., u(t − τn)) > a3

for all x, ..., u, ...,u(t − τn).
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If

τ < 2min

{

bi

b̄i

,
a3

n
∑

i=1
(b̄i + 2ci)

}

,

then the zero solution of Eq. (2) is unstable.

Proof. Define the Lyapunov functional V = V (xt, yt, zt, wt, ut) :

V =
1

2
w2 − zu − z

w
∫

0

f5(s)ds −

z
∫

0

f4(s)sds −

y
∫

0

n
∑

i=1

gi(s)ds

−y

n
∑

i=1

hi(x) −

n
∑

i=1

λi

0
∫

−τi

t
∫

t+s

y2(θ)dθds −

n
∑

i=1

µi

0
∫

−τi

t
∫

t+s

z2(θ)dθds, (4)

where s is a real variable such that the integrals
n
∑

i=1
λi

0
∫

−τi

t
∫

t+s

y2(θ)dθds and

n
∑

i=1
µi

0
∫

−τi

t
∫

t+s

z2(θ)dθdsare non-negative, and λiand µiare some positive constants

which will be determined later in the proof.

It is clear that

V (0, 0, 0, ε, 0) =
1

2
ε2 > 0

for all sufficiently small ε. Hence, in every neighborhood of the origin,(0, 0, 0, 0, 0),
there exists a point (0, 0, 0, ε, 0) such that V (0, 0, 0, ε, 0) > 0,which shows that V has
the property (K1), (see [5]).

By a direct computation from (3) and (4), we obtain

d

dt
V = −

n
∑

i=1

h′
i(x)y2 + f3(x, ..., x(t − τn), u, ..., u(t − τn))z2

−w

w
∫

0

f5(s)ds − z

n
∑

i=1

t
∫

t−τi

g′i(y(s))z(s)ds

−z

n
∑

i=1

t
∫

t−τi

h′
i(x(s))y(s)ds −

n
∑

i=1

(λiτi)y
2 −

n
∑

i=1

(µiτi)z
2

+
n

∑

i=1

λi

t
∫

t−τi

y2(s)ds +
n

∑

i=1

µi

t
∫

t−τi

z2(s)ds.
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The assumptions of Theorem 1 and the estimate 2 |mn| 6 m2 + n2 imply

−

n
∑

i=1

h′
i(x)y2

>

n
∑

i=1

biy
2,

f3(x, ..., x(t − τn), ..., u, ..., u(t − τn))z2
> a3z

2,

−z

n
∑

i=1

t
∫

t−τi

h′
i(x(s))y(s)ds > − |z|

n
∑

i=1

t
∫

t−τi

∣

∣h′
i(x(s))

∣

∣ |y(s)| ds

> − |z|

n
∑

i=1

t
∫

t−τi

b̄i |y(s)| ds

> −
1

2

n
∑

i=1

(b̄iτi)z
2 −

1

2

n
∑

i=1

b̄i

t
∫

t−τi

y2(s)ds

and

−z

n
∑

i=1

t
∫

t−τi

g′i(y(s))z(s)ds > − |z|
n

∑

i=1

t
∫

t−τi

∣

∣g′i(y(s))
∣

∣ |z(s)| ds

> − |z|
n

∑

i=1

t
∫

t−τi

ci |z(s)| ds

> −
1

2

n
∑

i=1

(ciτi)z
2 −

1

2

n
∑

i=1

ci

t
∫

t−τi

z2(s)ds

so that
d

dt
V >

n
∑

i=1

(bi − λiτi)y
2 + {a3 − 2−1

n
∑

i=1

(ci + b̄i + 2µi)τi}z
2

+
n

∑

i=1

(λi − 2−1b̄i)

t
∫

t−τi

y2(s)ds +
n

∑

i=1

(µi − 2−1ci)

t
∫

t−τi

z2(s)ds.

Let λi = 1
2 b̄i, µi = 1

2ci and τ = max τi, (i = 1, 2, ..., n). Hence, we have

d

dt
V >

n
∑

i=1

(bi − 2−1b̄iτ)y2 + {a3 − 2−1
n

∑

i=1

(b̄i + 2ci)τ}z
2.

If

τ < 2min

{

bi

b̄i

,
a3

n
∑

i=1
(b̄i + 2ci)

}

,
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then
d

dt
V >

n
∑

i=1

(bi − 2−1b̄iτ)y2 + {a3 − 2−1
n

∑

i=1

(b̄i + 2ci)τ}z
2 > 0,

which verifies that V has the property (K2), (see [5]).

On the other hand,
d

dt
V = 0 if and only if y = z = 0, which implies that

y = z = w = u = 0.

Besides, by hi(0) = gi(0) = 0, hi(x) 6= 0 for all x 6= 0, gi(y) 6= 0for all y 6= 0and
the system (3), we can conclude that d

dt
V = 0 if and only if x = y = z = w = u = 0.

