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which the ring F(X) of continuous endomorphisms of X, endowed with the compact-
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1 Introduction

Motivated by the work of F.Perticani [6], the author discussed in [10] general
topological rings with identity having at most two non-trivial closed ideals. The
main results of [10] characterize the mentioned rings in terms of ideal extensions of
topological rings. In the present paper, we are interested in a more concrete class
of topological rings of the mentioned type, namely, those which occur as rings of
continuous endomorphisms of LCA groups. Precisely speaking, we are dealing with
the problem of determining the LCA groups X with the property that the ring E(X)
of all continuous endomorphisms of X, taken with the compact-open topology, has
no more than two non-trivial closed ideals.

In the following, we establish some bounds for the class of groups in question
and solve completely the considered problem in the case of torsion LCA groups.

2 Notation

We use without explanations some terminology and notations introduced in [10].
In addition, we denote by P the set of primes and by £ the class of LCA groups. For
p € P, we denote by Z(p™) the quasi-cyclic group corresponding to p and by Z(p"),
where n is a positive integer, the cyclic group of order p™ (both with the discrete
topology). For X € L, we let 1x, t¢(X), X*, and E(X), denote, respectively, the
identity map on X, the torsion subgroup of X, the character group of X, and the
ring of continuous endomorphisms of X, endowed with the compact-open topology.
Recall that the compact-open topology on E(X) is generated by the sets

QK,U)={ue EX)|u(K)CU},
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where K, U C X, K is compact and U is open. For a positive integer n, we let
X[n]={r € X |nx =0} and nX = {nz | z € X}. Also, o(a) denotes the order of a
in X, (S) the subgroup of X generated by S, and (M) the ideal of E(X) generated
by M. Further, given a family (X;);c; of groups in £, we write [[,.; X; for its
topological direct product. In case each X; coincides with a fixed X € L, we use
X! for [L;c; Xi- For a discrete X € L, we let X denote the discrete direct sum
of I copies of X. Finally, & stands for topological direct sum and = for topological
isomorphism.

3 Some necessary conditions

In this section we shall reduce the study of groups X € £ with the property that
the ring F(X) has no more than two non-trivial closed ideals to the case of some
more special groups.

We begin with the following preparatory lemma.

Lemma 1. Let X be a group in L such that mnE(X) = nE(X) for some positive
integers m and n. Then nX = mnX and X[mn] = X|n].

Proof. In view of our hypothesis, nlx € mnE(X), and hence there exists a net
(ur)aer of elements of E(X) such that nly = limyez, mnuy [4, Proposition 1.6.3].
Pick any x € X, and define 0, : E(X) — X by setting d,(u) = u(x) for allu € E(X).
Then 6, is a continuous group homomorphism, so

nx = dy(nlx) = 51(}}& mnuy)
= }\1€rrL1 Oz (mnuy) = ilerrLl((mnuA)(x)) emnX.
Since x € X was arbitrary, it follows that nX C mnX, which gives nX = mnX.
Further, since E(X) and E(X™) are topologically anti-isomorphic [8, (1.1)], we also

have mnE(X*) = nE(X*), so as above nX* = mnX*, and hence X[n| = X[mn]
by [5, (24.22)]. O

Next we recall two definitions.

Definition 1. Let n be a positive integer. A group X € L is said to be of finite
exponent n if n is the least positive integer satisfying nX = {0}.

Definition 2. A subgroup F of a group X € L is said to be topologically fully
invariant in X if u(F') C F for all u € E(X).

Let X € L. Then X can be viewed as a left topological module over F(X). It
is clear that the topologically fully invariant subgroups of X are just the E(X)-
submodules of X. Now, if F' is a topologically fully invariant subgroup of X, then
anng(x)(F), the annihilator of ' in F(X), is a closed ideal of E(X) because X
is Hausdorff. Further, if F' is in addition closed in X, then X/F is a Hausdorff
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topological E(X)-module, so that anngx)(X/F) is a closed ideal of F(X) as well.
In fact
annpgx)(X/F) ={u € E(X) | im(u) C F'}.

We now state the main result of this section.

Theorem 1. Let X be a non-zero group in L such that E(X) has no more than two
non-trivial closed ideals. Then exactly one of the following conditions holds:

(1) X = Z(p)® x Z(p)? for some p € P and some cardinal numbers o, B satisfying
a+p3>1.

(i) X = Z(p)( @) x Z(p)P x Z(q)\ ) x Z(q)% for some distinct p,q € P and some
cardinal numbers oy, By, g, B satisfying ap + By > 1 and ag + By > 1.

(iii) X is a group of finite exponent p* for some p € P.
(iv) X is a group of finite exponent p3 for some p € P.
(v) X is densely divisible and torsion-free.

(vi) There exists p € P such that t(X) = X|[p|, pX is non-zero and densely divisible,
and pE(X) C E(X).

(vii) There exist p,q € P such that t(X) = X|[pq], pgX is non-zero and densely
divisible, and pqE(X) C pE(X) € E(X).

Proof. If there exists p € P such that pE(X) = {0}, then pX = (plx)(X) =0, and
so, by [2, Ch. 2, §4, Theorem 2], X = Z(p)(® x Z(p)? for some cardinal numbers o
and [ satisfying o + 3 > 1. Consequently, in this case we are led to (i).

Suppose mE(X) # {0} for all m € P. If there exist p, g € P such that pgE(X) =
{0}, then pgX = (pqlx)(X) = {0}, and hence X = X|[pq|. Now, if ¢ # p, we conclude
from [1, Theorem 3.13] that X = X|[p] & X[q], where the primary components
X|[p|] and X|[q] are non-zero. Thus, again appealing to [2, Ch. 2, §4, Theorem
2], in this case we get (ii). Further, in the remaining case when ¢ = p, we have
X = X[p?] # X|p], which gives us (iii).

Next suppose ImE(X) # {0} for all ,m € P. If there exist p,q,r € P such
that pgrE(X) = {0}, then pgrX = (pgrlx)(X) = {0}, and hence X = X|[pgr]. We
claim that p = ¢ = r. Indeed, if the numbers p, ¢, and r were distinct, we could
write X = X[p] ® X|[q] & X]r|. Since, in view of our assumption, the topologically
fully invariant subgroups X|[p], X|g|, and X|[r] of X are non-zero, it would follow,
as can be seen by considering the endomorphisms plx, qlx, rlx, and 1x, that the
annihilators anngx)(X[p]), anngx)(X[q]), and anngx)(X[r]) are distinct, non-
trivial, closed ideals of E(X). This contradicts the hypothesis. Similarly, if only two
of the numbers p, ¢, and r coincided, say p # ¢ = r, we would have X = X [p?]® X|q],
where X [p?] # X[p] and X|[q] # {0}. By invoking the endomorphisms p?1x, plx,
qlx, and 1y, we would then conclude that annp(x)(X[p?]), annpgx)(X[p]), and
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anng(x)(X|[g]) are distinct, non-trivial, closed ideals of F/(X), again in contradiction
with the hypothesis. Thus we must have p = ¢ = r, so X = X [p?®], getting (iv).
Further suppose klmE(X) # {0} for all k,I,m € P. If pE(X) = E(X) for all
p € P, it follows from Lemma 1 that pX = 1X = X and X|[p] = X[1] = {0} for all
p € P, so X is densely divisible and torsion-free, and in this case we are led to (v).
Next assume there exists p € P such that pE(X) # E(X). There are two
possibilities: either (1) ¢pE(X) = pE(X) for all ¢ € P, or (2) there is ¢ € P
such that ¢gpFE(X) # pE(X). In the former case, it follows from Lemma 1 that

gpX = qpX = pX and X|[pq] = X[p| for all ¢ € P, so that pX is non-zero, densely

divisible and ¢(X) = X|p|, which gives us (vi). In the second case, ¢gpF(X) and
pE(X) are distinct non-trivial closed ideals of E(X). Since, by our assumption,

pqrE(X) # {0} for all p,q,r € P, it follows that pgrE(X) = pgE(X) for all r € P,

so rpgX = pgqrX = pgX and X[pgr| = Xlpq] for all r € P, and hence pgX is
non-zero, densely divisible and ¢(X) = X|[pq], whence (vii). O

Remark 1. We know from [8, (2.3)] that any group X appearing in item (i) of the
preceding theorem has a topologically simple ring F(X). It is also clear from [9,
(2.2)] and [8, (2.3)] that for any group X appearing in item (ii), the ring E(X) is
a topological direct product of two topologically simple rings, and so it has exactly
two non-trivial closed ideals. In particular, we see from [10, Theorem 3] that in this
case every non-trivial closed ideal of E(X) is strongly topologically maximal.

In the remaining part of this paper we handle the problem stated in Introduction
for groups appearing in items (iii) and (iv). Since the groups appearing in items
(v), (vi), and (vii) contain non-torsion elements, this furnishes a solution to the
considered problem in the case of torsion LCA groups.

4 Groups of finite exponent p?

Our aim in this section is to describe the groups X € L of finite exponent p?,
where p € P, such that the ring F(X) has no more than two non-trivial closed ideals.
First, we note a lemma from [7, (3.8)], which will be frequently used in the sequel.

Lemma 2. Let X € L be a group of finite exponent p™, where p is a prime and n is a
positive integer. If a € X is an element of order p™, then {(a) splits topologically from
X. Moreover, the complement of (a) can be chosen so as to contain a preassigned
open subgroup V' of X satisfying (a) NV = {0}.

We continue with five lemmas, that are needed for establishing the desired de-
scription.

Lemma 3. Letp € P, and let X € L be a group of finite exponent p*. If pX # X|[p],
then E(X) has more than two non-trivial closed ideals, which are comparable with
respect to set-theoretic inclusion.
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Proof. Assume that pX # X[p]. Clearly, plx # 0 and plx € annE(X)(X[p]). It is
also clear that im(plx) C pX, so plx € annpx) (X/p?), and thus

anng(x) (X [p]) Nanngx)(X/pX) # {0}.