Thus, the property (K3), (see [5]), holds. By the above discussion, we conclude that
the zero solution of Eq. (2) is unstable. The proof of Theorem 1 is completed.

Example 1. We consider the nonlinear differential equation of the fifth order with
two deviating arguments,

x(5) −
1

1 + (x′′′)4
x(4) + 9x′′′ + {2 + exp(−x2 − x2(t − τ1) − x2(t − τ2))}x

′′

+ sin x′(t − τ1) + sin x′(t − τ2) − x(t − τ1) − x(t − τ2)

−4arctgx(t − τ1) − arctgx(t − τ2) = 0. (5)

We write Eq. (5) in system form as follows

x′ = y, y′ = z, z′ = w,w′ = u,

u′ =
u

1 + w4
− 9w − {2 + exp(−x2 − x2(t − τ1) − x2(t − τ2)}z

−2 sin y + 2x + 5arctgx −

t
∫

t−τ1

y(s)ds −

t
∫

t−τ2

y(s)ds

+

t
∫

t−τ1

cos y(s)z(s)ds +

t
∫

t−τ2

cos y(s)z(s)ds

−4

t
∫

t−τ1

1

1 + x2(s)
y(s)ds −

t
∫

t−τ2

1

1 + x2(s)
y(s)ds.

It follows that Eq. (5) is a special case of Eq. (2) and

f5(w) = −
1

1 + w4
6 0,
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f4(z) = 9,

f3(.) = 2 + exp{−x2 − x2(t − τ1) − x2(t − τ2)} > 2 = a3,

f2(y) = sin y,−
π

2
6 y 6

π

2
,

f2(0) = 0, g′1(y) = cos y, |cos y| 6 1 = c1,

g2(y) = sin y,−
π

2
6 y 6

π

2
,

g2(0) = 0, g′2(y) = cos y, |cos y| 6 1 = c2,

h1(x) = x + 4arctgx,−
π

2
< x <

π

2
,

h1(0) = 0, h′
1(x) = 1 +

4

1 + x2
,

b̄1 = 5 > 1 +
4

1 + x2
> 1 = b1,

h2(x) = x + arctgx,−
π

2
< x <

π

2
,

h2(0) = 0, h′
2(x) = 1 +

1

1 + x2
,

b̄2 = 2 > 1 +
1

1 + x2
> 1 = b2,

τ < 2min{
bi

b̄i

,
a3

n
∑

i=1
(b̄i + 2ci)

} =
4

11
.

In view of the above estimates, we conclude that all the assumptions of Theorem 1
hold. Hence, if τ < 4

11 , then the zero solution of Eq. (5) is unstable.

Second, we consider the special case of Eq. (2) with gi(x
′(t − τi)) = f2(x

′),
namely, the differential equation of the fifth order n-constant deviating arguments τi,

x(5) + f5(x
′′′)x(4) + f4(x

′′)x′′′ + f3(x, x(t− τ1), ..., x(t− τn), ..., x(4), ..., x(4)(t− τn))x′′

+f2(x
′) +

n
∑

i=1

hi(x(t − τi)) = 0. (6)

We write Eq. (6) in the system form as follows

x′ = y, y′ = z, z′ = w,w′ = u,

u′ = −f5(w)u − f4(z)w − f3(x, ..., x(t − τn), ..., u, ..., u(t − τn))z
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−f2(y) −
n

∑

i=1

hi(x) +
n

∑

i=1

t
∫

t−τi

h′
i(x(s))y(s)ds. (7)

The second result of this paper is the following theorem.
Let τ = max τi, (i = 1, 2, ..., n).

Theorem 2. In addition to all the assumptions imposed to the functions f5, f4, f3, f2

and hi that appearing in Eq. (6), we assume that there exist positive constants
a3, bi and b̄i such that the following conditions hold:

hi(0) = f2(0) = 0, hi(x) 6= 0, (x 6= 0), f2(y) 6= 0, (y 6= 0),

b̄i > h′
i(x) > bi, f5(w) > 0

for arbitrary x, y, w and

f3(x, ..., x(t − τn), ..., u, ..., u(t − τn)) 6 −a3

for all x, ..., u, ...,u(t − τn).
If

τ < 2min{
bi

b̄i

,
a3
n
∑

i=1
b̄i

},

then the zero solution of Eq. (6) is unstable.