Further, since pX C X|[p], we have annpgx)(X[p]) C anngx)(pX). Finally, since

pX # {0}, it follows that pX ¢ ker(ly), so 1y ¢ cmnE(X)(pX), and hence
annpg(x) (ﬁ) # F(X). We shall show that the inclusions

annE(X)(X[p]) Nanngx) (X/piX) C anng(x) (X[p]) C annE(X)(ﬁ)

are strict. Let £ : X — X/X|[p] and 7 : X — X/pX denote the canonical projections,
and fix any @ € X\ X[p] and b € X[p]\pX. Then o(a) = p? and o(£(a)) = p = o(n(b)).
By Lemma 2, we can write

X/X[p]=(¢(a)) @A and  X/pX = (y(b)) @ B,

where A and B are closed subgroups in X/X[p] and X/pX, respectively. Let
A (§(a)) — X and p : (n(b)) — X be the group homomorphisms given by
A&(a)) = u(n(b)) = b. Denoting by ¢ the canonical projection of X/X|[p] onto
(€(a)) with kernel A, we see that Ao po ¢ € annE(X)(X[p]), and Nopo& ¢
anng(x) (X/pX) (because (Ao po&)(a) =b ¢ pX), so anng(x) (X[p]) properly
contains annpg(x)(X[p]) N anngx)(X/pX). Similarly, denoting by 1 the canonical
projection of X/pX onto (n(b)) with kernel B, we see that p o1 on € annpgx)(pX)

and p o1 on & anngx)(X[p]) (because b € X[p] and (p o ¢ o n)(b) = b), so
anng(x) (p?) properly contains anng(x) (X [p]) Consequently, the inclusions

annp(x) (X[p]) Nanngx) (X/pT) C anng(x) (X[p]) C annpgx) (]97)
are strict. 0

Lemma 4. Let p € P, let X € L be a group of finite exponent p? such that pX =
X|[p], and let C be a non-zero closed ideal of E(X). Further, let P be the set of
all ordered pairs (a,G), where a is an element of order p* of X and G is a closed
subgroup of X satisfying X = (a) ® G, and for each (a,G) € P let e ¢ € E(X)
denote the canonical projection of X onto (a) with kernel G. Then:

(i) If C contains elements of order p*, then C D (eqc | (a,G) € P).
(ii) If pC = {0}, then C D (peqq | (a,G) € P).

Proof. For (a,G) € P and b € X, we define f, ¢ € E(X) by the rule

b, ift=a;
a t) =
fagslt) {0, ifteG.
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(i) Pick any u € C with o(u) = p®. Since pu # 0, there exists € X such that
(pu)(w) # 0, and so o(u(x)) = p?. It then follows from Lemma 2 that there exists a
closed subgroup Y of X such that X = (u(z)) @Y. Now, given any (a,G) € P, it is
straightforward to check that 4,6 = fu(z),v,0 © 4 © fa,Ga» 80 €a,c € C.

(ii) Pick any non-zero u € C' and any = € X such that u(x) # 0. Since pu = 0,
we have pX C ker(u), so X[p] C ker(u), and therefore o(x) = p?. In particular,
by Lemma 2 we may write X = (z) ® Y for some closed subgroup Y of X. Now,
fix an arbitrary open subgroup U of X such that u(z) ¢ U. Since X[p] = pX,
there exists z € X satisfying pz — u(x) € U. As u(z) ¢ U, we cannot have pz = 0,
and so o(z) = p?. Let 7 denote the canonical projection of X onto the quotient
group X/U. Clearly, m(u(z)) # 0 and 7(u(z)) = m(pz) = pr(2), so o(n(z)) = p°.
Hence we can write X/U = (n(z)) @ I' for some subgroup I' of X/U [3, Lemma
15.1]. Denoting by ¢ the canonical projection of X/U onto (7 (z)) with kernel I' and
letting h : (w(z)) — X be the group homomorphism defined by h(w(z)) = =z, it is
clear that hopom € E(X) and (hopom)ouoe,y = pegy, so pegy € C. Finally,
given any (a,G) € P, we have peq.¢ = fz.v,a © (Pezy) © facz € C. O

Lemma 5. Let X € L be a group of finite exponent p™, where p is a prime and n is a
positive integer. If the subgroup A of X is a finite direct sum of cyclic groups of order
p™, then A splits topologically from X. Moreover, the complement of A can be chosen
s0 as to contain a preassigned open subgroup V of X with property ANV = {0}.

Proof. We induct on the number of summands, k, in the decomposition of A as a
direct sum A = A1 & ... Ay of cyclic groups of order p". If k = 1, the assertion
holds trivially since this is just Lemma 2. Assume k > 2, and assume the result
is true for any group of finite exponent p” in £ and any its subgroup written as a
direct sum of k — 1 cyclic subgroups of order p™. Given an arbitrary open subgroup
V of X satisfying ANV = {0}, it is clear that V} = Ay @ ... ® A & V is an open
subgroup of X and A; N'Vy; = {0}. By Lemma 2, we can write X = A; @ X; for
some subgroup X; of X containing V7. Now, applying the inductive hypothesis to
X1, Ao ®...® Ak, and V, we can find a subgroup Xj, of X such that X; NV = {0}
anXmzAgeB...GBAk@Xk.ThenX:AléBAg@...EBAkEBXk. Il

Lemma 6. Let p € P, and let X € L be a group of finite exponent p* satisfying
pX = X[p]. For any compact subset K of X and any neighbourhood U of zero in X,
there exist two compact open subgroups K', U’ of X such that KUU' ¢ K', U’ C U,
and K' = @, (a;) ®U’ for some finite family (a;)icr of elements of order p* of K'.

Proof. Pick an arbitrary compact subset K of X and an arbitrary neighbourhood
U of zero in X. Since X is totally disconnected, we can find a compact open sub-
group Uy of X such that Uy C U [5, (7.7)]. Let Ky = (K UUp). Then Kj is
compact [5, (9.8)], and Uy C Ky. In particular, K is topologically isomorphic to a
topological direct product of cyclic p-groups of order at most p? [5, (25.9)], and so
there exist two disjoint sets I; and I3 such that Ko = [[;c;, 5, Ci, where C; = Z(p)
for i € I and C; = Z(p?) for i € I5. Fix a topological isomorphism f from Kj onto
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[Licr,ur, Ci- Given an arbitrary subset J of Iy U Iz, we denote by C'; the subgroup
of all (¢;)icrun, € [Lierur, Ci satistying ¢; = 0 for all i ¢ J. Since Up is open in Ko,
there exist finite subsets J; C I and Jy C I3 such that f(Uy) D CEI1\J1)U(12\J2)' We
then have

H C; = ( @ CZ/> S?) ngl\Jl)U(I2\J2)’
i€I1UI2 i€J1UJ2
SO

Ko (@ 171C0) o £ Chanin)

i€J1UJ2

where C/ stands for C’f{i}. Set U’ = f_l(C(Il\Jl)U(I2\J2)) and, for ¢ € J; U Ja, let a;
be a generator of f _1(01(). Then U’ is an open subgroup of X contained in Uy and

Ko = ( D <ai)) ol

i€J1UJg

We also have o(a;) = p if i € Jy, and o(a;) = p? if i € Jo. In the following, we
shall construct a compact subgroup K’ D Ky which admits a decomposition similar
to that of Ky, by replacing the elements a; with i € J; by elements of order p?.
If J; = @, we set K' = Kj. Suppose J; # &, and pick an arbitrary j € Ji. Since
X[p] = pX, there exists b; € X such that a; —pb; € U’. As a; ¢ U’, we cannot have
pb; =0, so o(bj) = p*>. We claim that

(pbs) N (( $ <az->) @U’> = {0}.

ie(Si\{7}HuJ2
Indeed, given any x € (pb;) N ((@iE(J1\{j})UJ2<aZ‘>> ® U’)7 we can write
x =Ipb;j = ( Z liai) +y'
i€(S1\{GHUT2

for some non-negative integers [,/; and some y' € U’. Since y' + l(a; — pb;) € U, it
follows that

laj = ( Z liai) + y’ + l(aj — pbj)
ie(J1\{j}HuJ2

cn(( B @)er) - o

i€(Ji\{s7HUJz

so p divides [, and hence x = 0. This proves our claim that

win(( B w)ev) -

ie(Si\{7}uJ2
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Clearly, we then also have

mn(( @ w)er)-o)

i€(Ji\{7HU /2

We replace Ky by

K=o @ (@)ov.

ie(Si\{7HuJ2

Now, if J; \ {j} # &, we can apply the preceding procedure to Kj, and so, after a
finite number of steps, we shall arrive at a compact subgroup K’ of X having the
following form:

K = (@) e (Plan) o U,

i€y i€J2

where o(b;) = p? for all i € Ji. Since a; € K’ for all i € Jy, we also have K UU’ C
Ky C K', so K’ and U’ are those required. O

Lemma 7. Let p € P, let X € L be a group of finite exponent p? satisfying pX =
X|[p], and let P be the set of all ordered pairs (a,G), where a is an element of order
p? of X and G is a closed subgroup of X satisfying X = (a) ® G. Then the ideal
(cac | (a,G) € P), where e, € E(X) denotes the canonical projection of X onto
(a) with kernel G, is dense in E(X).

Proof. Pick an arbitrary compact subset K of X and an arbitrary open neighbour-
hood U of zero in X. It suffices to show that

(cac | (a,G) e P)N[lx + QK,U)] # 2.

By Lemma 6, we can find two compact open subgroups K’, U’ of X such that
KuU c K',U cU, and K' = @,.;(a;) ® U’ for some finite family (a;)icr of
elements of order p? of K’. Further, by Lemma 5 there is a subgroup G of X such
that U’ C G and X = @,¢;(a:) & G. Then (aj, Djcp (jy(ai) ©® G) € P forall j € 1,
and

Zg(aj7®iel\{j}<ai>®G) —lx € QK U") C Q(K,U).
Jel

O
We now combine the preceding lemmas to obtain the main result of this section.

Theorem 2. Letp € P, and let X € L be a group of finite exponent p*. The following
statements are equivalent:

(i) E(X) has only one non-trivial closed ideal.
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(ii) Ewvery non-trivial closed ideal of E(X) is strongly topologically mazimal.
(iii) Ewvery mon-trivial closed ideal of E(X) is topologically mazimal.

(iv) X[p] = pX.

Proof. Obviously, (i) implies (ii), and (ii) implies (iii). The fact that (iii) implies
(iv) follows from Lemma 3.

Assume (iv), and let P be the set of all ordered pairs (a, G), where a is an element
of order p? of X and G is a closed subgroup of X satisfying X = (a) @ G. Further,
for (a,G) € P, let ¢4, € E(X) denote the canonical projection of X onto (a) with
kernel G. Now, pick an arbitrary non-zero closed ideal C of E(X). We distinguish
cases when C' contains elements of order p? and when pC = {0}.

First, suppose C' contains elements of order p?. Then (g, | (a,G) € P) C C by
Lemma 4, and hence C' = F(X) by Lemma 7.