Proof. Define the Lyapunov functional V 1 = V1(xt, yt, zt, wt, ut) :

V1 = −
1

2
w2 + y

n
∑

i=1

hi(x) + zu + z

w
∫

0

f5(s)ds

+

z
∫

0

f4(s)sds +

y
∫

0

f2(s)ds −

n
∑

i=1

γi

0
∫

−τi

t
∫

t+s

y2(θ)dθds, (8)

where s is a real variable such that the integrals
n
∑

i=1
γi

0
∫

−τi

t
∫

t+s

y2(θ)dθds are non-

negative, and γi are positive constants which will be determined later in the proof.
Let M = max |f4(z)|

|z|61

, there exists a positive constant esuch that Me < 1 and

0 < e < 1.
Then, it follows that

V1(0, 0, e
2, 0, e) = e3 +

e2
∫

0

f4(s)sds > e3 −
1

2
Me4 > 0



INSTABILITY OF SOLUTIONS FOR NONLINEAR FUNCTIONAL DIFFERENTIAL . . . 11

for all sufficiently small e. Hence, in every neighborhood of the origin,(0, 0, 0, 0, 0),
there exists a point (0, 0, e2, 0, e) such that V1(0, 0, e

2, 0, e) > 0.

By an elementary differentiation, time derivative of the functional V1 in (8) along
the solutions of (7) yields

d

dt
V1 =

n
∑

i=1

h′
i(x)y2 − f3(x, ..., x(t − τn), ..., u, ..., u(t − τn))z2

+w

w
∫

0

f5(s)ds + z

n
∑

i=1

t
∫

t−τi

h′
i(x(s))y(s)ds

−
n

∑

i=1

(γiτi)y
2 +

n
∑

i=1

γi

t
∫

t−τi

y2(s)ds.

The assumptions b̄i > h′
i(x) > bi, f3(.) 6 −a3and the estimate 2 |mn| 6 m2 + n2

imply that
n

∑

i=1

h′
i(x)y2

>

n
∑

i=1

biy
2,

−f3(x, ..., u(t − τn))z2
> a3z

2,

z

n
∑

i=1

t
∫

t−τi

h′
i(x(s))y(s)ds > − |z|

n
∑

i=1

t
∫

t−τi

∣

∣h′
i(x(s))

∣

∣ |y(s)| ds

> − |z|
n

∑

i=1

t
∫

t−τi

b̄i |y(s)| ds

> −
1

2

n
∑

i=1

(b̄iτi)z
2 −

1

2

n
∑

i=1

b̄i

t
∫

t−τi

y2(s)ds

so that
d

dt
V >

n
∑

i=1

(bi − γiτi)y
2 + (a3 − 2−1

n
∑

i=1

b̄iτi)z
2

+

n
∑

i=1

(γi − 2−1b̄i)

t
∫

t−τi

y2(s)ds.

Let γi = 1
2 b̄i and τ = max τi, (i = 1, 2, ..., n).Hence

d

dt
V >

n
∑

i=1

(bi − 2−1b̄iτ)y2 + (a3 − 2−1
n

∑

i=1

b̄iτ)z2.



12 CEMIL TUNÇ

If

τ < 2min

{

bi

b̄i

,
a3
n
∑

i=1
b̄i

}

,

then
d

dt
V >

n
∑

i=1

(bi − 2−1b̄iτ)y2 + (a3 − 2−1
n

∑

i=1

b̄iτ)z2 > 0.

The remainder of the proof follows as before, Theorem 1.

Example 2. We consider nonlinear differential equation of the fifth order with two
deviating arguments,

x(5) +
1

1 + (x′′′)4
x(4) + x′′′ − {3 + exp(−x2 − x2(t − τ1) − x2(t − τ2)}x

′′

+x′(t) − x(t − τ1) − 4arctgx(t − τ1)

−x(t − τ2) − arctgx(t − τ2) = 0. (9)

We write Eq. (9) in system form as follows

x′ = y, y′ = z, z′ = w,w′ = u,

u′ = −
u

1 + w4
− w + {3 + exp(−x2 − x2(t − τ1) − u2(t − τ2)}z

−2y + x + 5arctgx

−

t
∫

t−τ1

y(s)ds − 4

t
∫

t−τ1

1

1 + x2(s)
y(s)ds

−

t
∫

t−τ2

y(s)ds −

t
∫

t−τ2

1

1 + x2(s)
y(s)ds.

It follows that Eq. (9) is a special case of Eq. (2) and

f5(w) =
1

1 + w4
> 0,

f4(z) = 1,

f3(.) = −3 − exp{−x2 − x2(t − τ1) − x2(t − τ2)} 6 −3 = −a3,

f2(y) = y, f2(0) = 0,

h1(x) = x + 4arctgx,−
π

2
< x <

π

2
,
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h′
1(x) = 1 +

4

1 + x2
,

b̄1 = 5 > 1 +
4

1 + x2
> 1 = b1,

h2(x) = x + arctgx,−
π

2
< x <

π

2
,

h′
2(x) = 1 +

1

1 + x2
,

b̄2 = 2 > 1 +
1

1 + x2
> 1 = b2.

In view of the above estimates, we conclude that all the assumptions of Theorem
2 hold. Hence, we conclude that if τ < 2

5 ,then the zero solution of Eq. (9) is
unstable.
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[11] Tunç C. On the instability of solutions of certain nonlinear vector differential equations of

fifth order. Panamer. Math. J., 2004, No. 4, 25–30.
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