Next suppose that pC = {0}. Then (pe, ¢ | (a,G) € P) C C by Lemma 4. In
order to establish the reverse inclusion, pick any v € C, and let K be a compact
subset of X and U an open neighbourhood of zero in X. By Lemma 6, we can find
two compact open subgroups K’, U’ of X such that KUU' ¢ K', U’ ¢ w~*(U), and
K' = @,c;(ai) ® U’ for some finite family (a;)ies of elements of order p? of K. It
then follows from Lemma 5 that X = @, ;(a;) @Y for some closed subgroup Y of
X containing U’. Since im(u) C X[p] and X[p] = pX, for every i € I there exists
b; € X such that pb; —u(a;) € U'. Define v € E(X) by setting v(a;) = b; for alli € I
and v(y) = 0 for all y € Y. Then clearly pv — u € Q(K’,U’). Finally, by Lemma
7, there exists w € (g4, | (a,G) € P) such that w —v € Q(K’,U’). Since U’ is a
subgroup in X, we have p(w —v) € Q(K’,U’), and hence

pw —u=pw—v)+ (pv —u) € UK, U") Cc QK,U).

As pw € (peqc | (a,G) € P), we conclude that u € (peq ¢ | (a,G) € P). O

Remark 2. Lemma 3 and Theorem 2 give an answer to the considered question in
the case of LCA groups of finite exponent p?, where p € P.

5 Groups of finite exponent p>

In this section, we determine the groups X € L of finite exponent p3, where p € P,
such that the ring F(X) has at most two non-trivial closed ideals. In preparation
to this we establish four lemmas, which are similar to Lemmas 3, 4, 6, and 7 of the
preceding section.

Lemma 8. Let p € P, and let X € L be a group of finite exponent p°. If E(X) has
no more than two non-trivial closed ideals, then pX = X[p?] and p2X = X|p].

Proof. Suppose first that pX # X|[p?]. To get a contradiction, it is enough to
indicate three distinct, non-trivial, closed ideals of E(X). Clearly, p’lx # 0
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and p?lx € cmnE()i(X[pﬂ). It is also clear that im(p?lx) = p?X C pX, so
p?lx € annE(X)(X/pX), and thus

annp(x) (X[pQ]) N @nnE(X)(X/ﬁ) # {0}.

Further, since pX C X|[p?], we have annE(X)(X[p2]) C annE(X)(ﬁ). Now, given
any u € annpx)(pX), we have pu(X) = u(pX) = {0}, so im(u) C X[p] € X[p?],
and hence u € anngx) (X/X[p?]). Asu € annpx) (pX) was arbitrary, it follows
that annp(x) (pX) C anngx) (X/X[p?]). Finally, since p?X # {0}, it follows that

im(lx) ¢ X[p*], so 1x ¢ annpx)(X/X[p?]), and hence anngx)(X/X[p?]) #
E(X). We shall show that at least two of the inclusions

anngx) (X[pZ]) N anngx) (X/ﬁ) C anng(x) (X[p2])
C anng(x) (piX) C anng(x) (X/X[pQ])

are strict. Let £ : X — X/X[p?] and 7 : X = X/pX be the canonical projections,
and fix any a € X \ X[p?] and b € X[p?] \ pX. Then o(a) = p? and o({(a)) = p =
o(n(b)). By Lemma 2, we can write

X/ X[l = ) @ 4, X/pX = (n(b))

S
where A, B, and Y are closed subgroups in X/X[p?], X/pX, and X, respectively.
In the following, we distinguish the cases when o(b) = p and when o(b) = p.

First assume that o(b) = p. Let A : ({(a)) — X and p : (n(b)) — X be the
group homomorphisms given by the rule A({(a)) = pu(n(b)) = b. Denoting by ¢ the
canonical projection of X/X[p?] onto (£(a)) with kernel A, we see that Ao g o & €
annpx)(X[p?]), and Ao po& ¢ annp(x)(X/pX) (because (Aopof)(a) =b ¢ pX),

80 anngx) (X [pQ]) properly contains annpx) (X [p2]) Nanngx) (X/ﬁ) Similarly,

B, and X =(a)®Y,

denoting by v the canonical projection of X/pX onto (n(b)) with kernel B, we see
that poyon € annE(X)(]JT), and poon¢ annE(X)(X[pQ]) (because b € X [p?]
and (o1 on)(b) =b), so annpx) (ﬁ) properly contains annpx) (X[pg}) as well.

Next we consider the case when o(b) = p?. Let i’ : (n(b)) — X denote the group
homomorphism given by the rule x'(1(b)) = pb. Then y’ oy on € annpg(x) (ﬁ) and
poon ¢ anngx) (X[p?), so anng(x) (pX) properly contains anngx) (X[p?).
Further, let v € E(X) be defined by v(a) = b and v(y) = 0 for all y € Y. Since
v(pa) = pb # 0, we conclude that v ¢ annE(X)(ﬁ). On the other hand, since
p?v(a) = p®b = 0, it is clear that im(v) C X[p?], so v € anngx)(X/X[p*]), and
hence anngx) (X /X [pQ]) properly contains annpgx) (ﬁ)

We have shown that at least two of the inclusions

anngx) (X[p2]) Nanngx) (X/ﬁ) C anng(x) (X[p2])
C anng(x) (]97) C anng(x) (X/X[p2])

are strict, a contradiction. Consequently, we must have pX = X[p?].
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Now suppose that p2X # X|[p]. As we already mentioned, p*1x # 0 and p?1x €
annpx) (X[p?]). Since im(p*1x) C p>X, we also have p?1x € anngx) (X/p*X), so

annpx)(X[p?]) Nanngx) (X/p?X) # {0}.

Further, since X[p] C X[p?], we have anng(x)(X[p?]) C annpgx)(X[p]). Finally,
since X [p] # {0}, it follows that X [p] ¢ ker(1x), so 1x & annpg(x)(X[p]), and hence
annpx)(X[p]) # E(X). We shall show that the inclusions

anng(x) (X[p2]) N annE(X)(X/ﬁ) C annE(X)(X[pQ]) C anng(x) (X[p])

are strict. Let ¢ : X — X/X[p? denote the canonical projection, and fix any
a€ X\ X[p* and b € X[p]\p?X. Then o(a) = p*, so o(&£(a)) = p = o(b). By Lemma

2, we can write
X/X[p?] = (£(a)) @ 4,

where A is a closed subgroup of X/X|[p?]. Let A : (£(a)) — X be the group homo-
morphism given by A(£(a)) = b. Denoting by ¢ the canonical projection of X/X[p?]
onto (£(a)) with kernel A, we see that Ao o & € anngx)(X[p?]), and Ao o ¢
annpx)(X/p*X) (because (Ao o f)(a) =b ¢ p2X), so annpx)(X[p?]) properly
contains anngx) (X[p?) N anng(x) (X/inX) Finally, since plx ¢ anngx (X[p?)
and plx € annpx) (X[p]), anngx) (X[p]) properly contains annpx) (X[p ]) Con-
sequently, the inclusions

anng(x) (X[p]) N anngx) (X/p*X) C annE(X)(X[pQ]) C annE(X)(X[p])
are strict. As this contradicts our hypothesis, we must have p?X = X|[p|. O

Lemma 9. Let p € P, let X € L be a group of finite exponent p> such that pX =
X[p?] and p2X = X[p], and let C be a non-zero closed ideal of E(X). Further, let
P be the set of all ordered pairs (a,G), where a is an element of order p* of X and
G is a closed subgroup of X satisfying X = (a) ® G, and for each (a,G) € P let
€a,¢ € E(X) denote the canonical projection of X onto (a) with kernel G. Then:

(i) If C contains elements of order p3, then C D (eqc | (a,G) € P).
(ii) If p*C = {0} and pC # {0}, then C D (peac | (a,G) € P).
(iii) If pC = {0}, then C D (p*cac | (a,G) € P).

Proof. As in the proof of Lemma 4, for any (a,G) € P and b € X, we let f, qp €
E(X) be defined by the rule

b, ift=a;
a t) =
fags(t {0, ifteG.
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(i) Pick any u € C with o(u) = p3. Since p*u # 0, there exists z € X such that
(p?u)(x) # 0, and so o(u(x)) = p*. By Lemma 2, there exists a closed subgroup
Y of X such that X = (u(z)) & Y. Given any (a,G) € P, we then have ¢,¢ =
fu(:]c),Y,a U0 foGu,s 80 g € C.

(i) Pick any u € C with o(u) = p?. Since pu # 0, there exists z € X such that
(pu)(w) # 0, so pr ¢ ker(u) and o(u(z)) = p?. On the other hand, since p*u = 0,
we have p?X C ker(u), so X[p] C ker(u). It follows that px ¢ X[p], so p?z # 0, and
hence o(z) = p?. In particular, we can write X = (x) ® Y for some closed subgroup
Y of X. Now, fix an arbitrary open subgroup U of X such that pu(z) ¢ U. Since
u(r) € X[p?] = pX, there exists 2 € X such that pz —u(x) € U. As p(pz —u(x)) € U
and pu(z) ¢ U, we cannot have p?z = 0, so o(z) = p>. Let 7 denote the canonical
projection of X onto X/U. Clearly, w(pu(z)) # 0 and 7(pu(z)) = 7(p?2) = p?r(2),
so o(m(z)) = p3. Hence we can write X/U = (r(z)) @ ' for some subgroup I' of
X/U [3, Lemma 15.1]. Denoting by ¢ the canonical projection of X/U onto (m(z))
with kernel I' and letting h : (7(2)) — X be the group homomorphism defined by
h(m(z)) = x, it is clear that hopom € E(X) and (hopom)ouoe,y = pegy, S0
pegy € C. Now, given any (a,G) € P, we have peq¢ = frva© (P€2y) © fage € C.

(iii) Pick any non-zero u € C' and any z € X such that u(x) # 0. Since pu = 0,
we have pX C ker(u), so X[p?] C ker(u), and therefore o(x) = p?. In particular,
X = (x)®Y for some closed subgroup Y of X. Now, fix an arbitrary open subgroup
U of X such that u(x) ¢ U. Since u(z) € X[p] = p?X, there exists z € X such that
p?z—u(z) € U. As u(z) ¢ U, we cannot have p?z = 0,80 0o(z) = p®. Let 7 : X — X/U
be the canonical projection. Clearly, 7(u(x)) # 0 and 7(u(z)) = 7(p*2) = p?*n(2), so
o(m(z)) = p3. Hence we can write X/U = (r(2)) @T for some subgroup I of X/U [3,
Lemma 15.1]. Denoting by ¢ the canonical projection of X/U onto (7 (z)) with kernel
I' and letting h : (7(2)) — X be the group homomorphism defined by h(w(z)) = =,
it is clear that hopom € E(X) and (hopom)ouoe,y = p’e,y, so pPe,y € C.
Consequently, for any (a, G) € P, we have p’co¢ = fovao (P*ery)o fogz €C. O

Lemma 10. Let p € P, and let X € L be a group of finite exponent p* satisfying
pX = X[p?] and p?X = X|[p]. For any compact subset K of X and any neighbourhood
U of zero in X, there ewist two compact open subgroups K', U' of X such that
KuU c K, U cU, and K' = @, (a;) ® U for some finite family (a;)icr of
elements of order p> of K'.

Proof. Pick an arbitrary compact subset K of X and an arbitrary neighbourhood U
of zero in X. Since X is totally disconnected, we can find a compact open subgroup Uy
of X such that Uy C U [5, (7.7)]. Let Ko = (K UUp). Then K is compact [5, (9.8)],
and Uy C Kjy. In particular, Ky is topologically isomorphic to a topological direct
product of cyclic p-groups of order at most p® [5, (25.9)], and so there exist three
disjoint sets Iy, Iz, and I3 such that Ko = [[;c7, o0z, Ci, where C; = Z(p) for i € I,
C; = Z(p?) for i € Iy, and C; = Z(p?) for i € I3. Fix a topological isomorphism f
from Ko onto [[;c7,ur,ur, Ci- Given an arbitrary subset J of Iy U Iy U I3, we denote
by C’ the subgroup of all (¢;)icr,unur, € HiEIlLJIzUIg C; satisfying ¢; = 0 for all
i ¢ J. Since Uy is open in K, there exist finite subsets J; C I1, Jo C I, and J3 C I3
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such that f(Up) D Céh\Jl)U( . We then have

IQ\JQ)U(IS\J?,)
H Ci = ( @ Cl’) @ Céfl\Jl)U(b\Jz)U(fs\Js)’
i€el1UlUl3 i€ J1UJaUJs
so
Ko=( @ 1) &1 Clomuunmuusi):
i€J1UJaUJ3
where C/ stands for Cii}. Set U' = fil(Céfl\Jl)U(Iz\Jz)U(Ig\Jg)) and, for i € J1UJoU

Js, let a; be a generator of f~(C!). Then U’ is an open subgroup of X contained
in Uy and

Ko = ( @ <ai>)€BU’.

i€J1UJ2UJ3

We also have o(a;) = p if i € Jy, o(a;) = p? if i € Jo, and o(a;) = p? if i € Js.
In the following, we shall construct a compact subgroup K’ D K which admits a
decomposition similar to that of Ky, by replacing the elements a; with i € J; U Jo
by elements of order p3. If J; U Jy = @, we set K’ = K. Suppose J; U Jo # &, and
fix an arbitrary j € Jy U Jo. We distinguish the cases when j € J; and when j € Js.
In the former case we use the equality X |[p] = p2X to find an element b; € X such
that a; — p?b; € U'. As a; ¢ U’, we cannot have p?b; = 0, so o(b;) = p>. We claim
that

(p?b;) N (( D <a,->) @U’) — {o}.

i€(SI\{G}UJ2U 3
Indeed, given any = € (p?b;) N ((@iE(JI\{j})UJ2UJ3<ai>) & U’), we can write
x = Ip?h; = ( Z lia;) + ¢
iG(Jl\{j})UJQUJg

for some non-negative integers ,; and some y’ € U’. Since y' + l(a; — p?b;) € U, it
follows that

laj = ( Z lia;) +y' + U(aj — p*b))
iE(J1\{j})UJ2UJ3

cwn(( B w)er) - o

iE(J1\{j})UJ2UJ3
so p divides [, and hence x = 0. This proves our claim that

(p%b;) N (( B () @U’) — {o}.

i€(N1\{7}HuJ2UJs
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Clearly, we then also have
oin(( @ tw)er) =
iG(Jl\{j})UJQUJg
In this case, we replace Ky by
Ky = (b)) @ ( D (ai>> oU.
’iE(Jl\{j})UJQUJg

Next we consider the second case when j € Jo. We use the equality X [p?] = pX to
find an element b; € X such that a; — pb; € U’. Since then pa; — p?b; € U’ and
paj ¢ U’, we cannot have p?b; = 0, so o(b;) = p*. We claim that

{pbj) N <( D <ai>> @U’) = {0}.

’iEJlU(JQ\{j})UJg
Indeed, given any x € (pb;) N <<@i€J1U(J2\{j})UJ3<ai>> ® U’>, we can write

x =Ipb; = ( Z liai) +y
iEJ1U(J2\{j})UJ3

for some non-negative integers /,; and y’ € U’. Since ' +1(a; —pb;) € U’, it follows
that

laj = > lia; +y + U(aj — pbj)
i€ 1U(J2\{j})UJs
cwn(( @ @)er) - o
i€J1U(J2\{jHUJ3

so p? divides [, and hence x = 0. This proves our claim that
(pbs) 0 (( D (@) U') — {0}.
iEJlu(JQ\{j})UJ;;
Clearly, we then also have
wn(( @ w)er) -
iEJlu(JQ\{j})UJg

Consequently, in this case we can enlarge Ky by considering

Ki=(b)® ( &y (ai>> oU'.

ieJ1U(J2\{7HUJ3
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Now, if (J1 U J2) \ {j} # &, we can apply the preceding procedure to K, and so,
after a finite number of steps, we shall arrive at a compact subgroup K’ of X having
the following form:

K=( P t)o(Pe)ov,

1€J1UJ2 1€J3

where o(b;) = p? for all i € J; U Jy. Since a; € K’ for all i € J; U Ja, we also have
KuU' Cc Ky C K', so K' and U’ are those required. O

Lemma 11. Let p € P, let X € L be a group of finite exponent p> satisfying
pX = X[p?| and p2X = X|[p|, and let P be the set of all ordered pairs (a,G),
where a is an element of order p> of X and G is a closed subgroup of X satisfying
X = (a) ® G. Then the ideal (¢q.c | (a,G) € P), where ¢4, € E(X) denotes the
canonical projection of X onto (a) with kernel G, is dense in E(X).

Proof. Pick an arbitrary compact subset K of X and an arbitrary open neighbour-
hood U of zero in X. It suffices to show that

(ga,G' ’ (a7 G) € P) N [lX + Q(K7 U)] # 2.

By Lemma 10, we can find two compact open subgroups K’, U’ of X such that
KuU c K',U cU, and K' = @,.;(a;) ® U’ for some finite family (a;);cr of
elements of order p3 of K’. Further, by Lemma 5 there is a subgroup G of X such
that U’ C G and X = @,;¢;(a;) ® G. Then (aj, Pjcp (j3(ai) ©@ G) € P forall j € 1,
and

Zg(aj7®iel\{j}<ai>®a) —lx € QK U") C Q(K,U).
Jel

With this preparation, we can now state the main result of this section.

Theorem 3. Letp € P, and let X € L be a group of finite exponent p®. The following
statements are equivalent:

(i) E(X) has exactly two non-trivial closed ideals.
(i) pX = X[p?] and p>X = X|[p].

Moreover, in case these conditions hold, the corresponding ideals are comparable
with respect to set-theoretic inclusion.

Proof. The fact that (i) implies (ii) follows from Lemma 8. Assume (ii), and let P
denote the set of all ordered pairs (a,G), where a is an element of order p3 of X
and G is a closed subgroup of X satisfying X = (a) ® G. Further, for (a,G) € P, let
€4,¢ € E(X) denote the canonical projection of X onto (a) with kernel G. Now, fix
a non-zero closed ideal C' of E(X). We can have three possibilities for C.
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First, suppose C' contains elements of order p?. Then (e, | (a,G) € P) C C by
Lemma 9, and hence C' = E(X) by Lemma 11.

Next suppose p>C = {0} and pC # {0}. Then (pe.c | (a,G) € P) C C by
Lemma 9. To show the opposite inclusion, we pick any v € C, and let K be a
compact subset of X and U an open neighbourhood of zero in X. By Lemma 10, we
can find two compact open subgroups K’, U’ of X such that K UU' c K', U’ Cc U,
and K’ = @, (a;) ® U’ for some finite family (a;)ics of elements of order p® of K'.
It then follows from Lemma 5 that X = @,.;(a;) ® Y for some closed subgroup
Y of X containing U’. Since im(u) C X[p?] and X[p?] = pX, for every i € I there
exists b; € X such that pb; — u(a;) € U'. Define v € F(X) by setting v(a;) = b; for
all i € I and v(y) = 0 for all y € Y. Then clearly pv — v € Q(K’,U’). Finally, by
Lemma 11, there exists w € (eq,¢ | (a,G) € P) such that w —v € Q(K’,U’). Since
U’ is a subgroup in X, we have p(w —v) € Q(K’,U’), and hence

pw —u=pw—ov)+ (pv —u) € UK, U") Cc QK,U).

As pw € (pegc | (a,G) € P), it follows that u € (pe, ¢ | (a,G) € P).

Lastly, suppose pC' = {0}. Then (p?c.c | (a,G) € P) C C by Lemma 9. In
order to establish the reverse inclusion, fix any v € C, and let K be a compact
subset of X and U an open neighbourhood of zero in X. By Lemma 10, there exist
two compact open subgroups K’, U’ of X such that K UU’ ¢ K’, U’ Cc U, and
K' = @,c;{ai) ® U’ for some finite family (a;)ic; of elements of order p* of K'.
Consequently, X = @, (a;) @Y for some closed subgroup Y of X containing U’.
Since im(u) C X[p] and X[p] = p2X, for every i € I there exists b; € X such that
p?b; — u(a;) € U'. Define v € E(X) by setting v(a;) = b; for all i € I and v(y) = 0
for all y € Y. It is then clear that p?v —u € Q(K’,U’). By Lemma 11, there exists
w € (eqq | (a,G) € P) such that w —v € Q(K',U’). As U’ is a subgroup in X, we
have p?(w — v) € Q(K’,U’), and hence

pPw —u=p*(w—v)+ (v —u) € UK, U") c QK,U).

Since p*w € (p*eac | (a,G) € P), it follows that u € (p?eq | (a,G) € P). O

Remark 3. Lemma 8 and Theorem 3 give an answer to our question in the case of
LCA groups of finite exponent p3, where p € P.
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